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To realize scale quantum processors, the surface-electrode ion trap is an effective scaling approach, including single-
layer, double-layer, and quasi-double-layer traps. To calculate critical trap parameters such as the trap center and trap depth,
the finite element method (FEM) simulation was widely used, however, it is always time consuming. Moreover, the FEM
simulation is also incapable of exhibiting the direct relationship between the geometry dimension and these parameters. To
eliminate the problems above, House and Madsen er al. have respectively provided analytic models for single-layer traps
and double-layer traps. In this paper, we propose a semi-analytical model for quasi-double-layer traps. This model can
be applied to calculate the important parameters above of the ion trap in the trap design process. With this model, we can
quickly and precisely find the optimum geometry design for trap electrodes in various cases.
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1. Introduction

The ion trap!!! is currently a major candidate for quan-
tum information process (QIP), serving as quantum memo-
ries, quantum gates, and nodes of quantum communication
networks.[?! Quantum bits based on trapped ions have many
advantages, including exquisite coherence properties and high
efficiency to be prepared, entangled, and measured. How-
ever, the remaining challenge is the scaling of trapped ions
to tremendous quantum bits, which is necessary for realizing
scale quantum processors. 13!

The surface-electrode ion trap is an effective scaling ap-
proach due to its compatibility with the existing semiconduc-
tor process.[* Several main surface-electrode trap geometries,
single-layer, double-layer, and quasi-double-layer, have been
experimentally realized. Single-layer surface-electrode (SSE)
traps are much more suitable for the silicon-based micro-
fabrication technology, where all electrodes are laid in the
same plane. Since the first SSE trap was fabricated by MIT, !

6-11 have been fabricated and tested,

numbers of SSE traps!
with high-fidelity quantum bits preparation, detection, trans-
portation, and gate operations.!'>"'") Double-layer surface-
electrode (DSE) traps!?°-23] have a deeper potential trap than
SSE traps, which can extend the life time of trapped ions
remarkably.[?*>3] Therefore, although the fabrication process
is complex, some researchers still attempt to develop DSE

26271 Another surface-electrode trap, the quasi-double-

traps. !
layer surface-electrode (QSE) trap, has the construction char-
acteristic of that in between SSE and DSE traps.[?3?1 After

optimizing, the potential trap of QSE traps can be several times
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as deep as that of SSE traps, confirming that ions easily like a
DSE trap. Moreover, the fabrication process of QSE traps is
similar to that of SSE traps, which is much easier than that of
DSE traps.

For all the traps above, to achieve a desired potential trap
in the trap design process is critical for experiments. However,
the widely used approach is always time consuming, which
is to simulate the electric field with a finite element method
(FEM) based software (i.e., Ansoft Maxwell or COMSOL).
Moreover, the FEM simulation is also incapable of exhibiting
the direct relationship between the geometry dimension and
the critical trap parameters, such as the trap center and trap
depth. To eliminate the problems above, House and Madsen
et al. have respectively provided analytical models for SSE
traps®%! and DSE traps.3!! Here, to provide insights in QSE
traps design, this paper proposes a semi-analytical model for
QSE traps. This model provides a fast and precise way in cal-
culating trap parameters and designing the geometry of trap
electrodes for desired fields. We have verified the proposed
model against the FEM simulation. With this model, we have
analyzed critical factors which determine the trap center and
trap depth, and found the optimum geometry design for QSE
traps. The remainder of this paper is organized as follows. In
Section 2, we compare QSE traps with SSE and DSE traps and
define geometry parameters for QSE traps. In Section 3, we
propose the semi-analytical model for QSE traps and discuss
insights provided by this model. Section 4 demonstrates that
the model can describe QSE traps accurately through verifica-
tion experiments. In Section 5, the model is applied to find the
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optimal geometries for the trap electrodes. Finally, Section 6
provides our conclusion.

