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Engineering optical gradient force from coupled surface plasmon
polariton modes in nanoscale plasmonic waveguides*
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We explore the dispersion properties and optical gradient forces from mutual coupling of surface plasmon polariton
(SPP) modes at two interfaces of nanoscale plasmonic waveguides with hyperbolic metamaterial cladding. With Maxwell’s
equations and Maxwell stress tensor, we calculate and compare the dispersion relation and optical gradient force for sym-
metric and antisymmetric SPP modes in two kinds of nanoscale plasmonic waveguides. The numerical results show that the
optical gradient force between two coupled hyperbolic metamaterial waveguides can be engineered flexibly by adjusting
the waveguide structure parameters. Importantly, an alternative way to boost the optical gradient force is provided through
engineering the hyperbolic metamaterial cladding of suitable orientation. These special optical properties will open the
door for potential optomechanical applications, such as optical tweezers and actuators.
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1. Introduction

Optical gradient force and optical tweezers technology,
originating from the gradient of a light field, were first pi-
oneered and demonstrated by Ashkin.[!l With the rapid de-
velopment of modern technology, such optical gradient forces
have been broadly exploited in nanoparticles, biomolecules,
nanostructures, etc.!>~ This is attributed to the fact that they
have extensive potential applications in optical tweezers,!!-]
optical trapping and manipulating of nanoscale objects. >

Recently, optical gradient force in the interaction of light
with matter has attracted widespread attention. Although the
optical force in nanoscale devices is large enough to trap and
transport nanoparticles, larger forces would be favorable for
experiments. Now, the optical gradient force can be remark-
ably improved by several orders of magnitude through uti-
lizing coupled high-Q optical resonators,®8! coupled opti-
cal waveguides, [>1%! and electromagnetic metamaterials.!' 121
Electromagnetic metamaterials, artificially composite electro-
magnetic structures consisting of subwavelength unit cells, are
already the most focused areas in physics and engineering at
present. Metamaterials have shown many unusual electro-
magnetic properties, such as negative refraction,!3! ultrahigh-
resolution imaging,'*! and so on. This arises because they
may possess negative permittivity or/and permeability at a
certain frequency band. Recently, the focus of the meta-
material research has shifted towards hyperbolic metamateri-
als (HMMs) possessing hyperbolic (or indefinite) dispersion

properties. The reason is that HMMs may be flexibly designed
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to exhibit ultrahigh anisotropy, ultrahigh refractive index,
and hyperbolic dispersion, which are not available in natu-
ral materials. HMMs enable numerous surprising applications

(15 16]

which include optical hyperlens,!'>! nanoligraphy,!'®! storing

light,['”] self-induced torque, ' and light manipulation. ]

Recently, the optical force from guided modes in
HMMWs has also attracted widespread attention. [2-2) How-
ever, the optical force from coupled surface plasmon polariton
(SPP) modes in HMMWs is still not clear so far. In this paper,
we engineer the dispersion property and optical gradient force
for SPP modes in two kinds of nanoscale plasmonic waveg-
uides with hyperbolic metamaterial cladding of different ori-
entations, and provide an alternative way to boost the optical
gradient force, which can be remarkably enhanced by design-
ing the hyperbolic metamaterial cladding of suitable orienta-
tion and structural parameters.

This paper is structured as follows. In Section 2, we ob-
tain the dispersion relations of SPP modes in two kinds of
nanoscale plasmonic waveguides with hyperbolic metamate-
rial cladding through the Maxwell’s equations. In Section 3,
according to the Maxwell stress tensor, we derive the compact
expression of the optical gradient force from coupled symmet-
ric and antisymmetric SPP modes in the HMMWs. In Section
4, we discuss comparatively the dispersion relation, the ef-
fective refractive index, and the average electromagnetic force
for symmetric and antisymmetric SPP modes in two nanoscale
plasmonic waveguide structures. Finally, a brief summary is
given in Section 5.
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2. Dispersion property of SPP modes in
HMMWs

