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Evolution of the vortex state in the BCS–BEC crossover of a quasi
two-dimensional superfluid Fermi gas*
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We use the path-integral formalism to investigate the vortex properties of a quasi-two dimensional (2D) Fermi su-
perfluid system trapped in an optical lattice potential. Within the framework of mean-field theory, the cooper pair density,
the atom number density, and the vortex core size are calculated from weakly interacting BCS regime to strongly coupled
while weakly interacting BEC regime. Numerical results show that the atoms gradually penetrate into the vortex core as
the system evolves from BEC to BCS regime. Meanwhile, the presence of the optical lattice allows us to analyze the vortex
properties in the crossover from three-dimensional (3D) to 2D case. Furthermore, using a simple re-normalization proce-
dure, we find that the two-body bound state exists only when the interaction is stronger than a critical one denoted by Gc
which is obtained as a function of the lattice potential’s parameter. Finally, we investigate the vortex core size and find that
it grows with increasing interaction strength. In particular, by analyzing the behavior of the vortex core size in both BCS
and BEC regimes, we find that the vortex core size behaves quite differently for positive and negative chemical potentials.

Keywords: ultra-cold quantum gases, superconductivity/superfluidity, vortex, BCS–BEC crossover

PACS: 03.75.Ss, 03.75.Lm, 37.10.Jk DOI: 10.1088/1674-1056/25/11/110306

1. Introduction
Since the first observation of Bose–Einstein condensa-

tion and Fermi superfluid phenomenon in ultracold atoms
system,[1–9] tremendous attention in condensed matter com-
munity has been paid to this system both theoretically and
experimentally[10–17] because of its high controllability. In
particular, using the Feshbach resonance technique,[18,19] one
can tune the two-body interaction at will. This unique fea-
ture of controlling interaction continuously provides an ideal
platform to investigate the crossover from the weakly inter-
acting BCS[20] regime with loosely bound cooper pairs to
the strongly attractive region where tightly bound molecules
form a Bose–Einstein condensate (BEC)[21,22] (BCS–BEC
crossover). Furthermore, by adding a trapping potential in
selective directions, the system can evolve from higher di-
mension to lower one in a continuous way. Among many
interesting phenomena related with this cold atoms system,
the vortex state is one of the most important, which receives
much attention in both cold atoms[23–25] and condensed mat-
ter communities.[26–32] The vortex state in the BCS–BEC
crossover has been investigated in great detail[33–36] by numer-
ically solving the Bogoliubov–de Gennes (BdG) equation[37]

and mean-field equations.[38–40] However, the vortex state
and its properties in the dimensional crossover scenario have
largely been untouched, which is the main focus of this paper.

We investigate the evolution of the vortex structure in
both the BCS–BEC and the three dimensions (3D) to two di-
mensions (2D) crossover problems in a two-component Fermi
gas trapped in an optical lattice potential at zero temperature.

The main results are composed of two parts. First, the atom
number density and the pair density (gap profile) are calcu-
lated for different interaction strengths and lattice potential
parameters. We identify the BCS and BEC regimes by the
existence of the bound state and the boundary can be given
by a critical interaction strength which is a function of the lat-
tice potential parameter. In the BCS regime, the Fermi atoms
can penetrate into the vortex core, which is characterized by
the nonzero atom density inside the vortex core where the pair
density is zero. But in the BEC regime, the Fermi atoms can-
not penetrate into the vortex core. The second part deals with
the vortex core size as a function of the interaction strength
and the lattice potential parameters. In the BCS regime where
the chemical potential is positive in the bulk, the vortex core
size is proportional to the square-root of the chemical potential
determined by the atom number density equation. However, in
the BEC limit with a negative bulk chemical potential, the vor-
tex core size is determined by the gap equation.

The outline of the rest of this paper is as follows. In Sec-
tion 2, we introduce the grand canonical partition function for
a two-component Fermi gas in the presence of an optical lat-
tice potential. Using the Hubbard–Stratonovic transformation,
we rewrite the partition function as functional integral over
pairing fields. Choosing the saddle point solution suitable for
the description of the vortex state, we obtain the ground state
energy and consequently the atom number and gap equations.
Section 3 presents a detailed numerical evaluation of the atom
number and gap equation profiles of the vortex state in the
BCS–BEC crossover. We also discuss the dimensional effects
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introduced by the optical lattice potential on the vortex struc-
ture. In Section 4, the vortex core size is calculated in the
BCS–BEC crossover and the effect of the lattice potential is
discussed. Finally, we summarize our results in Section 5.

