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Amplifying and freezing of quantum coherence using weak
measurement and quantum measurement reversal∗
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We analyze universal conditions where the l1 norm and relative entropy of coherence are amplified and frozen under
identical bit-flip channels; that is, using pre-measurements (quantum weak measurements or quantum measurement rever-
sals) on the systems before undergoing local bit-flip channels. With the option of quantum weak measurements or quantum
measurement reversals, the measurement strength and the success probability are all determined by the initial state of the
quantum system.
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1. Introduction
Quantum coherence is a fundamental feature of quan-

tum mechanics, describing the quantum interference phenom-
ena of a quantum system. It has been widely used as a re-
source and root concept, such as quantum information proce-
ssing,[1] quantum metrology,[2–5] entanglement creation,[6,7]

thermodynamics,[8–12] and quantum biology.[13–16]

Only very recently have there been achievements to-
wards developing a rigorous theory of coherence as a physical
resource,[17–19] and necessary constraints have been put for-
ward to assess the valid quantifiers of coherence.[17] A num-
ber of coherence measures based on various physical contexts
have been put forward, such as the l1 norm of coherence and
the relative entropy of coherence,[17] skew information,[20,21]

and coherence measures based on entanglement.[22]

Quantum coherence is a useful physical resource but the
coherence of a quantum state is often destroyed by noise. A
challenge in exploiting the resource is to protect coherence
from the decoherence caused by noise. Studies on this topic
have been started in Ref. [23], where the authors found that
the coherence measurements based on distances are frozen for
some initial states of a quantum system undergoing local iden-
tical bit-flip channels. This finding illustrates that there exist
such quantum states of which some coherence measures re-
main constant in certain noisy channels. However, the con-
ditions of frozen coherence are not same for single qubit and
multi-qubit and nontrivial universal freezing of the relative en-
tropy of coherence is impossible for the dynamics of a sin-
gle qubit under paradigmatic incoherent maps. Then, we ask
whether there is a universal method to amplify and freeze co-

herence for single-qubit and multi-qubit, and for the l1 norm
and the relative entropy of coherence measure.

Intuitively, both coherence and entanglement capture the
quantumness of a physical system, and it is well known that
entanglement stems from the superposition principle, which is
also the essence of coherence. In practice, decoherence can
severely undermine the quantum features in quantum infor-
mation processing, and quantum entanglement is fragile to en-
vironmental noises. An idea is proposed to protect quantum
states and quantum entanglements from decoherence using a
weak measurement and measurement reversal.[24,25] Recently,
reference [26] proved that using a weak measurement and
measurement reversal can suppressing the amplitude damping
decoherence.

Therefore, we can optimize quantum states and freeze
coherence from decoherence using a weak measurement and
measurement reversal.

The rest of this paper is organized as follows. In Sec-
tion 2, we briefly discuss the measures of quantum coherence
used in this study, describe the methodology for investigat-
ing their dynamics in the presence of local noise, introduced
the weak measurement and quantum measurement reversal. In
Section 3, we conclude the necessary and sufficient conditions
for amplifying and freezing the quantum coherence of quan-
tum systems undergoing local identical bit-flip channels us-
ing a weak measurement and measurement reversal. Section 4
compares the different methods of using measurement to pro-
tect the quantum coherence and entanglement when a quantum
system undergoes incoherent channels. Section 5 contains the
concluding remarks.
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2. Incoherent operations and coherence mea-
sures
We first need to review some notions, such as incoherent

states, incoherent operations, and coherence measures. For an
N-qubit system associated with a Hilbert space C2N

, we fix the
computational basis {|0〉, |1〉}⊗N as the reference basis, and
we define incoherent states as those whose density matrix δ is
diagonal in such a basis,

δ =
1

∑
i1,...,iN

di1,...,iN |i1, ..., iN〉〈i1, ..., iN | . (1)

The Markovian dynamics of an open quantum system are de-
scribed by a completely positive trace-preserving (CPTP) map
Λ , i.e., a quantum channel, whose action on the state ρ of the
system can be characterized by a set of Kraus operators {K j}
such that Λ(ρ) = ∑ j K jρK+

j , where ∑ j K+
j K j = I. Incoherent

quantum channels (ICPTP maps) constitute a subset of quan-
tum channels that satisfy the additional constraint K jτK+

j ⊂ τ

for all j, where τ is the set of incoherent states.[17] This im-
plies that ICPTP maps transform incoherent states into inco-
herent states, and no creation of coherence could be witnessed,
even if an observer had access to individual outcomes.