We first construct two kinds of nanoscale plasmonic
waveguide structures, which are called structure A and struc-
ture B in the following. Both of them are made of two semi-
infinite HMM layers and a nanoscale slot gap of width d and
relative dielectric constant &, as shown in Figs. 1(a) and 1(b).
In the two structures (A and B), the HMMs are composed of
a period array of metal layer (width a) and germanium layer
(width b). It must be emphasized that there is an obvious
difference in the two structures. In structure A, the multi-
layer HMMs are stacked along the x direction. The multilayer
HMMs in structure B, however, are stacked along the z direc-
tion. As shown in Figs. 1(a) and 1(b), the two semi-infinite
HMM layers, respectively, occupy x > d/2 and x < —d/2
spaces in the Cartesian coordinates. By assuming that the pe-
riod of the HMMs is much less than the working wavelength,
the HMMs can be treated as a homogeneous effective medium,
and the effective dielectric permittivity tensor of the HMMs

can be modeled as!!7-18]
€] 0 0
0 0 &
in structure A, and
& 0 0
?B =& 0 & 0 2
0 0 €1

in structure B, where € = €n€4/[fm€a+ (1 — fm)€m] and & =
Sm€m+ (1 — fm)€a. Here fiy = a/(a+b) is the metal filling ra-
tio in the HMMs, and &4 is the permittivity of the germanium
(Ge) in the HMMs. According to the Drude model, ') the rel-
ative permittivity of a metal is &y (®) = €. — a)g /(0* +iwy),
where &. is the background dielectric constant of the metal,
oy is the plasma frequency, and Y is the collision frequency.
We consider a time-harmonic longitudinal SPP mode
propagating along the z direction in the three-layer plasmonic
waveguide structures, namely, the H -field of the SPP mode is
only in the y direction, then the H-field and the E-field can

be written as!?#

H = é,H,(x)e! P (3)
E = [€,E(x) + €, E(x)]e! B, (4)

where [ is the propagation constant, ® is the angular fre-
quency of the SPP mode, and €; (j = x,y,z) denotes the unit

vector in the j direction.

(UG

z

(d)

Fig. 1. (color online) Schematic diagram of two nanoscale plasmonic
waveguide structures and optical gradient force in such waveguide
structures: (a) structure A, (b) structure B. Both structures A and B
are constructed by two semi-infinitt HMM cladding layers and one
nanoscale gap core. The semi-infinite HMMs are composed of alter-
nating insulator (grey) and metal (yellow) thin layers. The coordinate
origin is placed at the middle of the gap, and the SPP modes propa-
gate along the z direction. (c) The optical gradient force from mutual
coupling of the symmetric SPP mode (black solid line) and the antisym-
metric SPP mode (red dashed line). (d) A unit planar surface A parallel
to the interface of the waveguide for calculating the optical gradient
force.

According to the Maxwell’s equations V x H = dD/dt
and V x E = —yd H /dt, we can obtain the interrelation be-
tween the electric field and the magnetic field in the HMM
cladding regions (x > d/2 and x < —d/2) for structure A as
follows:

B
Ex=——H,
e )
d .
aHy = —i0g&E;, (6)
0
- E; = iﬁEx - i.an)I'va @)

ox

where & and py are the permittivity and permeability of vac-
uum, respectively. The interrelation between the electric field
and the magnetic field in the gap region (—d/2 <x <d/2) can
be obtained by changing both & and &, to & in Eqs. (5)—(7).
The general form of Hy(x) for the SPP mode in the three-layer
structure A can be expressed as

Hje dmx—d/2), x>d/2,
Hy(x) ={ Hye®™+Hye ", —d/2<x<d/2, (8)
Hzedmxtd/2) x<—d/2,

where g, and ¢ are the x-components of the SPP wave vector
in the HMM cladding and the dielectric core, respectively; Hj,
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H,, Hé, and Hz are the amplitudes of the H-field in the dif-
ferent regions, which can be obtained by using the boundary
conditions and the initial condition of the field. The continuity
boundary conditions of the tangential components of the SPP
mode can be expressed as

Hy1(d/2) = Hy(d/2), Hyp(=d/2) = Hy3(=d/2), 9)

