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In this paper, we propose a conformal momentum-preserving method to solve a damped nonlinear Schrodinger
(DNLS) equation. Based on its damped multi-symplectic formulation, the DNLS system can be split into a Hamilto-
nian part and a dissipative part. For the Hamiltonian part, the average vector field (AVF) method and implicit midpoint
method are employed in spatial and temporal discretizations, respectively. For the dissipative part, we can solve it exactly.
The proposed method conserves the conformal momentum conservation law in any local time—space region. With periodic
boundary conditions, this method also preserves the total conformal momentum and the dissipation rate of momentum
exactly. Numerical experiments are presented to demonstrate the conservative properties of the proposed method.
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1. Introduction

We consider the following damped nonlinear Schrédinger
(DNLS) equation:

il/fz+wxx+7|wlzw+igw: 0, (x,1)€[-LL]xRY, (1)

where ¥ > 0 is a constant parameter and a > 0 is a damp-
ing coefficient. If a = 0, equation (1) is the general nonlin-
ear Schrodinger equation (NLS), and it is one of the most
important models of mathematical physics, with application
to different fields such as plasma physics, nonlinear optics,
water waves, bimolecular dynamics, and many other fields.
It plays an essential role in mathematical and physical con-
texts. The general NLS equation can be cast into a multi-
symplectic form; thus many geometric integrators are used
to solve it (see Refs. [4], [7], [10], and [14] and references
therein). Bridges and Reich!!! proposed a multi-symplectic
Preissman scheme by using an implicit midpoint rule, then in-
troduced the idea of a multi-symplectic Fourier transform for
multi-symplectic PDEs with periodic boundary conditions in
Ref. [2]. Next, Chen and Qin proposed a multi-symplectic
Fourier pseudospectral method on real space.! In Ref. [9], it
has been shown that concatenating symplectic Nystrém meth-
ods in the spatial direction and symplectic Runge—Kutta meth-
ods in the temporal direction leads to multi-symplectic in-
tegrators for the NLS equation by Hong et al. Except the
multi-symplectic conservation law, multi-symplectic Hamil-
tonian partial differential equations (PDE) also have the en-
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ergy and momentum conservation laws. It is well known
that conservation law plays an important role in conservative
PDEs, especially in the theory of solitons. In Ref. [8], Gong
et al. gave several systematic methods for discretizing gen-
eral multi-symplectic formulations of Hamiltonian PDEs, in-
cluding a local energy-preserving algorithm, a class of global
energy-preserving methods and a local momentum-preserving
algorithm by using the AVF method and implicit midpoint
method.

For the damped equation (1), it describes several resonant
phenomena in nonlinear media, in particular, the nonlinear
Faraday resonance in a vertically oscillating water trough!®!
and the effect of phase-sensitive amplifiers on solitons in opti-
cal fibers. ! In the context of symmetric Hamiltonian systems
with linear damping, which are known as conformal Hamil-
tonian systems, '3 McLachlan and Perlmutter developed a re-
duction conformal theory and showed that standard symplectic
methods do not generally preserve the conformal symplectic
structure, but conformal symplectic methods do. In Ref. [11],
McLachlan and Quispel have constructed numerical methods
that preserve conformal properties, such as symplecticity and
volume preservation for ODEs. Moore generalized these re-
sults to multi-symplectic PDEs with added dissipation, and
proposed a conformal multi-symplectic scheme for the force-
damped semi-linear wave equation in Ref. [12]. Subsequently,
Moore ef al.!"3 derived conformal energy, momentum, and

other quantities that arise from linear symmetry conserva-
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tion laws and developed conformal Preissman box scheme
and conformal discrete gradient methods. These methods are
proven to preserve the conservation laws exactly. Compar-
ing with standard structure-preserving algorithms, conformal
structure-preserving algorithms preserve the dissipation rate
exactly. Our aim in this article is to develop a numerical
method that not only preserves a conformal property, but also
conserves the dissipation rate. In order to achieve this goal,
a conformal momentum-preserving method is constructed by
the standard conservative method and splitting technique. In
other words, after using the splitting method in the temporal
direction, we discrete the split system using the implicit mid-
point scheme in the temporal direction and AVF method in the
spatial direction respectively.

The rest of the paper is organized as follows. In Sec-
tion 2, the damped multi-symplectic formulation of the DNLS
equation and some of its conformal conservation laws are
presented. In Section 3, some necessary operators together
with their properties are given. Then, we derive a confor-
mal momentum-preserving method for the DNLS equation,
and also prove some conservative properties of the method.
Numerical experiments for the solitary wave solution are pre-
sented in Section 4, which show the effectiveness and advan-
tages of this method. Finally, we make some conclusions.