We will consider paradigmatic instances of incoherent
channels that embody typical noise sources in quantum in-
formation processing,[1,17] whose action on a single qubit is
described as follows, in terms of a parameter q ∈ [0,1], that
encodes the strength of the noise and depends explicitly on
time t. The bit-flip, bit + phase-flip, and phase-flip channels
are represented in Kraus form by

K0 =

√
1− q

2
I, Ki

1 =

√
q
2

σ
i, (2)

where σ i, i = 1,2,3, are the Pauli spin matrices. Here, Ki
1 for

i = 1,2,3 correspond to the BF, BPF, and PF channels, respec-
tively. The action of N independent and identical local noisy
channels on each qubit of an N-qubit system maps the system
state ρ into the evolved state

Λ
⊗N
q (ρ) = ∑

j1,..., jN

(K j1⊗·· ·⊗K jN )ρ(K
+
j1 ⊗·· ·⊗K+

jN ). (3)

We now recall known measures of coherence.[17] The
l1 norm quantifies coherence in an intuitive way via the off-
diagonal elements of a density matrix ρ in the reference basis
Cl1(ρ) = ∑i 6= j |ρi j|. The relative entropy of coherence Cr is
given by Cr(ρ) = S(ρd)− S(ρ) for any state ρ , where ρd is
the matrix containing only the leading diagonal elements of
ρ in the reference basis and S(ρ) = −Tr(ρ logρ) is the von
Neumann entropy.

Theoretically, a weak measurement on a qubit can be
done by monitoring its environment via an ideal detector.

Whenever there is an excitation in the environment, the re-
sult is discarded. In the case of no excitation, the qubit state is
just renormalized and allowed to evolve. The null-result weak
measurement on a qubit maps as follows:∣∣0 j

〉∣∣0̄〉→ ∣∣0 j
〉∣∣0̄〉 , (4a)∣∣1 j

〉∣∣0̄〉→√1− p
∣∣1 j
〉∣∣0̄〉 . (4b)

The corresponding non-unitary quantum operation can be
written as

Mwk =

(
1 0
0
√

1− p

)
, (5)

where p (0 ≤ p ≤ 1) is the weak measurement strength. Be-
cause the weight of the component |1 j〉 is reduced and the
computational basis state |0 j〉 does not couple to the environ-
ment, the qubit after the weak measurement is less vulnerable
to decoherence. In contrast, the quantum measurement rever-
sal on a qubit maps as

|1 j〉|0̄〉 → |1 j〉|0̄〉, (6a)

|0 j〉|0̄〉 →
√

1− pr|0 j〉|0̄〉, (6b)

and the reversing measurement is also a non-unitary operation
that can be written as

Mrev =

(√
1− pr 0

0 1

)
, (7)

where pr (0≤ pr ≤ 1) is the quantum measurement strength.

3. Amplifying and freezing of quantum coher-
ence
We now analyze conditions such that the l1 norm and the

relative entropy of coherence are all invariant during the evo-
lution of a quantum system under any of the noisy channels Λq

described above.
Bromley et al. proved that only the bit and bit + phase-flip

channels allow for nonzero frozen coherence (in the computa-
tional basis), while all the other considered incoherent chan-
nels leave coherence invariant only trivially when the initial
state is already incoherent.[23] We focus our attention on the
bit-flip channel.

