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Polaron effect on the optical rectification in spherical
quantum dots with electric field∗
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The polaron effect on the optical rectification in spherical quantum dots with a shallow hydrogenic impurity in the
presence of electric field is theoretically investigated by taking into account the interactions of the electrons with both
confined and surface optical phonons. Besides, the interaction between impurity and phonons is also considered. Numerical
calculations are presented for typical Zn1−xCdxSe/ZnSe material. It is found that the polaronic effect or electric field leads
to the redshifted resonant peaks of the optical rectification coefficients. It is also found that the peak values of the optical
rectification coefficients with the polaronic effect are larger than without the polaronic effect, especially for smaller Cd
concentrations or stronger electric field.
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1. Introduction
Nonlinear optical properties in low-dimensional semi-

conductor nanostructures such as quantum wells, quantum
wires, and quantum dots (QDs) have aroused much interest
in the past few years.[1–16] In these systems, QDs can con-
fine charge carriers in all spatial dimensions and their sizes,
shapes, and other properties can be controlled experimentally.
Furthermore, there exists a strong quantum confinement ef-
fect in QDs, which induces a dramatic enhancement in optical
nonlinearities compared with bulk materials. This property
leads to potential applications in electronic and optoelectronic
devices.[17–19] Therefore, it is necessary to study the nonlinear
optical properties of QDs due to their unique physical proper-
ties and their potential applications.

Because the electron–phonon interaction plays an impor-
tant role in the nonlinear optical properties, the polaron effects
on linear and nonlinear optical properties have been widely
studied.[20–25] In nonlinear optical properties, nonlinear op-
tical rectification (OR) in semiconductor heterostructure and
nanostructure is a second-order nonlinear optical effect which
is important for investigating their electronic structures. Due
to the fact that the polaron effect can induce a very large en-
hancement effect, a lot of authors have devoted themselves
to the issue about the polaron effect on the OR coefficient.
For instance, Zhang and Guo[26] investigated the effect of the
electron–phonon interaction on the OR in a semi-parabolic
quantum well and found that the electron–phonon interaction
increases the OR up to a factor of 6–13. Wu et al.[27] inves-

tigated the polaron effect on nonlinear OR in asymmetrical
Gaussian potential quantum well, and revealed that the OR
coefficients are strongly dependent on the confinement poten-
tial and the electric field, and greatly enhanced by considering
the polaron effect. Xiao et al.[28] investigated the polaron ef-
fect on the OR in an asymmetrical semi-exponential quantum
well, and they reported that when considering the electron-
LO-phonon, the resonant peak of the OR is enhanced, and the
blue shifts are also observed. Liu et al.[29,30] studied the po-
laron effect on the OR in cylindrical quantum dots in the pres-
ence of electric and magnetic fields and found that the OR
coefficient is greatly enhanced, with the polaron effect taken
into account. All relative research results reveal that electron–
phonon interaction plays a very important role in nonlinear
optical properties.

Due to the difference in the dielectric constant of the ma-
terial between inside and outside the QDs, besides the confined
optical (CO) phonons, there exist surface optical (SO) phonons
in the structure, and it depends strongly on the QD shape and
electric field.[31] In some investigations, the QD shapes were
approximated as various forms: cylinders,[29,30] cones,[32]

lens,[33,34] pyramids,[35] ellipses,[36,37] spheres,[38–40] and the
polaronic effect has been studied in some works. Unfortu-
nately, in most of the research mentioned above the impurity–
phonon interaction is either ignored or not discussed. In fact,
the contribution from impurity–phonon interaction is very im-
portant and generally larger than that from electron–phonon
interaction.[41,42] To the best of our knowledge, there are fewer
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research studies related to the polaron effect on the OR in
spherical quantum dots with taking into account both electron–
phonon and impurity–phonon interaction. For these reasons,
the polaron effect is important to the OR of QDs and should
be considered in the relevant work.