2. Overview

In order to enhance the scalability of Paul traps, SSE and
DSE traps have been implemented by mapping Paul traps to a
flat surface as shown in Fig. 1. The trap depth is a key perfor-
mance indicator for surface-electrode ion traps, which can be
defined by the pseudopotential. The pseudopotential is defined
51321
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where e is the charge of the trapped ion, m is the ion’s mass,
Q is the oscillating frequency of the voltage applied to RF
electrodes, and ¢ is the electric field. For a fair comparison
of the trap depth, we set the characteristic size R of ion traps
as the same and R is defined as the distance between two RF
electrodes. In Fig. 1, the characteristic sizes of Paul, SSE, and
DSE ftraps are respectively R = 2rp, R = a, and R = v a? + d>.
By calculating the trap depth with various geometries through
the FEM simulation, the optimum geometry design for SSE
traps can be found as b/a = 1.2, while that of DSE traps is
d/a=0.1.

double-layer trap

a b

Fig. 1. The mapping from Paul traps to SSE and DSE traps. In the
mapping to SSE traps, the 3D structure of Paul traps is mounted on a
single layer surface with geometry parameters including @ and . When
mapping to DSE traps, this 3D structure is mounted on two layers with
geometry parameters which are @ and d.

There is a large difference in the trap depth among Paul,
SSE, and DSE traps. Figure 2 shows the FEM simulation for
the pseudopotential of these ion traps with the same charac-
teristic size R = 100 pm and the optimum geometry design
described above, where the trapped ion is *°Ca*t, the ampli-
tude and frequency of the voltage applied to RF electrodes are
100 V and 10 MHz. The trap depths of these Paul, SSE, and
DSE traps are respectively 167 eV, 0.3 eV, and 15.1 eV. The
DSE trap has a 50 times deeper trap depth than the SSE trap,
so the DSE trap can confine the ions more easily. Though the
SSE trap has the shallowest trap, it is a popular way to achieve
the ion trap QIP because of its simple fabrication process.

Paul ion trap
— — single-layer surface ion trap
- - = - two-layer surface ion trap
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Fig. 2. The pseudopotential along the y axis. Results are derived from
the FEM simulation. The pseudopotential along the y axis constructs a
trap for trapping ions. The trap depth is various in different types of ion
traps.
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Fig. 3. (color online) The structure of a QSE trap and the pseudopo-
tential above electrodes. (a) The cross-sectional view of the QSE trap.
The ion is to be trapped in the potential trap near the center of the fig-
ure. The lowest energy path for the ion to escape the trap is through
the saddle point in the pseudopotential directly above. The difference
in pseudopotential between the center of the trap and this escape point
represents the trap depth. (b) The top view of the QSE trap, which
consists of five electrode rails, two DC electrodes, two RF electrodes,
and one ground electrode. The origin point is illustrated above. The
parameters a, b, d, [, and w define the dimensions of the electrodes.

The QSE trap has a similar structure to the SSE trap, but
RF and GND electrodes located in different planes. Compared
with the SSE trap, fabricating a QSE trap is only required to
add the process of etching, which is simpler than fabricating

113701-2



Chin. Phys. B  Vol. 25, No. 11 (2016) 113701

a DSE trap. Figure 3 shows the structure of a QSE trap and
the pseudopotential above electrodes. As shown in Fig. 3(a),
the pseudopotential has a saddle point above the trap center
that connects the trap center with the region where the pseu-
dopotential goes to zero as y — oo, which is the easiest point
for the ion to escape from the trap. The pseudopotential at this
escape point represents the trap depth. Figure 3(b) is the top
view of the QSE trap. Geometry parameters of the QSE trap
include the width b, length /, and height d of RF electrodes,
the distance between RF electrodes a, and the width of DC
electrodes w. R = a is the characteristic size of QSE traps.
When a = 100 um, the deepest potential trap reaches about
7 eV (derived from the FEM simulation), which is 23 times as
deep as that of the SSE trap with the same characteristic size.

3. Semi-analytical model

Because the precise analytical model is hard to derive di-
rectly, we simplify the structure of the QSE trap with some
assumptions as follows.

(I) Electrodes extend infinitely in the z dimension.

