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Optimizing calculation of phase screen distribution with minimum
condition along an inhomogeneous turbulent path∗
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When building an experimental platform for light propagation along an inhomogeneous turbulent path, it is very
essential to set up the reasonable distribution of phase screen. Based on multi-layered model of phase screen, an iterative
optimization algorithm of phase screen position is given in this paper. Thereafter, the optimal position of phase screens
is calculated under the Hufnagel–Valley5/7 and Hefei-day turbulence profile. The results show that the positions of phase
screen calculated by the iterative algorithm can fit well with the turbulence profile rather than mechanically placed phase
screens at equal distance. Compared with the uniform distribution of phase screens position, the residual phase error of the
iterative algorithm decreases very significantly. The similarity degree between them is minimal when number of layers is
equal to two.
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1. Introduction
Atmospheric optical communication has been receiving

considerable attention recently for providing secure, low-cost,
rapidly deployable, dynamic data transmission at very high
rates.[1] However, owing to inhomogeneity in the tempera-
ture and pressure of the atmosphere, the refractive index varies
along the optical path, which in turn leads to angle-of-arrival
fluctuations, intensity fluctuations, and beam broadening.[2,3]

Thus, these deleterious effects of turbulence severely limit the
performance of the laser communication system.

At present, a method for modeling laser beam propaga-
tion in a turbulent atmosphere by using thin phase screens
along the propagation path has been studied extensively.[4–6]

In the laboratory, this method can be served as a guidance
for building an experimental platform for light propagation
along an inhomogeneous turbulent path. The most commonly
used equipment of simulating atmospheric turbulence is based
on liquid-crystal spatial light modulators (SLM) and rotating
glass plate, which act as the phase screen. Considering the
high expenses of these experimental device, it would not be
possible to set up too many phase screens in the experiment.
Meanwhile, when laser beam propagation along the nearly
horizontal path where the atmospheric structure constant of the
refractive index is approximately equal to be constant, discrete
phase screens are always distributed uniformly. But with the
consideration of the vertical and sloping paths through a tur-
bulent atmosphere, the strength of turbulence is a function of
height, wind speed and meteorological parameters. If the uni-

form distribution of phase screens is still used in this case, the
effects of atmospheric turbulence could not be simulated accu-
rately. So a reasonable distribution of phase screens becomes
very necessary. Schmidt et al. explored the effective position
distribution of phase screens to avoid unnecessary complexity
in the laboratory setup.[7] His method is based on the situation
that one phase screen is located in the transmitter plane and the
other half way to the receiver. Phillips et al. introduced dif-
ferent schemes of phase screen distribution in order to achieve
certain values of the Rytov variance.[8] Qian et al. outlined
three different methods: uniformly distributed phase screen,
equivalent Rytov index-interval phase screen and equivalent
Fried parameter-interval phase screen.[9] In addition, Fusco et
al. presented that small number of equivalent layers (2 or 3)
is required to obtain an accurate restitution of the phase in a
large field of view.[10] But both efforts do not solve the prob-
lem of the position distribution of phase screens along an in-
homogeneous turbulent path systematically, which means that
a suitable mathematical physical model has not been put for-
ward to solve it. Moreover, personal subjectivity in choosing
the position and number of phase screens may increase uncer-
tainty of experimental results. In our case, a number of phase
screens are placed along 11 meters of light propagation path in
the experimental platform to simulate the effect of atmospheric
turbulence within 10 km. Although a large number of phase
screens are applied in the numerical simulation , it cannot be
achieved in the laboratory limited by experimental funds. So it
is very necessary to explore the phase screen distribution with
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minimum condition along an inhomogeneous turbulent path.
In this paper, based on the multilayer model of at-

mospheric turbulence, an iterative optimization algorithm of
phase screen position is investigated. Meanwhile, under con-
dition of the Hufnagel–Valley5/7 and Hefei-day atmospheric
turbulence profile model, the optimal distribution of phase
screens and the boundary of atmospheric discrete layers are
calculated respectively. The minimum condition of phase
screen distribution are also introduced by the analysis of simi-
larity degree.

2. Principles and methods
2.1. Position distribution model of multiple phase screens

The atmospheric turbulence is modeled as a series of thin
phase screens, as shown in Fig. 1. In the model, the volume
turbulence is divided into N sections, each of which has the
upper and lower bounds. Hi−1 and Hi are the lower and up-
per bounds of i-th section, respectively. hi is the position of
phase screens. The actual laser beam propagates from point B
to point O (green line).
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Fig. 1. (color online) Schematic diagram of the multilayer model of
atmospheric turbulence.