In this paper, polaron effect on the OR in a spherical quan-
tum dot in the presence of the electric field is theoretically in-
vestigated by using a variational approach, with the electron–
phonon and impurity–phonon interactions taken into account,
including CO and SO phonon modes. To make it closer to the
real situation, the electronic confinement is modeled by a finite
potential well. The rest of this paper is organized as follows.
In Section 2, the electron–phonon interaction and the nonlin-
ear OR coefficients are described. In Section 3, the numerical
results and discussions are performed. Finally, some conclu-
sions are briefly drawn from the present study in Section 4.

2. Model and calculation
We consider the electron interacting with the opti-

cal phonons in a spherical quantum dot comprised of
Zn1−xCdxSe/ZnSe with radius R. When the electron is inside
(r < R) the QD, it will interact with the internal LO phonons,
we call it CO phonons. When the electron is close to the QD
boundary (r≈ R), it will interact with the SO phonons. Within
the framework of effective mass approximation, the Hamilto-
nian of the system in the presence of an applied electric field
along the z direction is given by

H = H0 +HCO
ph +HSO

ph +HCO
ep +HSO

ep . (1)

Here, H0 is the Hamiltonian of the electron, which can be writ-
ten as

H0 =
p2

2m
− e2

s

εr
+U(𝑟)+ |e|Fr cosθ , (2)

with

U(𝑟) =

{
0, for r ≤ R,
U0, for r > R,

m =

{
m1, for r < R,
m2, for r > R,

ε =

{
ε1∞, for r < R,
(ε1∞ + ε2∞)/2, for r > R,

(3)

where m1 (m2) and ε1∞ (ε2∞) are the effective mass and high-
frequency dielectric constant in dot (barrier) material respec-
tively, F is the strength of the electric field along the z direc-
tion, U(𝑟) is the confinement potential of the spherical QD,
es = e/(4πε0)

−1/2, and e is absolute value of the electron
charge, and ε0 is the vacuum permittivity, θ is the angle be-
tween the electronic position vector 𝑟 and the electric field
direction. The second and third term in Eq. (1) representing

the classical Hamilton functions of CO and SO phonons can
be written respectively as follows:

HCO
ph = ∑

lmn
h̄ωCO

(
a†

lmnalmn +
1
2

)
, (4)

HSO
ph = ∑

lm
h̄ωSO,l

(
a†

lmalm +
1
2

)
, (5)

where ωCO and ωSO,l are the eigenfrequencies of CO and SO
phonons respectively. HCO

ep and HSO
ep in Eq. (1) are the Hamil-

tonian of both electron and impurity interaction with CO and
SO phonons, which can be expressed as[43,44]

HCO
ep =−∑

lmn
β

CO
lmn
{[

V CO
lmn(r)−V CO

lmn(r0)
]

almn +H.c.
}
, (6)

HSO
ep =


−∑

lm
β SO

lm

{[
V SO

lm (r)−V SO
lm (r0)

]
alm +H.c.

}
, r < R,

−∑
lm

β SO
lm

[
V SO

lm (r)alm +H.c.
]
, r > R,

(7)

where

β
CO
lmn =

{
4πe2

s

R
h̄ωCO

µ2
ln j2

l+1(µln)

(
1

ε1∞

− 1
ε10

)}1/2

, (8)

with

V CO
lmn(r) = jl(klnr)Ylm(θ ,ϕ), (9)

and

β
SO
lm =

ε1∞

√
l

lε1∞ +(l +1)εd
ωCO

√
2πe2

s h̄
ωSO,lR

(
1

ε1∞

− 1
ε10

)
, (10)

with

ω
2
SO,l =

[εd +(εd + ε10)l]ε1∞

[εd +(εd + ε1∞)l]ε10
ω

2
CO, (11)

V SO
lm (r) =

{
(r/R)lYlm(θ ,ϕ), r < R,
(R/r)l+1Ylm(θ ,ϕ), r > R,

(12)

where Yl,m is the spherical harmonic, jl and nl are the l-th
order spherical Bessel and Neumann functions respectively,
kln = µln/R, µln is the n-th root of jl , ε1∞ (ε2∞) and ε10

(ε20) are the high-frequency and static dielectric constants in
dot (barrier) material respectively. The index n = 1,2, . . .;
l = 0,1,2, . . .; m = 0,±1,±2, . . . ,±l for the CO phonons, and
l = 1,2, . . .; m = 0,±1,±2, . . . ,±l for the SO phonons. In
Eqs. (6) and (7), r and r0 are the positions of electron and im-
purity respectively. In this paper, we assume that the impurity
is in the center (the center of the sphere is taken as the origin),
i.e., r0 = 0.