2. Model Hamiltonian and mean field approxi-
mation
We consider a 3D two-component Fermi gas with an at-

tractive two body interaction confined in an optical lattice po-
tential. In the path integral formalism, the system can be de-
scribed by the following grand-partition function at finite tem-
perature T (we use the convention h̄ = kB = 1 throughout this
paper):

𝒵 =
∫

𝒟[ψ̄σ ,ψσ ]exp{−S [ψ̄σ ,ψσ ]} , (1)

where ψ̄σ and ψσ are the Grassmann fields [41] as functions of
space and imaginary time τ . The action functional

S [ψ̄σ ,ψσ ] =
∫

β

0
dτ

∫
d𝑟
[
∑
σ

ψ̄σ

(
∂τ + ξ̂𝑝+Vopt(𝑟)

)
ψσ

−gψ
†
↑ψ

†
↓ψ↓ψ↑

]
, (2)

where β = 1/T , the kinetic energy operator ξ̂𝑝 = 𝑝̂2/(2m)−µ

with momentum operator 𝑝̂=−i∇, m being the mass of the
Fermionic atom, µ the chemical potential, and g > 0 denotes
the s-wave interaction parameter. Vopt(𝑟) = sER sin2(qBz) is
the optical lattice potential along the z direction, where s de-
notes the intensity of the laser beam and ER = h̄2q2

B/2m is the
recoil energy with qB being the Bragg momentum. The lattice
period is fixed by qB = π/d with d being the lattice spacing.
The atoms are free in the x–y plane. In order to investigate
the pairing phenomena, we can re-write the partition function
by introducing a Bosonic pairing field ∆ using the Hubbard–
Stratonovic transformation[41]

𝒵 =
∫

𝒟[Φ̄ ,Φ ; ∆̄ ,∆ ]exp
{
−Sc[Φ̄ ,Φ ; ∆̄ ,∆ ]

}
, (3)

where

Sc[Φ̄ ,Φ ; ∆̄ ,∆ ] =
∫

β

0
dτ

∫
d𝑟Φ̄G−1

Φ +
∫

β

0
dτ

∫
d𝑟

1
g

∆̄∆ , (4)

with Φ ≡ [ψ↑, ψ̄↓]
T and 𝐺−1 being the inverse Green’s func-

tion

𝐺−1 =

[
∂τ + ξ̂𝑝+Vopt(𝑟) −∆

−∆̄ ∂τ − ξ̂𝑝+Vopt(𝑟)

]
. (5)

Integrating out the Grassmann fields, we obtain

𝒵 =
∫

𝒟[∆ , ∆̄ ]exp
{
−Seff

[
∆ , ∆̄

]}
, (6)

with

Seff =
∫

β

0
dτ

∫
d𝑟

|∆ (𝑟,τ)|2

g
−Trln

[
𝐺−1] . (7)

By transforming the Grassmann integral into a Bosonic
one, this path integral formalism provides a convenient frame-
work to study the pairing phenomena. By properly choosing
the saddle point solution, one can reduce the current formal-
ism into the familiar mean-field BCS theory for different pair-
ing symmetries. For example, in the absence of vortex state,
we have the trivial saddle point solution ∆ (𝑟,τ) = ∆0 and the
thermodynamic potential becomes

Ω0 =
Seff

β
=V

∆ 2
0

g
+∑

𝑘,n
(ξ𝑘,n −E𝑝,n)

− 2
β

∑
𝑘,n

ln
(

1+ e−βE𝑘,n
)
, (8)

where V is the volume of the system, ξ𝑘,n denotes the band
energy in the presence of the optical lattice potential, and the
excitation spectrum reads E𝑝,n =