2. Damped multi-symplectic formulation and
conformal conservation laws

The form of the damped multi-symplectic formulation!!?!

1 1
Mz + Kz =V:S()+ Dz, D=—zaM—bK, (2)

where z € R? , M, and K are skew-symmetric matrices,
S:R? - R is a smooth function, V is a gradient operator,
and a and b are non-negative real numbers. Many damped
PDE:s can be rewritten in this form, such as a semi-linear wave
equation with a simple linear damping term, a damped Klein—
Gordon equation, etc. The corresponding conformal multi-
symplectic conservation law is

0w+ ik = —aw — bk, 3)

where @ = %dz/\ Mdz and x = %dz/\Kdz. If a =0, the
corresponding conformal energy conservation law is

E,+F, = —bF, (4)

where E = S(z) + 12 Kz and F = 12T Kz If b =0, the
corresponding conformal momentum conservation law is

It+G :—aI, (5)

where G = S(z) + $2] Mz and I = —}2T M =z. Notice that
integrating Eq. (5) in space, with the periodic boundary condi-
tion, we obtain the total conformal momentum as

(1) = exp(—ar)1(0), 6)

where I(1) = ffLI (t,x)dx. We say that the total conformal
momentum is preserved if a numerical method satisfies

" = exp(—ann) 1™, ™)

where I" = ¥, j 17, At is the temporal step size, and j is the
spatial index.

Consider the DNLS equation (1). Let v = p 4 iq, equa-
tion (1) can be written as

a
Pt @t ¥(p'+47)g+ 5p =0, ®)
a
~gi+ P+ V(P +47)p— 54 =0. ©)
We introduce a pair of conjugate momenta v = p,, w = g, and
obtain
Mz + Kz, = V.S(z) - %Mz, (10)
where
p 0100
q ~|-1000
=1y M=o o000
w 0000
00-10
00 0 —1
K= 10 0 0 |’
01 0 O

and Hamiltonian S(z) = 1 (v? +w? + ¥ (p? +¢*)?). Notice that,
S does not depend on damping coefficient a in this case.

Proposition 1 The DNLS (1) admits the conformal norm
conservation law (CNCL)

at(p2+q2)+2ax(pqx7qpx) = 7a(p2+q2)ﬂ (11

and the conformal momentum conservation law (CMCL)

0 (pqx — pxq) + O (;/(p2 +4*)*+v +w? —pg +qpt>
= *a(p%c - PxCI)« (12)

Proof Multiplying Eq. (8) by 2p and Eq. (9) by —2¢
gives

2ppi +2pqec+2Y(P* + ¢7)gp +ap® =0, (13)
2qq; — 2qpxe +2Y(p* + ¢*)pqg +aq®> = 0. (14)
Adding Eq. (13) to Eq. (14) and noting
0 = 2qq; +2ppi +2qup —2puq +a(p® +¢%)
= %(p* +¢*) + Ok(pgx — prq) +a(p* + %),

we obtain CNCL (11).
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Multiplying Eq. (8) by g, and Eq. (9) by p, obtains
Pidx+ G + V(P +67)qq: + zpqx 0, (15

a
—qiPx+ PxxPx + V(PP + @) ppr — ap<=0.  (16)

Adding Eq. (15) to Eq. (16) and noting
a
5 (Pax—ap)

= PiGx — @iPx + Guex + PrxPx + Y(P* +G7)(qqx + Ppx)

1
= Eat(pq;c qpx)+9< (Pi+az)

Y 1
+5 (0 +4*) =5 (pa—ap:) )
4 2
so we obtain CMCL (12).

Integrating Eqgs. (11) and (12) with respect to x with the
periodic boundary condition, we obtain the total conformal
norm and total conformal momentum

A

R0 = e R©), witn 80)= [ (P +a)ar a7

I(t) = e ™I(0), with [(0)= /_ LL(pqxfpxq)dx. (18)

3. Conformal momentum-preserving method
for DNLS equation

3.1. Operator definitions and properties

In order to derive the algorithms conveniently, we give
some notations and operator definitions. We introduce a uni-
form grid (x;,t,) € R? with mesh-length At in the temporal di-
rection and mesh-length Ax in the spatial direction, and denote
the value of the function z(x, ) at the mesh point (x;,1,) by z,
—L+jAx, j=0,...,J,and t, =nAt,n=0,... N.
Define the finite difference operators as

where x; =

-z
At

and averaging operators

D,7" = D.z; =

1 7Ej
Ax

Zn+1 47"

o Zjp1+2j
2 ’ szl - 2

A[Zn =

)

then we have the following properties: 3]
(i) Commutative law:

DthZ? = DthZ?v
DtAxZ’]' == AthZ_l;v

AtAxZ;z = AxAtZ;%a
DXA[Z;! = A[DXZ"}.