Firstly, it is necessary to eliminate the contribution of the
impurity–phonon interactions to the total electron energy. It
can be obtained by using a first unitary transformation to dis-
place the equilibrium position of the ions as follows:

U = exp

{
∑

j=CO,SO
∑
s

[
β

j
s V j

s (r0)a
†
js +H.c.

h̄ω j

]}
. (13)
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Here CO and SO represent the CO and SO phonons respec-
tively. The index s is given by n = 1,2, . . .; l = 0,1,2, . . .;
m = 0,±1,±2, . . . ,±l for the CO phonons, and l = 1,2, . . .;
m = 0,±1,±2, . . . ,±l for the SO phonons.

Subsequently, the Hamiltonian can be transformed into
the following form:

H∗ =U−1HU = H0 +HCO
ph +HSO

ph +H ′ep,CO+H ′ep,SO+Hx, (14)

where

H ′ep,CO =−∑
lmn

β
CO
lmn
[
V CO

lmn(r)almn +H.c.
]
, (15)

and

H ′ep,SO =−∑
lm

β
SO
lm
[
V SO

lm (r)alm +H.c.
]
. (16)

The nonphysical divergent term arising from the use of the
point-charge model has been dropped for convenience, the ef-
fect of the above displacement on the lattice polarization leads
to the following electron-impurity “exchange” interaction:

Hx = ∑
j=CO,SO

∑
s

|β j
s |2V j

s (r0)V
j

s (r)+H.c.
h̄ω j

. (17)

The effect of the electron–phonon interaction is to dis-
place further the equilibrium positions of the ions within the
adiabatic approximation. This can be obtained by the follow-
ing unitary transformation:

U ′ = exp

{
∑

j=CO,SO
∑
s

[
f jsa

†
js +H.c.

]}
. (18)

The parameters f js are variational functions, which will be de-
termined by minimizing the expectation value of the bound
polaron energy. The total wave function of the system can be
achieved by the product of the electronic part |ϕ(𝑟)〉 and the
phonon part U ′ |0〉[45]

|ψ〉= |ϕ(𝑟)〉U ′ |0〉 , (19)

ϕ(r) =


N

sink10r
r

f (r) r ≤ R,

N
sink10R

r
eχ10(R−r) f (r), r ≥ R,

(20)

f (r) =

{
e−λ1r e−η1r cosα for the ground state,
r cosθ e−λ2r e−η2r cosα for the first excited state,

(21)

with

k10 =

(
2m1E10

h̄2

)1/2

, (22)

χ10 =

(
2m2(U0−E10)

h̄2

)1/2

, (23)

where N is the normalization constant; λ1 (λ2) and η1 (η2) are
the variational parameters for the ground (excited) state, and

indicate the degree of spatial correlation between the electron
and impurity and the influence of the electric field, respec-
tively; E10 is the energy of the ground state achieved by the
transcendental equation:

1
m1

(
k10

tan(k10R)
− 1

R

)
=

1
m2

(
− 1

R
−χ10

)
. (24)

After some calculations, the expectation value of the sys-
tem Hamiltonian in the phonon–vacuum state is given by

Heff = 〈0|U ′−1H∗U ′ |0〉
= H0 +Hx + ∑

j=CO,SO
∑
s

h̄ω j
∣∣ f js
∣∣2

+ ∑
j=CO,SO

∑
s

[
β

j
s V j

s (r) f js +H.c.
]
. (25)

Then, the minimization of the expectation energy value can be
written as

E = 〈ϕ(𝑟) |Heff|ϕ(𝑟)〉 , (26)

with respect to the variational parameters f js, which is given
by the following expressions:

f js =


−
〈
ϕ(𝑟)

∣∣V CO
lmn

∣∣ϕ(𝑟)〉
h̄ωCO

for CO phonon,

−
〈
ϕ(𝑟)

∣∣V SO
lm

∣∣ϕ(𝑟)〉
h̄ωSO

for SO phonon.