√
ξ 2
𝑘,n +∆ 2

0 . As one can
see, even within the mean-field theory, one still has to cal-
culate the noninteracting band energy spectrum to solve the
mean-field equations. In this paper, we only consider the case
where s is relatively large such that the inter band gap is far
greater than the chemical potential µ and the tight-binding ap-
proximation applies. Within this approximation, the system
can be well described by replacing the spectrum along the z
direction by a Hubbard-type spectrum[42] ε𝑘 = (1/2m)(k2

x +

k2
y) + 2t[1 − cos(kzd)], with t being the tunneling parame-

ter which can be obtained in the tight binding limit as[11]

t = (4ER/π)(s/ER)
3/4 exp

(
−2
√

s/ER

)
. Consequently, we

have Ω0 =V ∆ 2
0/g+∑𝑘 (ε𝑘−µ −E𝑘)− 2

β
∑𝑘 ln

(
1+ e−βE𝑘

)
with E𝑘 =

√
(ε𝑘−µ)2 +∆ 2

0 .
In the presence of a quantized vortex considered in this

paper, the saddle point ansatz can be chosen as ∆ (𝑟,τ) =

∆r e iθ , where r =
√

x2 + y2 is the distance to the vortex line
and θ the angle around the vortex in the cylindrical coor-
dinates 𝑟 =(r,θ ,z). With this ansatz, the effective action
Seff =

∫ β

0 dτ
∫

d𝑟∆ 2
r /g − Trln

[
𝐺̃−1

]
has the same form as

Eq. (4) with the inverse Green’s function being

𝐺̃−1 =

 ∂τ + ξ̂𝑝−
il

2mr2
∂

∂θ
+

l2

8mr2 −∆r

−∆r ∂τ − ξ̂𝑝+
il

2mr2
∂

∂θ
− l2

8mr2

 . (9)
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As have been pointed out in Ref. [43], il
2mr2

∂

∂θ
is irrel-

evant to the low energy properties of the system and will be
neglected in the following treatment. However, the partition
function is still not integrable because of the inhomogeneous
term l2

8mr2 . Following Ref. [38] and [39], we assume that
the paring field varies slowly in comparison with the rele-
vant fermion frequencies and define a local chemical poten-
tial µr = µ −1/

(
8mr2

)
. Under this approximation and using

the tight binding approximation for the band spectrum, we can
obtain the thermodynamic potential

Ωv = V
∆ 2

r

g
+∑

𝑘

(ε𝑘−µr −E𝑘,r)

− 2
β

∑
𝑘

ln
(

1+ e−βE𝑘,r
)
, (10)

where E𝑘,r =

√
(ε𝑘−µr)

2 +∆ 2
r . In this paper, we only con-

sider the zero temperature case. Through variation of Ωv with
respect to ∆r, the gap equation can be obtained as

1
g
=

1
V ∑

𝑘

1
2E𝑘,r

, (11)

and the density of the Fermionic atoms can be derived by
nr =−∂Ωv/∂ µr,

nr =
1
V ∑

𝑘

(
1− ε𝑘−µr

E𝑘,r

)
. (12)

Equations (11) and (12) are the generalized BCS mean-
field equations in the presence of a single quantized vortex
and an optical lattice potential. The bulk value of the chem-
ical potential µ0 and gap parameter ∆0 have to be calculated
by solving Eqs. (11) and (12) far away from the vortex core.
From this, one can then obtain ∆r and nr for different parame-
ters across the BCS–BEC and 3D–2D crossovers.

3. Vortex structure in the BCS–BEC crossover
As shown in Ref. [38], the atom density nr and pair den-

sity ∆r behave differently on BCS side and BEC side of the
Feshbach resonance characterized by the formation of bound
state in vacuum. Therefore, it is necessary to identify the res-
onance point in the presence of an optical lattice. This has
been investigated intensively using the scattering theory.[44,45]

In this paper, we use another simpler strategy[46] which repro-
duces qualitatively correct results but with much less numeri-
cal efforts. In the continuum limit, the momentum integration
in the gap equation is ultra-violet divergent as a result of the
use of the short range s-wave interaction, which implies a high
momentum cut-off k⊥ =

√
k2

x + k2
y < k0 ∼ 1/R0 with R0 being

the effective interaction range. We now replace g in terms of
the binding energy εb > 0 through 1/g = 1/v∑