3.1. One qubit

For a single-qubit state in general as ρ = (I+∑ j n jσ j)/2,
in terms of its Bloch vector 𝑛= {n1,n2,n3}, the bit-flip chan-
nel Λq maps an initial Bloch vector 𝑛(0) to an evolved one
𝑛(q)= {n1(0),(1−q)n2(0),(1−q)n3(0)}. The necessary and
sufficient freezing conditions for Cl1 under a single-qubit bit-
flip channel amount to n2(0) = 0 in the initial state; however,
the freezing condition is not suitable for the relative entropy of
coherence measure. When n1(0) = n2(0) = 0 (the initial state
is incoherent) or n2(0) = n3(0) = 0 (the initial state is invari-
ant under the bit-flip channel), both coherence measures are
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frozen under the bit-flip channel but there is trivial freezing of
the relative entropy of coherence under the bit-flip channel.[23]

We consider a single-qubit pure state

|ψ〉= cosθ |0〉+ sinθ |1〉, (8)

with θ ∈ [0,π]. The state corresponds to the general
state {n1 = sinθ cosθ ,n2 = 0,n3 = cos2 θ − sin2

θ}. If θ =

{0,π/2,π}, then n1(0) = n2(0) = 0, the initial state is inco-
herent. If θ = {π/4,3π/4}, the state becomes a maximally
coherent state, and n2(0) = n3(0) = 0, then the initial state is
invariant under the bit-flip channel.

We now analyze the universal freezing of co-
herence for specific initial states (excluding the θ =

{0,π/4,π/2,3π/4,π} in the above state, only n2(0) = 0)
under bit-flip channels using a prior weak measurement or
prior measurement reversal.

On the one hand, we perform prior weak measurements
on a single-qubit state |ψ〉= cosθ |0〉+sinθ |1〉, and the initial
state of the qubit becomes

|ψ〉wk =
1√

cos2 θ +(1− p)sin2
θ

× (cosθ |0〉+
√

1− psinθ |1〉). (9)

The success probability is

Pwk = cos2
θ +(1− p)sin2

θ . (10)

We can see that if θ ∈ (π/4,π/2) or θ ∈ (π/2,3π/4) (be-
cause the weak measurement strength is 0 ≤ p ≤ 1), when
p = 1− cot2 θ , the state becomes

|ψ〉wk =
1√
2
(|0〉+ |1〉). (11)

This coincides with the maximally coherent state, which is
n2(0) = n3(0) = 0. Then, we let the qubit enter the bit-flip
channel. The state coherence is frozen for both coherence
measurements under a single-qubit bit-flip channel, and the
success probability corresponds to

Pwk = 2cos2
θ . (12)

On the other hand, we perform a prior measurement rever-
sal operator on a single-qubit state |ψ〉 = cosθ |0〉+ sinθ |1〉,
the state of the qubit becomes

|ψ〉rev =
1√

(1− pr)cos2 θ + sin2
θ

× (
√

1− pr cosθ |0〉+ sinθ |1〉). (13)

The success probability is

Prev = (1− pr)cos2
θ + sin2

θ . (14)

We can see that if θ ∈ (0,π/4) or θ ∈ (3π/4,π) (because
the quantum measurement strength is 0≤ pr ≤ 1), when pr =

1− tan2 θ , then the state becomes

|ψ〉rev =
1√
2
(|0〉+ |1〉). (15)

This also coincides with the maximally coherent state, which
is n2(0) = n3(0) = 0. Then, we let the qubit enter the bit-
flip channel. The state coherence is frozen for both coherence
measures under a single-qubit bit-flip channel, and the success
probability corresponds to

Prev = 2sin2
θ . (16)

We now consider a single-qubit mixed state ρ =

(I + ∑ j n jσ j)/2, and assume its Bloch vector is 𝑛 =

{n1,n2 = 0,n3}, with the condition n2
1+n2

3 < 1. We performed
prior weak measurements on single-qubit mixed state ρ , and
the initial state of the qubit becomes

ρwk =
1
P

(
1+n3

√
1− pn1√

1− pn1 (1− p)(1−n3)

)
, (17)

where P = 1+ n3 +(1− p)(1− n3). The success probability
is

Pwk =
1
2
[1+n3 +(1− p)(1−n3)]. (18)

We can see that if −1 ≤ n3 ≤ 0 (because the weak measure-
ment strength is 0 ≤ p ≤ 1), when p = 1− (1+n3)/(1−n3),
the state becomes