(IT) Electrodes are assumed to collectively occupy the en-
tire y = —d plane, where the potential ¢(x, —d, z) is zero.

(IIT) The width of RF electrodes is much less than that of
the ground electrode.

In fact, ion traps always have long electrodes, so assump-
tion (I) is acceptable. Only the potential in the space y > 0
is considered in the semi-analytical model. In this space, the
boundary condition is similar to that described in assumption
(II). Assumption (IIT) is used to simplify the calculation of
electric fields. We will add several additional factors to cor-
rect the error caused by assumption (III) in the following text.
Some of the assumptions above have also been used in analyz-
ing SSE traps[*°! and DSE traps,*! deducing analytical mod-
els whose accuracy has been confirmed. Moreover, the influ-
ences of assumptions (I) and (I) for surface-electrode ion traps
have been found to be very small in realistic situations.[?3!

According to assumptions (I) and (II), the RF electrode
can be considered as a wire with an infinite length. After con-
formal mapping as follows:

4

T pr2di

p=x+yi, @
¢=8+ni,

the y = —d plane is mapped to a unit circle and the RF elec-
trode is mapped to the center of this circle. Here, p is the plane
in the x—y coordinate system and { is the plane in the £-1 co-
ordinate system. In the -7 coordinate system, the electric
field can be calculated as

q
2mey

¢ =Re [— lng] : 3)

where € is the permittivity of a vacuum and ¢ is the linear
charge density. By mapping back to the x—y coordinate system
and overlapping electric fields generated by two RF electrodes,
the electric field of the QSE trap can be derived as

0(x,y,0) = —% {ln [(x—a—b/2)2+y2}
—In[(x—a—b/2)*+ (y+2d)?]
+1In [(x+b/2)2+y2]
— In[(x+b/2)*+ (y+2d)*]}. )

The linear charge density g can be obtained by the fol-
lowing method. Regarding the RF electrode and the y = —d
plane as a parallel plate capacitor with distance d and differ-
ent plate area, the charge on the surface of the y = —d plane
mainly distributes in the corresponding region with width c.
This parallel plate capacitor is equivalent to lots of small se-
ries capacitors with distance dy and the same plate area. The
capacitance value of each small capacitor can be calculated by
the formula of C(y) = &S(y)/dy, where S(y) is the plate area
of the parallel plate capacitor at y. By evaluating the integral
of C = 1/f9d[l/C(y)] and solving C = ¢l /U, the expression
of ¢ can be obtained as

U c¢c—>b
T="d Inc—mb’ 2
When ¢ = 3d + b, the analytical result is closest to the simu-
lating result. By substituting Egs. (4) and (5) into Eq. (1) and
setting x = a/2, z = 0, the pseudopotential along the positive
y axis can be obtained as y(a/2,y,0). Here, y(a/2,y,0) has a
zero above the y = 0 plane where the ion is trapped, located at

a (a+b)2+4d2_d
2’ 2

The escape point can be found by solving for the point above

Yo = (6)

X0 —

the trap center at which the gradient of y(a/2,y,0) is zero.
The location is

a
-XEZEa

V(@52 +4d2 +2(a+b)\/(a + b + 42
2

YE = —d. (1)

By substituting y = yg into y(a/2,y,0), the trap depth is given
by

U 1
Ve = amaza
2
X(a+n%r+afﬁqma+sﬁﬂup’ ®)
where
o="b/a,
B =d/a, )

Y = (o+1)>4+4p2.
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Here, @ and f3 are relative sizes of QSE traps, and ¥ is deter-
mined by & and 3. This expression is accurate when meeting
the condition of assumption (III) that b is much less than a.
However, when RF electrodes are wide, another RF electrode
has an effect on the charge distribution, which cannot be ig-
nored. By applying the same phase voltage to RF electrodes,
the charge no longer uniformly distributes on the surface of RF
electrodes, but preferring to distribute away from the center. It
is difficult to find the analytical model in this case. Here, we
use a factor of k, = 1/(a 4 )Y to represent this influence.
In addition, the coupled charge on the zero potential plane that
y = —d also influences the charge distribution on RF elec-
trodes, which has relations with the height of RF electrodes
d. We define this influence by a factor of k; = 1/(B + uy)v?.
Compared with the results derived from the FEM simulation,
the parameters above can be determined as U, = 1, v, = 2,
Uqg = 1.5, and v; = 1.2. Thus, the expression of the trap depth
can be defined as