(i1) Generalized discrete Leibnitz rule:

Di(fg); = Dufj(ag;+(1—a)gj+1)
+((1 7a)fj+06fj+1)ngj, VO<a<l1.

For some special cases, we have

a =0, D(fg)j=Dx:figj+1+[fiDxgj,

o=z, D (fg)j :DxfijngFAxijxgja

, D (fg)J =Dy figj+ fi+1Dx8;-

Il
S R

Similarly, we can obtain a series of analogous Leibnitz rules
in the temporal direction. These discrete Leibnitz rules are
essential for proving a method that preserves any of the con-
servation laws mentioned in this article.

As we know, the standard geometric integrators gener-
ally cannot preserve the conformal conservation law. Mclach-
lan and Quispel!' ! have shown that splitting methods may be
used to numerically preserve the conformal symplecticity for
Hamiltonian ordinary differential equations. In this article, we
use a splitting technique to construct the numerical method
that preserves conformal conservation laws exactly from the
standard conservative method. To explain the process, we con-
sider the dynamical system

= fi(z)+ f2(2), (19)

where f(z) is the Hamiltonian vector field and f»(z) = Dz
is a dissipative term. This dynamical system can be split
into the Hamiltonian part z;
z = fa(2).

dard geometric integrator to obtain z*! = @y, ("), and for the

= f1(z) and the dissipative part
For the Hamiltonian part, we apply the stan-

dissipative part, we solve it exactly, i.e., 2" = ®,,(2") =
exp DAt (2"
posing the flow maps @D, o Wj,, which motivate the definitions

). Thus, the system (19) may be solved by decom-

of non-standard difference operators

D%Z” _ aan —exp (—§Ar)Z"
< At )
D)? Y exp (—5Ax)z;
<j Ax ’

along with the averaging operators

n+1 +exp < Al) 7
= :

2
Zj+1 +exp(—5Ax)z;
2

ST

A

a
2
X

B

7=

Obviously, if we take a = 0, then D7 =Dand A? = A. We
check that the operators D% and A% also satisfy the following
properties:

(i) Commutative law:

(i1) Discrete Leibnitz rules:

a a o a
DY (f-8)j = D7 fiA? g; +AR fiD g,

a a o a
DY (f-g)j=D7 fiA? gj+A? fiD} g;.
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3.2. Full-discrete scheme of DNLS equation

In this subsection, we would like to construct a conformal
momentum-preserving (CMP) method and study the long-time
behavior of such a method. This conformal method is derived
from the standard conservative method and splitting technique.
This idea is to use the implicit midpoint scheme and the AVF
method. At first, we use a splitting technique in the tempo-
ral direction, then discretize time derivatives by using the im-
plicit midpoint scheme and space derivatives by using the AVF
method, finally obtaining a full-discrete system

MDEAZ!+ KA D, 2!

o1 a
= [ vsti-emizreaizae o
JO

Theorem 1 The full-discrete system (20) exactly con-
serves the following N-discrete conformal momentum conser-

vation law:
DIIY ) +Dx G”+2 = 1)
for j=0,1,...,N—1, where
I;?% = —%(sz;’)TMsz;?,
Gl sl + ;(132 Z)TMAS ",

Proof Using the communicative law and the discrete
Leibnitz rule shows

ntl )

D“I" +D.G;

= N\a N\

1
2(D D, 2" )TMA Az

1 a a
+5 (D7 A))TA? D2

1 a , a 1 a a
— 5 (D7 Dz))T MAF Az] — - (A7 Doz)) MDAz

= DXS(A 7)+

= D.S(AF2") — (AED2")TMDEA, 2. 22)

Taking the inner product of Eq. (20) by A} Dz} and consider-
ing that

(APD2)TKAID. 2! =0,

a 1 a a
(AF D,z / VS((l—5)A,2z4+§A,2z?+l)d§

A% Al

_ /Vs E)Af2n+EARD, ) dE
1 td ¢ Al

= Al ES((l E)A7 2]+ Al 2],)
1 L

= AX(S(A zj1) —S(A7 2}))

— D.S(AZZ)).