(27)

Finally, inserting Eqs. (25) and (27) into Eq. (26), and the
expectation energy E dependent on the variational parameters
can be obtained in the form of

E(λ ,η)

= 〈ϕ(𝑟) |H0|ϕ(𝑟)〉− ∑
j=CO,SO

∑
s

∣∣β j
s
∣∣2 |〈ϕ(𝑟)|V j

s (r)|ϕ(𝑟)〉|2

h̄ω j

+ ∑
j=CO,SO

∑
s

2
∣∣β j

s
∣∣2 |〈ϕ(𝑟)|V j

s (r)V
j

s (r0)|ϕ(𝑟)〉|
h̄ω j

. (28)

In this expression, the first term on the right-hand side indi-
cates the energy of the impurity state, the second term de-
scribes the interactions of the electron with both CO and SO
phonons, and the last term describes the electron–impurity
“exchange” interaction caused by the impurity–phonon inter-
action.

The analytical expression for the nonlinear optical rectifi-
cation coefficient can be obtained by a density matrix approach
and an iterative procedure[46,47]

χ
(2)
0 =

4q3σ

ε0h̄2 M2
12δ12

× ω2
12(1+Γ2/Γ1)+(ω2 +Γ 2

2 )(Γ2/Γ1−1)
[(ω12−ω)2 +Γ 2

2 ][(ω12 +ω)2 +Γ 2
2 ]

, (29)

where q is the absolute value of the electron charge, σ de-
notes the electron density in the system, Γi (i= 1,2) is the phe-
nomenological relaxation rate, Γ1 = 1/T1, and Γ2 = 1/T2, with
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T1 and T2 being the longitudinal and the transverse relaxation
times, respectively, M12 = 〈ϕ1 |z|ϕ2〉 is the dipole matrix el-
ement, δ12 = |〈ϕ2 |z|ϕ2〉 −〈ϕ1 |z|ϕ1〉 |, h̄ω12 = E2−E1 is the
energy difference between two different electronic states, and
ω is the incident photon frequency.

The maximum value of χ
(2)
0 for ω12 = ω is given by

χ
(2)
0,max =

2q3T1T2σ

ε0h̄2 M2
12δ12. (30)

3. Results and discussion
In this section, we will discuss the OR coefficients in a

spherical quantum dot with the electric field in the presence of
the electron–phonon and impurity–phonon interactions. The
parameters used in our calculations are as follows:[48–50] σ =

5.0×1024 m−3, nr = 2.4, T1 = 1 ps, T2 = 0.1 ps; m1 = 0.13m0,
ε10 = 9.3, ε1∞ = 6.1 for CdSe; m1 = 0.171m0, ε10 = 8.33,
ε1∞ = 5.9, εd = 2.25 for ZnSe, where m0 is the bare electron
mass. The parameters for Zn1−xCdxSe are obtained by lin-
ear interpolation from the corresponding values for ZnSe and
CdSe. The value of the conduction band offset U0 is assumed
to be 80% of bandgap mismatch.[43]

In Fig. 1, we demonstrate the behaviors of OR coef-
ficient χ

(2)
0 in the cases with and without phonon, each as

a function of photon energy h̄ω for different QD radii with
F = 5.0 MV/m and x = 0.3. From the figure, it can be clearly
seen that the polaronic effect gives rise to the redshifts of the
positions of the resonant peaks of the OR coefficients, espe-
cially for the smaller QD radius. We find that the redshifts
for the OR coefficient are 6.5 meV, 3.5 meV, 2.5 meV for
R = 4 nm, 6 nm, and 8 nm, respectively. Besides, a very no-
table feature of this figure is that when we take into account
the polaronic effect, the peak values of the OR coefficient χ

(2)
0

are enhanced. The reason for this feature is that the polaronic
effect makes the wave function of an electron spread to wider
space, which leads to the fact that the overlap of the wave func-
tions is enhanced.