The angle θ between the actual laser beam (green line)
and the approximate one (red line) is very small. Thus we
assume that the strength of the turbulence varies little along
the horizontal direction. The optical path difference (OPD)
between them is given by[11]

∆LOPD =
N

∑
i=1

∫ Hi

Hi−1

[ñ(𝑟+𝜃h,h)−n(𝑟+𝜃h,h)]dh, (1)

where n(𝑟,h) is the index of refraction at position 𝑟 and al-
titude h, ñ(𝑟,h) is the approximate value to the index of re-
fraction at position 𝑟 and altitude h. Because the perturbations
to the refractive index of each section is concentrated in the
single phase screen, ñ(𝑟+𝜃h,h) can be expressed as

ñ(𝑟+𝜃h,h) =
N

∑
i=1

δ (h−hi)
∫ Hi

Hi−1

n(𝑟+𝜃h,h)dh, (2)

where δ (h) represents the Dirac delta function. It has the fun-
damental property that∫

∞

−∞

f (h)δ
(
h−h′

)
dh = f

(
h′
)
. (3)

By integrating both sides of Eq. (2) with respect to h, then∫ Hi

Hi−1

ñ(𝑟+𝜃h,h)dh =
∫ Hi

Hi−1

n(𝑟+𝜃hi,h)dh. (4)

By substituting Eq. (4) into Eq. (1), it gives

∆LOPD =
N

∑
i=1

∫ Hi

Hi−1

[n(𝑟+𝜃hi,h)−n(𝑟+𝜃h,h)]dh. (5)

The relationship between phase difference ∆φ and optical
path difference ∆LOPD can be described as

∆φ = k∆LOPD, (6)

where k = 2π/λ is the wave number. Consequently, ∆φ can
be written as

∆φ = φ̃ −φ = k
N

∑
i=1

∫ Hi

Hi−1

[n(𝑟+𝜃hi,h)−n(𝑟+𝜃h,h)]dh, (7)

where φ̃ and φ represents the wavefront phase of approximate
laser beam and actual one, respectively.

From Eq. (7), we can obtain the variance of ∆φ such that

σ
2
φ = k2

N

∑
i=1

〈(∫ Hi

Hi−1

[n(𝑟+𝜃hi,h)−n(𝑟+𝜃h,h)]dh
)2〉

. (8)

Under the Kolmogorov model, the most commonly used
length scale is the Fried parameter r0. The 2D phase structure
function in this case is

Dφ (∆𝑟) = k2
〈(∫ h+∆h

h
[n(𝑟,h)−n(𝑟−∆𝑟,h)]dh

)2〉
, (9)

where ∆𝑟 = 𝑟− r′ is the distance between the two points. For
a plane wave, the atmospheric coherence diameter

r0 =

[
0.432k2

∫ L

0
C2

n (h) dh
]−3/5

. (10)

The phase structure function can be expressed as

Dφ (∆𝑟) = 6.88
(
|∆𝑟|
r0

)5/3

, (11)

where laser beam propagates from point B to point O, and L
is the propagation distance. C2

n is known as the atmospheric
refractive index structure parameter. Substituting Eq. (10) into
Eq. (11), one can obtain

Dφ (∆𝑟) = 6.88 |∆𝑟|5/3
[

0.423k2
∫ L

0
C2

n (h) dh
]

= 2.91k2
∫ L

0
C2

n (h) |∆𝑟|
5/3 dh
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= 2.91k2
∫ L

0
C2

n (h)
∣∣𝑟′−𝑟

∣∣5/3 dh. (12)

Consolidating Eqs. (9) and (12) into Eq. (8) enables us to
compactly express the variance of ∆φ (residual phase error) as

σ
2
φ = 2.91k2

N

∑
i=1

∫ L

0
C2

n(h)|𝜃hi−𝜃h|5/3 dh

= 2.91k2|𝜃|5/3
N

∑
i=1

∫ L

0
C2

n(h)|hi−h|5/3 dh. (13)

2.2. Iterative optimization algorithm

In order to assure that the effects of discrete phase screens
match those of the atmospheric turbulence in reality best,
the variance of residual phase error σ2

φ
needs to be mini-

mized. Using Eq. (13), we can get the derivation of Hi and
hi respectively[11]

∂σ2
φ

∂Hi
= ΛC2

n(Hi)
[
(hi+1−Hi)

5/3 +(Hi−hi)
5/3
]
, (14)

∂σ2
φ

∂hi
=

5Λ

3

M

∑
i=1

[∫ hi

Hi−1

C2
n(h)(hi−h)2/3 dh

−
∫ Hi

hi

C2
n(h)(h−hi)