E7 (d/Z) = Ez2(d/2)’ Ez2<_d/2) = Ez3(_d/2)7 (10)
where Hy, and E;, (n = 1,2,3) denote the tangential mag-
netic and electric fields in region n, respectively. By inserting
Eq. (8) into Egs. (5)—(7) and the corresponding equations of
fields in the gap region (—d/2 < x < d/2), one can obtain

e a)z 1/2
qm<;ﬁ2@cz) : (11)
w2 1/2
m=(W—&@> . (12)

Note that g, and g; should be real, in other words, &8 2 /€ —
&0 /c* > 0 and B2 — &®?/c* > 0. Then based on the con-
tinuous conditions of E; and H, at the two interfaces of the
three-layer waveguide structure A, we can obtain two differ-
ent SPP modes in structure A: one, corresponding to H, = Hj,
and H| = Hz, is a symmetric SPP mode satisfying the disper-
sion relation

d
Eqm + squtanh<6112> -0, (13)
the other, corresponding to Hy = —Hé and H;y = —H3, is an
antisymmetry SPP mode with the dispersion relation
d
esqm+82qlcoth<qlz> =0. (14)

By the same methods and steps as above, the dispersion
relations of the symmetric and antisymmetric SPP modes in
structure B can be, respectively, obtained as

'd
ssq;n+slq{tanh<qlz> =0, (15)
'd
esq;n—l—slq{coth(qu) =0, (16)
with
2\ 1/2
/ €1 o2 o
=(=B*—&— 17
Im <82ﬁ c2) : (17)
2\ 1/2
0]
%z(ﬁ—&ﬁ> , (18)

where ¢}, and g| are the x-components of the SPP wave vector
in the HMM cladding and the dielectric core of structure B,
respectively. In addition, g}, and ¢| should also be real for the
SPP modes. Once we have found the dispersion relation and
the field form of the SPP modes, we can try to calculate the
optical gradient force between the coupled HMMWs, which
originates from the mutual coupling of SPP modes at the two
interfaces of the three-layer waveguide structure.

3. Optical gradient force between coupled
HMMWs

It is well known that when two waveguides get close
enough the interaction of the SPP mode at one interface of the
waveguide structure with the other, namely, the mutual cou-
pling of the SPP modes, generates an optical gradient force
directed perpendicular to the waveguides. Based on the clas-
sic electromagnetic theory, the average optical gradient force
in the x direction between two coupled HMMWSs can be ex-

pressed with the Maxwell stress tensor T asl1927)

(F) = [ (T (r1))-fada (19)
JA
where

T (r,1) = e,e0EE — ioHH — (8,60 B + poH?) T /2,

here ‘T is the identity tensor; (---) denotes the time average
value at one oscillation period; 7, is the unit vector perpen-
dicular to the yz plane. It must be emphasized that in Eq. (19)
we integrate the Maxwell’s stress tensor on a unit planar sur-
face A parallel to the interface of the waveguides, as shown in
Fig. 1(d). da is an infinitesimal surface element on the planar
surface A. With the distribution of the SPP fields, we can write
the average optical gradient force as

) ﬁ 2 C2

(5 =yl (1-E5), 20)
where + correspond to the symmetric and antisymmetric
SPP modes, respectively. In Section 2, we have found that
B% — &w?/c? > 0 for the SPP modes. Therefore, according
to Eq. (20), we can easily find that the average electromag-
netic force (Fy) is always attractive (negative) for the symmet-
ric SPP modes, while it is always repulsive (positive) for the
antisymmetric SPP modes. Because of the symmetrical char-
acteristic of the waveguide structure, we can easily show that
the optical forces in the y and z directions are equal to zero,
namely, (F,) =0 and (F;) = 0, due to the reflection symme-
try of the whole setup with respect to the xz plane and the xy
plane.

In Eq. (20), in order to analyze the optical gradient force,
we need to utilize the dispersion relations of the SPP modes
and |H|* due to the optical force proportional to the intensity
of the fields. Whereas |H,|? can be obtained by the total en-
ergy flux distribution. The total energy flux per unit length in

the z direction can be defined as[28-30]

oo
o= [ [ (8)-e.dudy
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1ot _
_ 5/ Re[E x H']- &, dxdy, @n

where S denotes the Poynting vector, and * denotes the com-
plex conjugate. By inserting Egs. (3) and (4) into Eq. (21),
we can derive the expression of the total energy flux per unit
length

o0

Pz 2
W ) 2a)£| I dx,

where W denotes the waveguide width in the y direction, and

P (22)

€ is the corresponding dielectric permittivity of each layer in
the plasmonic waveguide of the three-layer structures.