ρwk =
1
2


1

√
n2

1

1−n2
3√

n2
1

1−n2
3

1

 , (19)

for n2(0) = n3(0) = 0. Then, we let the qubit enter the bit-flip
channel, and the state coherence is frozen for both coherence
measurements under a single-qubit bit-flip channel. The suc-
cess probability corresponds to

Pwk = 1+n3. (20)

On the other hand, we perform prior measurement rever-
sal operator on one qubit of state ρ and the state of the qubit
becomes

ρrev =
1
P

(
(1− pr)(1+n3)

√
1− prn1√

1− prn1 1−n3

)
, (21)

where P = 1−n3+(1− pr)(1+n3), the success probability is

Prev =
1
2
[1−n3 +(1− pr)(1+n3)]. (22)
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We can see that if 0≤ n3 ≤ 1 (because the quantum measure-
ment strength is 0≤ pr ≤ 1), when pr = 1−(1−n3)/(1+n3),
the state becomes

ρwk =
1
2


1

√
n2

1

1−n2
3√

n2
1

1−n2
3

1

 , (23)

for n2(0) = n3(0) = 0. Then, we let the qubit enter the bit-
flip channel, the state coherence is frozen for both coherence
measurements under a single-qubit bit-flip channel, and the
success probability corresponds to

Prev = 1−n3. (24)

For the single-qubit mixed state ρ , n2
1 + n2

3 < 1, we conclude√
n2

1/(1−n2
3)> n1. Thus, using prior weak measurements or

prior measurement reversal can lead to amplified and frozen
coherence of both coherence measurements under a single-
qubit bit-flip channel.

In conclusion, when using prior weak measurements or
prior measurement reversal, nontrivial universal freezing of
coherence is possible for the dynamics of a single qubit un-
der paradigmatic incoherent maps. Furthermore, this method
can amplify the coherence of the state.

3.2. Two qubits

We will show that the l1 norm and relative entropy of co-
herence manifest freezing forever in the case of two qubits un-
dergoing local identical bit-flip channels starting from condi-
tions of using prior weak measurements or prior measurement
reversals.

For two-qubit states with maximally mixed marginals
(M32 states), also known as Bell-diagonal states,[27] which
are identified by a triple 𝑐 = {c1,c2,c3} in their Bloch
representation ρ = (IA ⊗ IB + ∑

3
j=1 c jσ

A
j ⊗ σB

j )/4. Lo-
cal bit-flip channels on each qubit map initial M32 states
with 𝑐(0) = {c1(0),c2(0),c3(0)} to M32 states with 𝑐(q) =
{c1(0),(1−q)2c2(0),(1−q)2c3(0)}. The subset of M32 states
supporting frozen coherence for both coherence measures is
given by the initial condition,[23]

c2(0) =−c1(0)c3(0). (25)

We consider the two-qubit Bell-like state

|ϕ〉= cosθ |00〉+ sinθ |11〉, (26)

with θ ∈ [0,π]. The local bit-flip channels on each qubit map
the initial state |ϕ〉 to the state

ρ(q) = a(q)|00〉〈00|+b(q)|11〉〈11|
+ c(q)(|01〉〈01|+ |10〉〈10|)

+ d(q)(|00〉〈11|+ |11〉〈00|)
+ e(q)(|01〉〈10|+ |10〉〈01|), (27)

where

a(q) =
(

1− q
2

)2
cos2

θ +
(q

2

)2
sin2

θ ,

b(q) =
(q

2

)2
cos2

θ +
(

1− q
2

)2
sin2

θ ,

c(q) =
q
2

(
1− q

2

)
,

d(q) =
[(

1− q
2

)2
+
(q

2

)2
]

sinθ cosθ ,

e(q) = q
(

1− q
2

)
sinθ cosθ .