2/3 dh
]
, (15)

where

Λ= 2.91k2 |θ |5/3 . (16)

Setting Eqs. (14) and (15) to zero can give us the optimization
conditions for a minimum of σ2

φ

Hi =
hi +hi+1

2
, (17)∫ hi

Hi−1

C2
n (h)(hi−h)

2/3
dh =

∫ Hi

hi

C2
n (h)(h−hi)

2/3
dh. (18)

When the angle between the actual laser beam and the hypo-
thetical one becomes very large, the optimal positions of dis-
crete phase screens (hi) are required to be revised. In Fig. 2,
∆OAB is a right-angled triangle, h′i is the revised positions of
discrete phase screens. The relationship between hi and h′i can
be written as

h′i =
hi

cosθ
. (19)

In order to better illustrate the principles of the iterative
algorithm, we describe the basic steps as follows:

Step 1 set initial value of H0, h1, and N. In our case,
H0 = 0, h1 = 100 m, and i = 1,2,3, . . . ,N.

Step 2 calculate the value of Ri =
∫ hi

Hi−1
C2

n (h)(hi−h)2/3 dh.
Owing to the volume turbulence is divided into N sections, we
need to obtain the value of R1 firstly when i = 1.

Step 3 estimate the value of H1 and evaluate the value
of Ti =

∫ Hi
hi

C2
n (h)(h−hi)

2/3 dh. If |Ri−Ti| < p (p is the

error limit), the value of H1 satisfies Eq. (18). Otherwise,
H1 = H1 + 1. This process repeats until Eq. (18) is satisfied.
Considering the speed of numerical calculation, we choose
that H1 = 1000 m and p = 0.05∼ 0.09 in our case.

Step 4 calculate the value of h2 using Eq. (17). There-
after, we need repeat the above steps 2–4 for i = 1,2,3, . . . ,N.
If the value of Hm reaches the upper limit of the turbulence
profile, the whole process is done.
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Fig. 2. (color online) Schematic diagram of the modified positions of
discrete phase screens at a large angle θ .

3. Numerical calculation results and analysis
3.1. Atmospheric turbulence profile model

The parameter C2
n is an indicator of the strength of turbu-

lence at a given location. In fact, it varies from place to place,

throughout the day, and throughout the year. Several models

have been developed. In this paper, the Hufnagel–Valley5/7

(H–V5/7) profile and Hefei-day profile are used, which are

shown in Fig. 3.

The H–V5/7 profile is given by[12]

C2
n (h) = 5.94×10−53 (w/27)2 h10 exp(−h/1000)

+2.7×10−16 exp(−h/1500)

+Aexp(−h/100) , (20)

where w represents wind speed and A is the strength of the tur-

bulence at the ground. Common values for these parameters

are w = 21 m/s and A = 1.7×10−14 m−2/3.

The Hefei-day profile is the observational results of the

atmospheric structure parameter in Hefei (China), which is de-

fined by[13]

C2
n (h) = 5.3×10−50h10 exp(−h/610)

+4.0×10−15 exp(−h/300)

+1.8×10−16 exp(−h/750) , (21)
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Fig. 3. (color online) Atmospheric turbulence profile models of H–V5/7
and Hefei-day.

3.2. Calculating the positions of phase screens

In this section, numerical calculations are carried out for
the positions of phase screens and boundaries of each layer of
atmosphere under H–V5/7 and Hefei-day profile. In the pro-
cess of calculations, we use the ground H0 = 0, the propaga-
tion distance L = 10 km, the upper limit HN = L, and number
of layers N = 1,2,3, . . . ,7.

Figures 4(a1)–4(a3) illustrate an example of positions of
phase screen with the different layers (5, 6, and 7 layers) of
atmosphere for the H–V5/7 profile. We can see that the po-
sitions of phase screen are not evenly distributed. Compar-
ing the scheme of uniformly distributed phase screen, shown
in Figs. 4(b1)–4(b3), we can find that there is only one phase

screen at most until the atmosphere is divided into seven layers
in the specific observation area (mauve zone). By contrast, fig-
ures 4(a1)–4(a3) show that two phase screens are distributed
in similar area, which can adequately describe the effects of
atmospheric turbulence near ground. The rest of phase screen
has a more suitable position distribution in Figs. 4(a1)–4(a3)
instead of the dense distribution. Consequently, the positions
of phase screen calculated by the iterative algorithm fit well
with the atmospheric turbulence profile rather than mechani-
cally placed phase screens at equal distance.