, eU? 1
Ve = mn2Q2? a2
3642
o+ )3 B+ 1.5 2y +a+ 1)2n(1 + 3B/

(10)

Equations (6), (7), and (10) compose the full semi-
analytical model for QSE traps, which is capable of calcu-
lating critical parameters such as the trap center, the escape
point, and the trap depth, directly. This model provides sev-
eral insights in trap design listed as follows.

Insight 1 The trap center and the escape point are only
related to the geometry dimension.

Insight 2 A large voltage and a small electrode are ben-
eficial for a deep trap.

Insight 3 For a given characteristic size, we can find the
optimum design of the relative dimension.

Insight 1 is useful in designing laser paths. When cooling
ions for initialization or controlling ions for quantum comput-
ing or reading out the final state of ions, the trap center is the
target location of applied lasers. For a given QSE trap, we
can derive the target location from the model determined by
the geometry factors including a, b, and d. Insight 2 indicates
how to make the effort to improve the trap. One way to achieve
a deep trap is to apply large voltage to electrodes. Thus, find-
ing a way to improve the withstand capability of electrodes is
of concern. Another way is to implement electrodes as small
as possible, so long as technology allows. Insight 3 tells us
that, for a determined characteristic size a, we can further im-
prove the trap by finding the optimum design for the relative
dimension & and f3.

4. Experiments for verification

In the following verification experiments, the trapped ion
is °Ca™ and the frequency of voltage Q is 10 MHz. The re-
lationship between the trap depth and factors such as U, q, «,
and f is important for trap design. One part of the verification
is to test the consistence of that relationship between the semi-
analytical model and the FEM simulation. Figure 4 plots the
trap depth with various U when characteristic size a sweeps
from 50 pm to 150 um. The lines represent the results derived
from the semi-analytical model, and the points with different
shapes show the results derived from the FEM simulation. As
shown in Fig. 4, the analytical result agrees well with the sim-
ulation result. Figure 4 also exhibits that Insight 2 is correct.

100 -
a =50 pm, analysis a
0 a =50 um, simulation

80 ——- a =100 pm, analysis
% O a =100 ym, simulation
D a =150 pm, analysis
£ ol v a=150 um, simulation
g
e
g 40
i
=

20

0 "

Fig. 4. (color online) The trap depth of the QSE trap versus U and char-
acteristic size a. U varies from 20 V to 180 V, and for each U, a is set
to 50 um, 100 wm or 150 wm.
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Fig. 5. (color online) The trap depth of the QSE trap versus (a) o
(=b/a) in the range of 0.05-2 and (b) B (= d/a) in the range of 0.1-3.
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Figure 5 plots the comparison between the trap depth de-
rived from the semi-analytical model and that from the FEM
simulation when the relative sizes & (= b/a) or B (=d/a)
varying. The amplitude of the voltage is U = 100 V and the
characteristic size is @ = 100 pm. The trap depth climbs firstly
and then declines with « increasing (see Fig. 5(a)), and it has
a similar relationship with 3 (see Fig. 5(b)). The analytical
result is identical with the simulation result as shown in Fig. 5,
which proves that the semi-analytical model is accurate in ex-
pressing the relationship between the trap depth and relative
sizes o and 3.

The semi-analytical model also provides the way to find
the locations of the trap center and escape point as described in
Egs. (6) and (7). Figure 6 plots the pseudopotential along the
y axis derived from Kk, k;y(a/2,y,0) and the FEM simulation
respectively when U =50 V, U = 100 V, or U = 200 V. The
lines represent the results of analysis and the points indicate
the results of simulation. As shown in Fig. 6, both of analy-
sis and simulation find the same locations of the trap center
and escape point that are in agreement with Egs. (6) and (7).
Moreover, for a given ion trap, varying the factors (i.e., volt-
ages as shown in Fig. 6) besides the geometry dimension has
no influence on the trap center or the escape point. Therefore,
as described in Insight 1, the trap center and the escape point
are only related to the geometry dimension.