If θ = {0,π/2,π}, then the initial state is the incoher-
ent state, the evolved state is also an incoherent state. If
θ = {π/4,3π/4}, then the initial state is the Bell state c2(0) =
−c1(0)c3(0) =−1. The state coherence is frozen for both co-
herence measurements under bit-flip channels, if θ is other
values that manifest frozen coherence as measured by Cl1 un-
der local bit-flip channels; however, the same does not hold for
Cr.[23]

We apply prior weak measurements or prior measure-
ment reversals in specific initial states |ϕ〉 (excluding θ =

{0,π/4,π/2,3π/4,π}) to realize the freezing of the coher-
ence of both coherence measurements under bit-flip channels.
We perform prior weak measurements on one qubit of state
|ϕ〉= cosθ |00〉+ sinθ |11〉, and the initial two-qubit state be-
comes

|ϕ〉wk =
1√

cos2 θ +(1− p)sin2
θ

× (cosθ |00〉+
√

1− psinθ |11〉), (28)

and the success probability is

Pwk = cos2
θ +(1− p)sin2

θ . (29)

We can see that if θ ∈ (π/4,π/2) or θ ∈ (π/2,3π/4), when
p = 1− cot2 θ , then the state becomes

|ψ〉wk =
1√
2
(|00〉+ |11〉), (30)

which coincides with the Bell state c2(0) = −c1(0)c3(0) =
−1. Then, we let the two-qubit enter the bit-flip channels. The
state coherence is frozen for both coherence measurements un-
der bit-flip channels, and the success probability corresponds
to

Pwk = 2cos2
θ . (31)

Similar to single-qubit case, if θ ∈ (0,π/4) or θ ∈ (3π/4,π),
we perform the prior measurement reversal operator on one
qubit of state |ϕ〉 = cosθ |00〉+ sinθ |11〉. When p = 1−
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tan2 θ , the state becomes |ψ〉rev = (|00〉+ |11〉)/
√

2. This co-
incides with the Bell state c2(0) = −c1(0)c3(0) = −1. Then,
we let the two-qubit enter the bit-flip channels. The state
coherence is frozen for both coherence measurements under
bit-flip channels, and the success probability corresponds to
Prev = 2sin2

θ .
As can be seen from above, using prior weak measure-

ments or prior measurement reversals, the two-qubit state can
be amplified and frozen into the coherence of both coherence
measurements under local identical bit-flip channels.

3.3. NNN qubits

We will show that both measurements of quantum coher-
ence manifest freezing forever in the case of N qubits undergo-
ing local identical bit-flip channels on the conditions of using
prior weak measurements or prior measurement reversals.

For N-qubit states

|φ〉= cosθ |0⊗N〉+ sinθ |1⊗N〉, (32)

with θ ∈ [0,π] and N ≥ 3, if θ = {0,π/2,π}, the initial states
are incoherent states. When the system is evolving accord-
ing to identical and independent local bit-flip channels act-
ing on each qubit, the state is also an incoherent state. If
θ = {π/4,3π/4}, then the initial states are just the N-qubit
GHZ states. Yu et al. proved that all coherence measures
manifest freezing forever for the N-qubit systems initially in
the N-qubit GHZ states undergoing local bit-flip channels.[28]

For θ ∈ (π/4,π/2) or θ ∈ (π/2,3π/4), we perform prior
weak measurements on one qubit of state |φ〉= cosθ |0⊗N〉+
sinθ |1⊗N〉, and the initial N-qubit state becomes

|ϕ〉wk =
1√

cos2 θ +(1− p)sin2
θ

× (cosθ |0⊗N〉+
√

1− psinθ |1⊗N〉). (33)

The success probability is

Pwk = cos2
θ +(1− p)sin2

θ . (34)

We can see that when p = 1− cot2 θ , the state becomes

|ψ〉wk =
1√
2
(|0⊗N〉+ |1⊗N〉). (35)

This coincides with N-qubit GHZ states, and the success prob-
ability corresponds to

Pwk = 2cos2
θ . (36)

Similarly to single qubit case, for θ ∈ (0,π/4) or θ ∈
(3π/4,π), we perform a prior measurement reversal on one
qubit of state |φ〉 = cosθ |0⊗N〉+ sinθ |1⊗N〉. When p =

1− tan2 θ , the state becomes |ψ〉rev = (|0⊗N〉+ |1⊗N〉)/
√

2.

This also coincides with N-qubit GHZ states and the success
probability corresponds to Prev = 2sin2

θ .
Similar to one qubit and two qubits, using prior weak

measurements or prior measurement reversals, the l1 norm and
relative entropy of coherence can be amplified and frozen for-
ever in the case of N qubits undergoing local identical bit-flip
channels.