Similarly, figure 5 shows an example of positions of phase
screen with the different layers (5, 6, and 7 layers) of atmo-
sphere under the Hefei-day profile. Compared with the uni-
form distribution of phase screen, the results of the iterative
algorithm also indicate that two phase screens are placed in
the specific observation area (mauve zone). Combining the re-
sults under the H–V5/7 and Hefei-day profile, it can be seen
that the above-mentioned iterative algorithm can be well ap-
plied in different atmospheric turbulence profile.

Tables 1 and 2 show the thickness of each layer and po-
sitions of phase screens for these two profiles. It can be seen
that the position of phase screen in the first layer is gradually
close to the ground with the increase of the number of layers.
Similarly, the position of phase screen in the last layer gets
closer to the upper limit of the turbulence profile.
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Fig. 4. (color online) The positions of phase screen with the different layers (5, 6, and 7 layer) of atmosphere under the H–V5/7 profile
(blue solid line). (a1)–(a3) The positions of phase screen (red circles) are calculated by the iterative algorithm. (b1)–(b3) The phase
screens (red triangles) are evenly distributed. The dotted lines are base lines. The mauve zone is a specific observation area (its height
is 1 km).
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the Hefei-day profile (blue solid line). (a1)–(a3) The positions of phase screen are calculated by the iterative algorithm. (b1)–(b3) The
phase screens are evenly distributed. The mauve zone is a specific observation area (its height is 1 km).

Table 1. The thickness of each layer and positions of phase screens (PS) for the H–V5/7 profile.

Layer N
Thickness of each layer (∆h = Hi−Hi−1)/positions of PS Hi (km)

i =1 i =2 i =3 i =4 i =5 i =6 i =7
1 10/0.308
2 3.445/0.192 6.555/6.698
3 1.263/0.125 3.860/2.401 4.877/7.845
4 0.914/0.117 2.033/1.711 3.263/4.183 3.790/8.237
5 0.704/0.106 1.439/1.302 2.225/2.984 2.841/5.752 2.791/8.666
6 0.569/0.101 1.097/1.037 1.509/2.295 2.193/4.055 2.441/6.681 2.191/8.937
7 0.645/0.112 1.176/1.178 1.448/2.464 1.833/4.074 1.909/6.130 1.577/7.892 1.412/9.284

Table 2. The thickness of each layer and positions of phase screens (PS) for the Hefei-day profile.

Layer N
Thickness of each layer (∆h = Hi−Hi−1)/positions of PS Hi (km)

i =1 i =2 i =3 i =4 i =5 i =6 i =7
1 10/2.179
2 3.400/0.327 6.600/6.473
3 2.762/0.311 3.771/5.213 3.467/7.853
4 0.700/0.215 2.535/1.185 3.343/5.285 3.422/7.871
5 0.603/0.208 2.250/0.998 2.794/4.708 1.903/6.586 2.450/8.514
6 0.548/0.194 2.027/0.902 2.451/4.248 1.490/5.804 1.506/7.228 1.978/8.816
7 0.547/0.196 1.914/0.898 2.260/4.024 1.289/5.418 1.183/6.602 1.251/7.784 1.556/9.104

3.3. Error analysis before and after optimization

According to Eq. (13), we can obtain the relationship be-
tween the variance of residual phase error σ2

φ
and the number

of layers N. The wave number k and zenith angle θ can be re-
garded as a constant in a specific application. So the value of
Λ(Λ= 2.91k2 |θ |5/3) is also seen as a constant. Instead of cal-
culating the values of σ2

φ
directly, we only need to discuss the

relationship between σ2
φ
/Λ and N under the H–V5/7 profile

and Hefei-day profile, shown in Fig. 6.
It can be seen that σ2

φ
/Λ apparently decrease when the

iterative optimization algorithm is used. Meanwhile, the de-
cline rate of σ2

φ
/Λ is highest particularly when the atmosphere

is divided into two layers. As the number of layer increases,
the values of σ2

φ
/Λ tends to be stable. The improvement of

the accuracy of multi-layered model of phase screen is lim-
ited with the increase of number of layers N. This means a
defect that the large number of layers would greatly increase
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the amount of computation in numerical simulation, and it will
also increase the experimental funding, since additional exper-
imental device is required to simulate the layered atmosphere.
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Fig. 6. (color online) The variance σ2
φ
/Λ versus the number of layers

N before optimization (uniformly distributed phase screen) and after
optimization by the iterative algorithm, under H–V5/7 profile (a) and
Hefei-day profile (b).