Choosing structure A as an example, we can obtain the
interrelation between P and |H,|? as follows:

p_ [HB [ el
2(1)80 D&s &
(eqld/2 :l: eQ]d/2)2:|
+ )

dmél1

(23)

where + correspond to the symmetric and antisymmetric SPP
modes, respectively. By inserting Eq. (23) into Eq. (20), we
can derive the expression of the average optical gradient force
in the x direction

(F) = j:pLgP(l— ﬁzCz)

g w?
x{ B {eqlde_‘“diZd
20¢ Q& &
ed/2 4 oa—qid/2)27Y 71
Iy et )H , (24)
m
N @ (a)
Lot
AN S e
g - v
S )
1k
3 :
oL ! . .
0 0.4 0.8 1.2

20 40
d/nm

where + correspond to the symmetric and antisymmetric SPP
modes, respectively.

For structure B, the average optical gradient force (F;)
can be easily obtained through substituting € with & in the
denominator of the last term in Eq. (24) firstly, and then re-
placing g, and g; with g7, and gj, respectively.

4. Results and discussion

In the following analysis and discussion, without loss of
generality, we choose some parameters, as follows: & =1
for the gap dielectric core; €5 = 16 for the dielectric Ge, and
the metal is assumed to be gold (Au) with the background di-
electric constant €. = 5, the plasma frequency @, = 1.37 x
10'© rad/s, and the damping coefficient ¥ = 3.68 x 10'3 rad/s.
The energy flux per unit length P = 1 mW/um. According
to the dispersion relation of the coupled SPP modes in the
three-layer HMMWs, we plot the dispersion curves and the
effective refractive indexes in the z direction for the two dif-
ferent HMMW structures (A and B) with f;, = 0.5 in Fig. 2.
In Fig. 2, the red and blue lines correspond to the symmetric
and antisymmetric SPP modes, respectively.

The three dashed lines (I), (II), and (III) are three aux-
iliary lines. The dispersion curves for the SPP modes in the
two different HMMW structures are distributed inside the area
that is surrounded by the three auxiliary lines. This happens
because the SPP modes in structure A must satisfy the condi-
tions of B2 — &(®w?/c*) > 0 and (&2/€))B? — &(w?/c?) > 0;

)

6t
_ (b)
I
@ . —sym
T o4t 8 — asym
s R
e
I ol
3 /

Toeff

20 10
d/nm

Fig. 2. (color online) Dispersion curves and effective refractive indexes of symmetric (red lines) and antisymmetric (blue lines) modes
with d = 10 nm. Panels (a) and (b) show the dispersion curves of SPP modes in structures A and B, respectively. The insets show the
dispersion curves of the antisymmetric SPP modes by amplifying the longitudinal-coordinate axis. (c) The effective refractive index
of symmetric mode with @ = 2.5 x 10! rad/s and asymmetric mode with @ = 2.989 x 10" rad/s in structure A. (d) The effective
refractive index of symmetric mode with @ = 5.5 x 10'3 rad/s and asymmetric mode with @ = 6.124 x 10'3 rad/s in structure B.
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similarly, the SPP modes in structure B must satisfy the condi-
tions of B2 — &(®w?/c?) > 0 and (g1 /&) B> — & (@?/c?) > 0.
From Fig. 2, we can see that all of the dispersion curves in-
crease monotonously with the increase of angular frequency
@. The dispersion curve of the antisymmetric modes and curve
(D seem to be coincident but if the longitudinal-coordinate axis
is amplified, as shown in the insets of Figs. 2(a) and 2(b), then
we can see that the antisymmetric mode curve is also in the re-
gion surrounded by the three auxiliary lines. From Figs. 2(a)
and 2(b), we can see some obvious difference of the disper-
sion curves between the two different waveguide structures.
In structure A, the dispersion curves of both symmetric and
antisymmetric modes asymptotically trend towards a limiting
value, @y = 2.989 x 103 rad/s, in the large B region. In the
small B region, the symmetric mode does not have a cut-off
frequency, while the antisymmetric mode has a cut-off fre-
quency @, the intersection point between the blue line and
line (IIT). In structure B, whether in the large 3 region or the
small B region, the dispersion curves of both symmetric and
antisymmetric modes are cut off. These characteristics of the
dispersion curves would directly influence the refractive in-
dexes.