Thus, we have

DxS(At% 27) — (A,%sz;’)TMDt%sz;‘ =0.

Corollary 1 With the periodic or homogeneous bound-
ary conditions, the conformal momentum-preserving method
preserves the total conformal momentum exactly, namely,

jnJrl _ efaAtI"n’ (23)
where the total conformal momentum I” Ax):N LI
That is to say, the conformal momentum-preserving methozd
preserves the dissipation rate of the total momentum exactly.

In order to prove Corollary 1, we only need to sum the
discrete conformal conservation law (21) over all space index
j and use the periodic or homogeneous boundary conditions.
Because of the exponential dissipation of the total conformal
momentum (18), we can use

fn+l

r=a+—1In 24)

At fn
to measure the dissipation rate of the momentum. If » = 0, we
say the numerical method preserves the dissipation rate of the
momentum. Thus, the method we propose conserves the dissi-
pation rate of the momentum. However, the standard structure-
preserving algorithms do not, in general, preserve the confor-
mal conservation law and dissipation rate; this is explained
and demonstrated in Ref.!13],

Applying the conformal momentum-preserving method
for the damped multi-symplectic formulation of the DNLS
equation (10), we obtain the scheme as follows:

D?Aq} —A? Dy}

=Yf(A? D)1, A P A 411, A7 4)),

~ D} Ap —A?D w;? 05)

=7f(A?q;*+1,A2q],A p]+1>A p])
AID xp;f:A2Ax'v4

A2 D.q" i A2Ax'w
Eliminating the auxiliary variables, we obtain the following
scheme:
DiAlq) A} DX,
— Af(A} pj¢4?p24,A?q7¢4?qﬁ4>, 6
DZAxP/ 1= A?D;ch?—l

= AYF(A Al 4 AT DA ),

where

1
7 () (6 3 5+ x)

flxr,x,x3,x4) = 4(

+ 6()63 —X4)(X1X4 —JCQX3).
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According to Theorem 1, the scheme (25) or (26) pre-
serves the discrete conformal momentum conservation law

n+%_0
)

arn
DI +DG) =

for j=0,...,N—1, where

I;+% = A - AW — A} A,
11
;" = L)+ @a)? + 4wy

+(Aw})? —Ap)-D}q} +Aq]}-Dp).

The numerically induced residual Ry of the conformal mo-
mentum conservation law is given by

n+%

nt4
(R} =DIT), | +D.G

The corresponding discrete total conformal momentum is

N—1
_ n
GM—Ax;)IH%,

and the discrete total conformal norm is

N—-1
GN=Ax ¥ (Ap")? + (Acd))?).
=0

4. Numerical experiments

In this section, we conduct several typical experiments
to illustrate the performance of the proposed method. All the
solutions are computed with a time step of At = 0.01 and pe-
riodic boundary conditions in [—64,64]. We choose grid num-
ber N = 513 and the time interval is taken as [0,60] for all ex-
amples. To test the conservative properties, we conduct long

time simulation for one soliton propagation and double soli-
tons collision propagation in Examples 1 and 2, respectively.
For the purpose of numerical comparisons, we apply a stan-
dard local momentum-preserving (LMP) algorithm, 8] implicit
midpoint scheme in time and the AVF method in space to the
DNLS equation. In addition, we solve the implicit nonlinear
equations by using the fixed-point iteration method with toler-
ance £ = 10713,

Example 1 One-soliton solution. In optics, a soliton
wave arises from a balance between nonlinear and dispersive
effects. Many physical systems can be modeled quite success-
fully using equations that admit soliton solutions. Indeed, soli-
tons and solitary waves have been observed in numerous situ-
ations and often dominate long-time behavior. For the DNLS
equation (1), if ¥ < 1, the soliton will be affected by the lin-
ear effect (diffraction) much earlier than the nonlinear effect,
it will just diffract without any nonlinear behavior. If v>> 1,
the nonlinear effect will be more evident than the linear effect,
and because of self phase modulation, the soliton will change
its shape periodically. If y = 1, the two effects balance each
other. In this example, we choose Y = 1, that is to say, the
shape of soliton does not change except the damping property
during propagation. Consider the cubic DNLS equation with
initial condition

V2

> p(ix—;p>sech<x—;p),

'l’()@o) =5 &
where p = 20 is the initial phase. We choose different damp-
ing coefficients a = 0.01 and a = 0.03 to observe the evolution

of the periodic solution, respectively.