To describe the total ratio of error reduction after the itera-
tive optimization algorithm is applied, we define the weighted
mean of error reduction τ

τ=
η1 f1 +η2 f2 + · · ·+ηi fi

SN
, (22)

where ηi = i is the weight value (i = 1,2, . . . ,N), SN =
N
∑

i=1
i is

the discrete-sum of i, and fi =
σ2

φ i/Λ

σ2′
φ i/Λ

=
σ2

φ i

σ2′
φ i

is the single ratio

of error reduction for the i-layer of atmosphere. Here σ2
φ i and

σ2′
φ i are the variance of residual phase error for the i-layer of

atmosphere before and after optimization, respectively.

Table 3. The single and total ratio of error reduction after optimization
for the H–V5/7 profile.

Before optimization
Layer N

After optimization Single Total
σ2

φ i/Λ σ2′
φ i/Λ ratio fi ratio τ

28.1×10−7 1 2.75×10−7 10.2
13.7×10−7 2 0.84×10−7 16.3
8.22×10−7 3 0.36×10−7 22.8
5.51×10−7 4 0.23×10−7 23.9 22.1
3.96×10−7 5 0.16×10−7 24.8
2.99×10−7 6 0.13×10−7 23.0
2.35×10−7 7 0.11×10−7 21.4

As shown in Tables 3 and 4, σ2
φ
/Λ and the total ratio of

error reduction after optimization τ are calculated under H–
V5/7 and Hefei-day profile. We can see that σ2

φ
/Λ was ob-

viously decreased after the iterative optimization algorithm is
used. Although the atmospheric turbulence profile is differ-
ent, the iterative optimization algorithm can also improve the
accuracy of multi-layered model of phase screen.

Table 4. The single and total ratio of error reduction after optimization
for the Hefei-day profile.

Before optimization
Layer N

After optimization Single Total
σ2

φ i/Λ σ2′
φ i/Λ ratio fi ratio τ

19.9×10−7 1 13.1×10−7 1.52
9.43×10−7 2 1.82×10−7 5.18
5.48×10−7 3 0.86×10−7 6.37
3.57×10−7 4 0.72×10−7 4.96 5.51
2.50×10−7 5 0.44×10−7 5.68
1.84×10−7 6 0.31×10−7 5.94
1.41×10−7 7 0.25×10−7 5.64

3.4. Analysis of the minimum condition

The minimum condition means that a least number of
equivalent layers is required to obtain enough accuracy of
multi-layered model of phase screen in the laboratory. In or-
der to find out the minimum condition through the difference
between the lines before and after optimization in Fig. 6, the
similarity degree of these two curves is defined as

β=

N
∑

i=1
xiyi√

N
∑

i=1
x2

i ·

√
N
∑

i=1
y2

i

, (23)

where xi = (5n,αγi), yi = (5n,ακi), γi is the values of σ2
φ
/Λ

before optimizing, κi is the values of σ2
φ
/Λ after optimizing, α

is a scaling factor, and n= 1,2, . . . ,7. Here, we set α =×10−7

to ensure the same sacle of xi(1) and xi(2), and yi(1) and yi(2)
is also needed to be guaranteed for the same sacle.

The smaller the values of the similarity degree β is, the
larger deviation between γi and κi is. Figure 7 shows a direct
relationship between β and number of layers N under the H–
V5/7 profile and Hefei-day profile. Obviously, the value of β

increases as the value of N increases in Fig. 7(a). The value
of β is very close when N is equal to one and two. However,
the values of β is large when N is equal to one in Fig. 7(b).
The rest of the value of β still increases with the value of N.

So the value of β is relatively minimal on the whole when N
is equal to two. Furthermore, it can be noticed that when N is
equal to two, the values of σ2

φ
/Λ is very small in Fig. 6, which

is below the reference line. This means the largest decrease
of σ2

φ
/Λ , which indicates that the accuracy of multi-layered

model of phase screen is improved most significantly at two
layers.
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Fig. 7. (color online) The similarity degree β versus number of layers
N under H–V5/7 profile (a) and Hefei-day profile (b).

4. Conclusion

The iterative optimization algorithm of phase screen po-
sition along an inhomogeneous turbulent path has been dis-
cussed. For the H–V5/7 and Hefei-day profile, our results give
the values of specific locations of phase screens, which can
be used in a specific experiment. It is important to note that
this iterative optimization algorithm is not limited by a certain

turbulence profile. Compared with the uniform distribution
of phase screens, the positions of phase screen calculated by
the iterative algorithm can fit well with the specific turbulence
profile. The variance of residual phase error was obviously
decreased after the iterative optimization algorithm is used.
The total ratio of error reduction after optimization is about
22.1 and 5.51 respectively for H–V5/7 and Hefei-day profile.
Moreover, the minimum condition that the number of layers
N is equal to two is also analyzed. When the scheme of this
condition is used, the similarity degree of the curve before and
after optimization is minimal.
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