𝑘
1/(2ε𝑘+ εb),

from which we obtain

εb =

√
coth2

(
1

2G

)(
ε2

0 +16t2 sinh2
(

1
2G

))
− ε0 −4t, (13)

with mg/4πd = G being the dimensionless interaction param-
eter and ε0 = k2

0/2m. The above equation reduces to Eq. (4) of
Ref. [46] in the weak interaction limit. In the 2D limit t = 0,
there is always a bound state for arbitrary interaction with the
binding energy given by εb = [coth(1/2G)−1]ε0. But for fi-
nite t, there is a critical value Gc beyond which a bound state
will form in the vacuum as shown in Fig. 1(a) with the red
point denoting the critical value Gc. Simple algebraic manip-
ulation of Eq. (13) with εb = 0 leads to

1
Gc

= 2log
(√

ε0/4t +
√

ε0/4t +1
)
, (14)

which is represented in Fig. 1(b).
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Fig. 1. (color online) (a) Binding energy as a function of the dimen-
sionless interaction parameter G defined in the text. The solid line is the
plot of Eq. (13) and dashed line is for the analytical results in the weakly
interacting limit presented in Ref. [46]. The red dot denotes the critical
interaction parameter beyond which a bound state will form. (b) Criti-
cal interaction parameter as a function of the lattice potential parameter
t (Eq. (14).

As shown in Ref. [38], the atoms can penetrate into the
vortex core on the BCS side (no bound state) while not on the
BEC (with bound state) side. With the critical value Gc ob-
tained above, we can now investigate this peculiar feature for
the system under consideration.

By self-consistently solving Eqs. (11) and (12) far away
from the vortex r → ∞, we can obtain ∆0 and µ0. The ver-
tex profiles characterized by ∆r and µr can then be obtained
by solving Eqs. (11) and (12) and the numerical results are
presented in Fig. 1. The interaction parameters used in the nu-
merical calculations are chosen according to Eq. (14). With-
out loss of generality, the other parameters we used in the nu-
merical evaluation are chosen as kFd = 0.2, t = 0.5eF, and
k0 = 2×104kF, with kF being the Fermi momentum in the uni-
form space defined as k3

F = 3π2n and the corresponding Fermi
energy eF = k2

F/2m. The numerical results are shown in Fig. 2.
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It can be seen that on the BCS side with G < Gc, the atoms can
penetrate into the vertex core while they cannot penetrate on
the BEC side. Through detailed numerical investigations for
various situations, we find that this picture happens for any
optical lattice parameter t.
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Fig. 2. (color online) Vortex profiles on (a) the BCS side with dimen-
sionless interaction parameter G = 0.045 and (b) the BEC side with
G = 0.053. The critical interaction parameter Gc = 0.049 is determined
by Eq. (14) with other parameters being given as kFd = 0.2, t = 0.5eF,
and k0 = 2× 104kF. Solid and dotted lines represent the atom number
density and the pair density, respectively.

However, the present path-integral formalism used
to describe the vortex state amounts to a local density
approximation[38] and is invalid around the vortex core. The
main reason for the breakdown is the assumption that the order
parameter varies smoothly. Consequently, the vortex profiles
shown in Fig. 2 are estimated to be wrong approaching the
vortex core and one may resort to the BdG equation which is
more accurate in the vortex core region. Despite this defect,
the theory naturally gives another important quantity rv, the
vortex core size, which will be discussed in detail in the fol-
lowing section.

4. Vortex size
The vortex core size rv can be defined as the distance from

the vortex core at which the order parameter becomes zero, as
shown in Fig. 2. Numerical solutions of rv as a function of di-
mensionless interaction parameter G are represented in Fig. 3,
with other parameters chosen the same as those used to ob-
tain Fig. 2. One can see that, in the BCS limit, the vortex core
size approaches a constant value, which agrees with the results
in Ref. [38]. However, in the BEC limit, the vortex core size
tends to a constant instead of growing with increasing interac-
tion strength in the homogeneous space shown in Ref. [38].
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1
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3

k
F
r
v

Fig. 3. (color online) Vortex core size as a function of the dimension-
less interaction parameter G. The lattice parameters are chosen to be
the same as those used to obtain Fig. 2. The solid blue line repre-
sents the numerical results obtained from the self-consistent solutions
of Eqs. (11) and (12). The dashed black line is the asymptotic behavior
(Eq. (15)) of the vortex core size in the BCS regime.