30
.......... U =50 V, analysis

0 U=50V, simulation
***** U =100 V, analysis
v U=100 V, simulation
U =200 V, analysis
U =200 V, simulation

25

20

15

10

Pseudopotential/eV

10 | 100
y/pm

Fig. 6. (color online) The comparison of the pseudopotential along the
y axis.

5. Optimum design

One purpose in the design for QSE traps is to find the ge-
ometry dimension of electrodes that makes the trap depth as
deep as possible. According to Insight 3, when the charac-
teristic size a is determined, the factors that influent the trap
depth are relative sizes o and 3, which determine values of
width b and height d of RF electrodes. In order to find the
optimum design of RF electrodes, we calculate the trap depth
when both o and 8 are varying. Figure 7 shows the results
derived from the semi-analytical model (solid lines) and the

FEM simulation (dot lines). Both of them find the optimum
design as @ = 0.15 and B = 1.2. The trapping potential is
weaker if the RF electrodes are chosen to be too narrow or too
wide in width, as well as too low or too high in height.

3.0 T 7
//\\/
Sy
2.5 ,\7 ] 6
™
2.0 analysis result 5
¥ 4
3
< L5} 4
1.0 simulation result 3
0.5} 2
Sr—— 1
0.25 0.75

b/a

Fig. 7. (color online) The trap depth of the QSE trap when both «
and f3 are varying. Solid lines show the result derived from the semi-
analytical model and dot lines indicate the result derived from the FEM
simulation.

3.5

2.5

(d%p/dz?)/arb. units

z/w

Fig. 8. (color online) The potential curvature in z dimension at the trap
center with respect to z/w. For small w that w = 0.5a, the curvature
is relatively small. For very large w that w = 2.54, the curvature is re-
duced near the center of the segment. When w/a equals to 1.5 or 2.0,
the potential curvature equals to zero at z = w/2, which is not good
for ion transport. Thus, a good choice for the width is w = a.

Another goal is to find the best dimension for the width w
of the DC electrode, which should be chosen so that the field
it creates has significant curvature everywhere along the ion
transport path in the z dimension.** Figure 8 shows the po-
tential curvature in z axis with five different values for w. The
RF electrodes design is a = 0.15 and 8 = 1.2. When w is rel-
atively small (w/a = 0.5), the potential curvature at the trap
center is also small and the electrode’s influence is relatively
weak. If w is chosen to be very large (w/a = 2.5), the poten-
tial curvature is reduced near the center of the electrode in z.
The location where the potential curvature equals to zero is of
great concern. When w/a equals to 1.5 or 2.0, as w increases, a
zero in the potential curvature approaches z = +w/2, the edge
of the electrode. This is an inconvenient place for it, since the
neighboring electrode will also have a zero near the same edge.
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If the ion is to be shuttled across this point, large voltages may
be needed since no electrode can contribute strongly to the po-
tential curvature at that point. Therefore, in QSE traps design,
a good choice for the width of the DC electrode is w = a.

6. Conclusion

In this paper, we have proposed a semi-analytical model
for QSE traps, providing a fast and precise way in designing
the geometry of trap electrodes to achieve desired fields. We
make several reasonable assumptions to simplify the deduc-
tion of the model. Through conformal mapping, we calculate
the electric field of the QSE trap, and then obtain locations of
the trap center and escape point, and the expression of the trap
depth, which compose the full semi-analytical model of QSE
traps. To correct the error caused by the assumption, we add
two factors to the model. The verification experiments prove
that our model can describe the QSE trap accurately. With the
model, we develop some insights in trap design and find the
optimum geometry design for QSE traps as &« =0.15, B = 1.2,
and w=a.
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