0.8
(a) (b) —t=0 (c)
0.6 ---t=60
= 04 .
N
1
0.2 A
1 1
4 \
0 - -
—60 —20 20 60
Space
1.0 4.0
(d) (e)
0.9 3.6
. 2 =
S 0.8 - 3 L
O o7 © 28 <
=
0.6 2.4
0'50 20 40 60 2'00 20 40 60 20 40 60
Time Time Time

Fig. 1. (color online) The one-soliton solution with @ = 0.01. (a) Propagation of solitary wave |y|; (b) the shape of solution at # = 0 and r = 60;

1
(c) the residual of (RM);[LZ ; (d) the evolution of total conformal momentum GM,; (e) the evolution of total conformal norm GN; (f) error of the
2

dissipation rate of momentum r.

110201-5



Chin. Phys. B Vol. 25, No. 11 (2016) 110201

—t=0 (c)
---t=060

0.8
(a) (b)
0.8 0.6
S 04
0.2
0
—60
1.0 4
(d)
0.8
3
= 0.6 Z.
O O 9
0.4
0.2 1
0 20 40 60 0

Time

Time

40 60 0 20 40 60
Time

Fig. 2. (color online) The one-soliton solution with @ = 0.03. (a) Propagation of solitary wave |y|; (b) the shape of solution at # = 0 and t = 60;

1
(c) the residual of (RM);if ; (d) the evolution of total conformal momentum GM; (e) the evolution of total conformal norm GN; (f) error of the
2

dissipation rate of momentum r.

Figures 1 and 2 show the results by using the CMP
method with @ = 0.01 and a = 0.03, respectively. As can be
seen from Figs. 1(a) and 2(a), the propagation of solitary wave
over the time interval [0,60] is traveling from left and right as
required, presenting the good preservation of the phase space
structure. Figures 1(b) and 2(b) show the shape of propaga-
tion of solitary at = 0 and # = 60. We can easily observe that
the case of a = 0.03 is damping faster than that of @ = 0.01.
The evolution of discrete conformal norm and momentum are
exhibited in Figs. 1(d), 1(e) and 2(d), 2(e), respectively. Fig-
ures 1(c) and 2(c) display the residuals of CMCL, and the er-
ror of CMCL is O(10~!?). Figures (f) and (f) show the errors
of the dissipation rate of momentum is about O(10~!2). The
CMCL and dissipation rate are conserved up to the accuracy
of the CMP method, which support the results of Theorem 1
and Corollary 1.

Example 2 Two-soliton solution. As the fibre technology
advances, the interest in optical solitons grows rapidly. Vari-
ous soliton collision scenarios such as transmission, reflection,
and creation of a new soliton have been reported. If a system
is integrable, solitary waves collide elastically; that is, they
preserve their shape after collision. However, if the system
is non-integrable, the collision may be highly non-trivial and
inelastic; that is, the shapes of the solitons change after col-
lision. Additionally, the soliton interactions can lead to large
and rapidly decaying oscillating radiative tails. In this exam-
ple, we choose y = 1, that is to say, the DNLS system (1) is
integrable. Considering a multiple solitary wave interaction,
the initial condition is given by

o - (oo (32} ea(42)

) (30))

where the initial phase is p = 20. The initial condition repre-

+exp(—i

sents two waves separated by a distance equal to 40 units: the
faster one initially located at x = —20 and the slower one at
x = 20. In this case, the initial phases of two solitary waves
are symmetric with equal amplitude and different velocities,
which ensures that the initial momentum is not equal to zero.
We also choose different damping coefficients a = 0.01 and
a = 0.03 to observe the evolutions of the periodic solution,
respectively.