We plot the effective refractive index (ner = ¢f8/®) in
the z direction as a function of gap width d in Figs. 2(c) and
2(d), which are corresponding to structures A and B, respec-
tively. As shown in Figs. 2(c) and 2(d), with the increase of
gap width d, the effective refractive index for the symmetric
SPP mode (red line) decreases gradually, while the effective
refractive index for the antisymmetric SPP mode (blue line)
increases gradually. It is worth noting that there is an obvious
difference between the symmetric SPP mode and the antisym-
metric SPP mode. It is that the antisymmetric mode dose not
have any solution in the small gap width. In other words, there
exist no antisymmetric SPP modes when the gap width is less
than a certain critical value. Both the optical force and the ef-
fective refractive index have the same cut-off region. It is not
hard to find that the effective refractive index of the SPP modes
in structure A is significantly higher than that in structure B.
These characteristics of the dispersion and the effective refrac-
tive index for the SPP modes in the two types of HMMWs
would importantly influence the optical gradient force.

We will next discuss the average electromagnetic force
for the symmetric and antisymmetric SPP modes in the two
different waveguide structures according to expression (24).
As shown in Fig. 3, we plot the optical gradient force (F})
as a function of gap width d for three different filling ratios
Jm =20.5,0.6, and 0.7, which are illustrated by the black solid,
red dashed, and blue dotted lines, respectively. From Fig. 3,
we can see that the average optical gradient force (F;) is al-
ways negative (attractive force) for the symmetric SPP modes,
while it is always positive (repulsive force) for the antisym-
metric SPP modes. Moreover, in structure A, the optical at-

tractive force for the symmetric SPP modes first decreases
rapidly and then relaxedly decreases with the gap width d
increasing, as shown in Fig. 3(a). This is because the SPP
coupling between the two surface modes at the interfaces be-
comes weaker and weaker with the increase of the gap width,
leading to the optical attractive force between the two sur-
face modes weakened gradually. In Fig. 3(b), the optical re-
pulsive force for the antisymmetric modes sharply decreases
with the increase of the gap width d. Compared with the SPP
symmetric modes, there exists a cut-off gap width d. for the
antisymmetric modes. It is not hard to find that the cut-off
gap width for f, = 0.5, 0.6, and 0.7 is equal to 13 nm, 42
nm, and 50 nm, respectively. This indicates that f, directly
influences the range of the cut-off region, which can be in-
terpreted physically as follows. In Fig. 2(a), the intersection
point of the dispersion curve of the antisymmetric mode (blue
line) and dashed line (II) is the cut-off frequency @.. By in-
serting Eq. (14) into &,8%/¢ — &,0%/c* = 0, we can obtain
@ = c\/e1&2/(1—€1)/d. Tt is well known that the angular
frequency of the SPP antisymmetric modes should satisfy @ >
@, which leads to the conditiond > d. = c\/€16/(1 — &) /@
for the SPP antisymmetric modes. The cut-off gap width d.
grows with the increase of fy,, so fi evidently influences the
range of the cut-off region. In Fig. 3(c), the optical attrac-
tive force for the symmetric SPP modes first increases sharply
and then slowly decreases with the gap width d increasing. In
other words, for a suitable gap width, all symmetric modes in
structure B have their own maximum optical attractive forces.
From Fig. 3(d), we can see that the antisymmetric modes all
cut off below the 10 nm region, and f;, has not too much in-
fluence on the optical repulsive force for the antisymmetric
modes in structure B. From Fig. 3, we can see that the optical
forces in structure A would be much larger than those in struc-
ture B. We will now explain the physics behind this. Through
proper simplification of Eq. (24), the average optical gradi-
ent force in structure A can be written as (Fy)= — toP(n2; —
1){[4d +4/(gmé1)]nesr/2€0c} ! for the symmetric SPP mode,
and (Fy) = poP(n%; — 1) [nerqid? / (2€0cqmer)] ! for the an-
tisymmetric SPP mode. In structure B, (F,) = —poP(n2; —
1){[4d +4/(q,,€)]nesr/2€0c} ! for the symmetric SPP mode,
and (Fy) = poP(nZ; — 1) [nerrq>d? / (2€0cq)y€2)] ! for the an-
tisymmetric SPP mode. Because ¢id < 1 in structure A and
g;d < 1 in structure B, the optical gradient force for the anti-
symmetric modes is greater than that for the symmetric modes.
Furthermore, the optical gradient force for the antisymmetric
SPP mode in structure A is greater than that in structure B.
This is because the effective refractive index neqg in structure
A is larger than that in structure B, as shown in Figs. 2(c) and
2(d). These properties provide more advantages to obtain a
much larger optical gradient force for optomechanical appli-
cations in optical tweezers and actuators.
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Fig. 3. (color online) Optical gradient force of symmetric and antisymmetric SPP modes as a function of gap width d for different
metal filling ratios with & = 1. Panels (a) and (b) are for structure A, (c) and (d) for structure B.
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Fig. 4. (color online) Optical gradient force of symmetric and antisymmetric SPP modes versus the relative permittivity & of the gap
dielectric for different metal filling ratios with gap width d = 60 nm. Panels (a) and (b) are for structure A, (c) and (d) for structure B.