In order to understand the asymptotic behaviors of the
vortex core size in the BCS and the BEC limits, we analyze the
properties of the gap equation (Eq. (11)) and number equation
(Eq. (12)) approaching the vortex core. By setting △r = 0,
one can easily check that the momentum integration on the
right side of Eq. (11) is divergent for µr > 0. Therefore, the
only acceptable solution for the local chemical potential at the
vortex core should be µr ≤ 0. Besides, the atom density in the
vortex core also goes to zero for µr ≤ 0. In conclusion, the
local chemical potential should satisfy µr ≤ 0 approaching the
vortex core.

In the BCS regime, the bulk chemical potential µ0 > 0.
Since the momentum integral is divergent for positive local
chemical potential, the gap equation can be satisfied for any
µr > 0 with ∆r → 0. Therefore, the vortex core size should be
determined by the number equation with the critical condition
being nr = 0, which leads to µr = 0. Finally, we obtain

rv =

√
1

4mµ0
, (15)

which is plotted as the dashed line in Fig. 3. In the deep BCS
limit, µ0 → EF and rv → 1/(2kF), which agrees with the result
obtained in Ref. [38]. Note that in Fig. 3, kFrv does not go to
1/2 because kF is the Fermi momentum in the homogeneous
space. If we used the proper Fermi momentum and energy in
the presence of the optical lattice, we would obtain the same
numerical results as those shown in Ref. [38].

In the BEC limit, since the bulk chemical potential µ0 ∼
−εb/2 and hence µr < 0, nr = 0 is always satisfied for arbitrary
r at the vortex core. Therefore, the vortex core size should be
determined by the gap equation. Since µr < 0, the momentum
integral is convergent and the vortex core size can be obtained
analytically from the following equation:

G = 2log
√

ε0 +µr +
√

ε0 +µr +4t
√

µr +
√

µr +4t
. (16)

As can be seen in Fig. 3, rv tends to be a constant in-
stead of growing with increasing interaction strength in the
case without the optical lattice trap. As stated in Ref. [38],
in the BEC limit, the vortex core size is identified as the
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healing length 1/
√

4πnam since the system can be consid-
ered as a Bose–Einstein condensate of tightly bound molecules
with weak repulsive interactions. On the mean-field level, the
molecular scattering length am = 2a0 with a0 being the scat-
tering length of Fermi atoms with opposite spins. However,
in the presence of the optical lattice potential, the interaction
between molecules is a constant.[46] Consequently, the vortex
core size saturates to a fixed value approaching the BEC limit,
as depicted in Fig. 3.

5. Conclusion and outlooks
In summary, we have extended the path-integral mean-

field theory for the vortex state to the case with an optical
lattice trapping potential. In the low energy limit, we only
considered the lowest band and used a Hubbard-type spec-
trum to effectively describe the effects of the periodic poten-
tial. Within the path-integral formalism, we derived the mean-
field number and gap equation which were then solved self-
consistently to obtain the vortex profiles and the vortex core
size. For the vortex profile characterized by the atom number
density and pair density, like the homogeneous case, we found
that the atoms can penetrate into the vortex core in the BCS
regime while it cannot occur in the BEC regime. The dimen-
sional effect was also discussed by calculating the bound state
energy as a function of the interaction and lattice parameters.
We found that the bound state emerges only when the interac-
tion strength is bigger than a critical value. From the vortex
profiles, we also obtained the vortex core size as a function
of the interaction parameter. By analyzing the atom number
and gap equations at the vortex core, we found that the vortex
core size is determined by the atom number equation in the
BCS regime for positive bulk chemical potential and by the
gap equation in the BEC regime for negative bulk chemical
potential.

The mean-field approximation is problematic near the
vortex core. Therefore, it is important to know how the vortex
profile evolves in the dimensional crossover by using a beyond
mean-field theory, like the BdG equation[37] and the beyond-
mean-field corrections.[47,48] Besides, the vortex properties in
the presence of other trapping potentials and spin–orbit cou-
pling are also under investigations.
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