Figures 3 and 4 provide the results by using the CMP
method with a = 0.01 and a = 0.03, respectively. As can be
seen from Figs. 3(a) and 4(a), the interaction of two solitons
over the time interval [0,60] is traveling as required, present-
ing the good preservation of the phase space structure. The
two solitons leave the interaction region without any distur-
bances in their identities. This phenomenon shows that the
collision is elastic. Hence, the DNLS system (1) is integrable.
Figures 3(b) and 4(b) display the shape of the numerical solu-
tion att =0, r =23 (collision time), and t = 60. We can easily
observe that the case a = 0.03 is damping faster than the case
a = 0.01. The changes of discrete conformal norm and mo-
mentum are exhibited in Figs.3(d), 3(e) and Figs. 4(d), 4(e),
respectively. We also plot the residuals of CMCL as a func-
tion of the spatial grid location and the time step in Figs. 3(c)
and 4(c). Figures 3(f) and 4(f) show that the dissipation rate
error of momentum is O(107'2). These results show that the
CMP method has excellent structure-preserving ability.
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K

Space

0.50

0.45

0.40

GM

0.35

0.30

(d)

0.25
0 20 40

Time

60

0.8
—t=0
(b) —i=23
0.6 -~ t=60
= 04 .
1 l\
1
0.2 o
1 \\
0 .
—60 60
8
(e)
7
5 6
5
4
0 20 40 60

Time

r/10~12

¥
1]1
e 0~ —40 4 ace

0 20 40

Time

Fig. 3. (color online) The two-soliton solution with @ = 0.01. (a) Propagation of solitary wave |y/|; (b) the shape of solution at

t=0,t=23,and r = 60; (c) the residual of (Ry)

n+%
ity

conformal norm GN; (f) error of the dissipation rate of momentum r.

(a)
0.8

|

—40

Qpace
0.45 (d)
0.35
=
o 0.25
0.15
0.05
20 40
Time

60

0.8

(b)
0.6

0.4

||

GN

0 20 40

Time

60

r/10~-12

; (d) the evolution of total conformal momentum GM; (e) the evolution of total

0 20

40
Time

Fig. 4. (color online) The two-soliton solution with @ = 0.03. (a) Propagation of solitary wave |y/|; (b) the shape of solution at

t=0,¢ =23, and r = 60; (c) the residual of (Ry)

nJr%‘
i+

conformal norm GN; (f) error of the dissipation rate of momentum r.

In Figs. 5 and 6, we make a comparison of the standard LMP method and the CMP method for DNLS equation with a = 0.01
and a = 0.03, respectively. Figures 5(a), 5(b) and 6(a), 6(b) show the comparison of the numerical solution at = 60 between the
CMP method and the standard LMP method, showing that both of the methods preserve the phase space structure well. As can be
seen in Figs. 5(c), 5(d) and 6(c), 6(d), the conformal method is significantly more accurate in capturing the damped momentum

than the standard method, i.e., the error in the total conformal momentum with the conformal method is O(10~!2?), while the

standard method is O(1078).
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0.4
—conformal (a)
o standard LMP
0.3
= 0.2
0.1
O—60 —20 20 60
Space
-8 (c) ——conformal
——standard LMP
—10
=
o —12
—14
—165 20 40 60
Time

0.4

(b)
0.3

[l

0.2

0.1

—60 60
Space

——conformal
——standard LMP

—10

—12

lg| 7]

—14

—16, 20 40 60

Time

Fig. 5. (color online) Comparison of the standard LMP method and the CMP method for the case a = 0.01. (a) Comparison of the
one-soliton solution at ¢ = 60; (b) comparison of the two-soliton solution at t = 60; (c) the dissipation rate of momentum for the
one-soliton case; (d) the dissipation rate of momentum for the two-soliton case.
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Fig. 6. (color online) Comparison of the standard LMP method and the CMP method for the case a = 0.03. (a) Comparison of the
one-soliton solution at t = 60; (b) comparison of the two-soliton solution at = 60; (c) the dissipation rate of momentum for the
one-soliton case; (d) the dissipation rate of momentum for the two-soliton case.

5. Conclusion

In this paper, we have derived conformal norm conserva-
tion law and conformal momentum conservation law, describ-
ing the dissipation of norm and momentum, for the DNLS
equation. All these conservation laws are local. That is to
say, they are independent of the boundary conditions. Based
on its multi-symplectic formulation, we construct a conformal
momentum-preserving method; this is proven to preserve the

conformal momentum conservation law exactly. With peri-

odic boundary conditions, this method also preserves the to-
tal conformal momentum and the dissipation rate of momen-
tum exactly. The method proposed is applicable to other PDEs
which can be rewritten as damped multi-symplectic formula-
tion. Numerical results show that the proposed method is ef-
fective for the DNLS equation. Compared with the standard
local momentum-preserving method, we find that the standard
method applied to the DNLS equation destroys the rate of dis-
sipation, while the conformal method conserves it exactly. To
sum up, the conformal method is more advantageous for long
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time simulation than the standard method for the DNLS equa-

tion.
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