In order to study the influence of the dielectric surround-
ing on the optical force, we plot the optical gradient force as a
function of the permittivity & for different f;,, in Figs. 4(a) and
4(c) for the symmetric modes, and in Figs. 4(b) and 4(d) for the
antisymmetric modes, with d = 60 nm. From Figs. 4(a) and
4(c), we find that the optical attractive force for the symmet-
ric modes firstly increases and then decreases as & increases,
and they have different peak values for different f;;,. From
Figs. 4(b) and 4(d), we can find whether in structure A or struc-

ture B, the optical gradient force for the antisymmetric SPP

mode always decreases as & increases, and the antisymmet-
ric modes have a cut-off region in the small & region, which
depends on the value of f,. Therefore, we can see that the
permittivity & has an important influence on the existence of
the SPP modes and the optical force. Under the same condi-
tions, the optical forces in structure A would be much larger
than those in structure B. In other words, when the optical
force including attractive and repulsive forces in structure B
is close to zero, the optical force in structure A is still large

enough to carry out experiments in optomechanics. These
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properties indicate that the optical gradient force between two
coupled plasmonic waveguides may be flexibly engineered to
meet various engineering requirements through adjusting the
waveguide structure parameters, such as the metal filling ra-
tio, the permittivity of the gap dielectric, and the suitable ori-
entation of the hyperbolic metamaterial cladding. Now, our
study shows that the optical gradient force between two cou-
pled hyperbolic metamaterial waveguides can be engineered
by the hyperbolic metamaterial cladding of suitable orienta-
tion. Based on these advantageous properties of such plas-
monic waveguide structures, one can expect that a larger opti-
cal gradient force can be applied to optical tweezers and ac-
tuators. On the one hand, the larger optical gradient force
has advantages to control the growth and self-assembling of
artificially synthetic materials, such as electromagnetic meta-
materials, photonic crystals, or random sphere assemblies. 311
The larger optical gradient force can be utilized to engineer the
mechanical motion of nano-objects and nano-devices, which
would be favorable for actuating nanophotonic systems.

5. Summary

We have engineered the optical gradient force in two
kinds of nanoscale plasmonic waveguides with hyperbolic
metamaterial cladding. By changing the orientation of the hy-
perbolic metamaterial cladding, different dispersion relations
and average electromagnetic forces for symmetric and anti-
symmetric SPP modes in the coupled nanoscale plasmonic
HMMWs can be obtained, and a very large optical gradient
force for the coupling SPP modes is shown. In addition, we
also demonstrate that the optical gradient force is closely de-
pendent on the metal filling ratio, the dielectric permittivity of
the gap core, and the gap width. The designed nanoscale plas-
monic waveguide structures provide a more advantageous way
to obtain a much larger optical gradient force. These special
optical properties will open the door for various optomechan-
ical applications, such as optical tweezers and actuators.
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