4. Coherence versus quantum entanglement
Quantum coherence and quantum entanglement are all

useful physical resources; furthermore, they are often de-
stroyed by noise. The amplifying and freezing conditions es-
tablished here for coherence have been identified. Now, we
need to determine if these conditions can promote and pro-
tect entanglement. Focusing on the two-qubit case for clar-
ity, we note the state |ϕ〉 = cosθ |00〉+ sinθ |11〉, using prior
weak measurements on the one qubit of state |ϕ〉, we let
the two-qubit enter the bit-flip channels. If θ ∈ (0,π/4) or
θ ∈ (3π/4,π), when p = 1− tan2 θ , the state evolves to

ρ(q) = a(q)(|00〉〈00|+ |11〉〈11|+ |00〉〈11|+ |11〉〈00|)
+ b(q)(|01〉〈01|+ |10〉〈10|+ |01〉〈10|
+ |10〉〈01|), (37)

where

a(q) =
1
2

[(
1− q

2

)2
+
(q

2

)2
]
,

b(q) =
q
2

(
1− q

2

)
.

The coherence of the initial state has been proven to be am-
plified and frozen under these conditions. Using Wootters
concurrence[29] to quantify the entanglement, one can exactly
derive the form of concurrence of qubits’ entanglement from
Eq. (37),

E[ρ(q)] = (1−q)2. (38)

That is to say, using prior weak measurements cannot pro-
tect entanglement under bit-flip channels on two-qubit. Sim-
ilar conclusions can be drawn for using prior quantum mea-
surement reversal. It has been shown that the weak measure-
ment and quantum measurement reversal can effectively sup-
press the entanglement decay of qubits in Refs. [25], [30],
and [31]. For the case of two qubits, the weak measure-
ment and quantum measurement reversal can remarkably in-
crease the entanglement, and even avoid the sudden death of
the entanglement,[25,32,33] where their method is to apply the
weak measurement as a pre-measurement on each qubit before
it undergoes decoherence. When the qubits interact with inco-
herent channels, the proper post-measurements are performed
on both qubits.
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It is thus evident that coherence is easier to control and
protect than entanglement when the qubits undergo identical
bit-flip channels. Therefore, quantum coherence may be a
more useful physical resource than entanglement for perform-
ing communication and computational tasks.

5. Conclusion
We have determined conditions that any coherence mea-

surements of quantum coherence are dynamically ampli-
fied and frozen. This occurs for an arbitrary number of
qubits, initialized in a particular class of states using the pre-
measurements (weak measurements or quantum measurement
reversals) on one qubit of the quantum states before undergo-
ing local independent and identical nondissipative flip chan-
nels. We find that the option of quantum weak measurements
or quantum measurement reversals is determined by the ini-
tial state and the measurement strength is also determined by
the initial state of the quantum system. We have shown that
general agreements on amplifying and freezing conditions are
both for the l1 norm and the relative entropy of coherence.
These universal freezing conditions ensure a durable physi-
cal exploitation of coherence, regardless of how it is quan-
tified. It will be interesting to explore the practical realiza-
tions of such dynamical conditions. Compared with increas-
ing entanglement and trapping conditions by using the weak
measurement and quantum measurement reversal, we can con-
clude that quantum coherence may be a more useful physical
resource than entanglement.
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[6] Asbóth J K, Calsamiglia J and Ritsch H 2005 Phys. Rev. Lett. 94

173602
[7] Streltsov A, Singh U, Dhar H S, Bera M N and Adesso G 2015 Phys.

Rev. Lett. 115 020403
[8] Ford L H 1978 Proc. R. Soc. A 364 227
[9] Correa L A, Palao J P, Alonso D and Adesso G 2014 Sci. Rep. 4 3949

[10] Roßnagel J, Abah O, Schmidt-Kaler F, Singer K and Lutz E 2014 Phys.
Rev. Lett. 112 030602

[11] Lostaglio M, Jennings D and Rudolph T 2015 Nat. Commun. 6 6383
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