0 40 80 120 160 200
0

1.0

2.0

3.0

4.0

r=4 nm

r=6 nm

r=8 nm

χ
(2

) /
1
0

-
4
 (
m

/
V

)

hω/meV

with phonon
without phonon

0

Fig. 1. Variations of OR coefficient χ
(2)
0 with photon energy h̄ω with and

without phonon for different QD radii with F = 5.0 MV/m and x = 0.3.

Figure 2 shows the OR coefficients χ
(2)
0 with and with-

out phonon each as a function of photon energy h̄ω for dif-

ferent Cd concentrations with F = 2.0 MV/m, and R = 5 nm.
It can also be seen that the polaronic effect leads to the red-
shifted resonant peaks of the OR coefficients. We find that
the redshifts for the OR coefficient are 7.0 meV, 5.5 meV, and
3.5 meV for x = 0.1, 0.2, and 0.5, respectively. Moreover,
from the figure, we can obviously observe that the peak val-
ues of χ

(2)
0 with the polaronic effect are larger than without

the polaronic effect, especially for the smaller Cd concentra-
tions. Furthermore, it is found that the peak values of χ

(2)
0

decrease with increasing Cd concentration. In order to explain
the feature, we show the relationship between the geometrical
factor M2

12δ12 and the Cd concentration x with F = 2.0 MV/m
and R = 5 nm in Fig. 3. We know that the resonant peak of
χ
(2)
0 is determined by the geometrical factor M2

12δ12. From the
figure, it is obviously seen that the geometrical factor M2

12δ12

decreases with x increasing. In addition, the geometrical fac-
tor difference between the two cases gradually becomes small
with increasing Cd concentration. These results are useful
for understanding the results in Fig. 2. Finally, it should be
pointed out that from Fig. 2, whether the polaronic effect is
considered or not, the peak value of χ

(2)
0 suffers a blue-shift

with increasing Cd concentration. The reason for the feature
is that with increasing Cd concentration, the confinement po-
tential strengthens, and as a result, the quantum-confinement
of the electron is enhanced. Therefore, the energy intervals are
much wider, which leads to the fact that the positions of χ

(2)
0

peaks appear on the higher-energy side.

χ
(2

) /
1
0

-
4
 (
m

/
V

)

hω/meV

0

0 40 80 120 160 200
0

0.5

1.0

1.5

2.0

2.5

x=0.5

x=0.2

x=0.1

with phonon
without phonon

Fig. 2. Plots of OR coefficients χ
(2)
0 versus photon energy h̄ω with and with-

out phonon for different Cd concentrations with F = 2.0 MV/m and R= 5 nm.

0 0.2 0.4 0.6 0.8 1.0
1.0

2.0

3.0

4.0

5.0
with phonon

without phonon

x

M
1
2
δ
1
2
/



-
2
5
 m

3
2

Fig. 3. Variations of geometrical factor M2
12δ12 with Cd concentration x

with and without phonon for F = 2.0 MV/m and R = 5 nm.
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Figure 4 shows variations of the OR coefficient χ
(2)
0 with

photon energy h̄ω with and without phonon for different elec-
tric fields with R = 5 nm, and x = 0.3. From the figure, it
is clearly observed that the electric field F also leads to the
redshifted resonant peaks of the OR coefficients and enhances
its peak values. The enhancement of the χ

(2)
0 peak can be at-

tributed to the increase of the asymmetry of the system and
the enhancement of the geometrical factor M2

12δ12. The red-
shift of the χ

(2)
0 peak is attributed to the decrease of energy

difference between the ground and excited states with increas-
ing electric field F . In addition, from the figure, we also ob-
serve that the peak values of χ

(2)
0 with the polaronic effect are

larger than without the polaronic effect, which is more obvious
with increasing F . In order to show the relationship between
the peak value of χ

(2)
0 and the electric field F , the geometrical

factor M2
12δ12 versus electric field is plotted in Fig. 5. From

the figure, it is clearly seen that the geometrical factor M2
12δ12

increases with electric field F increasing. This is due to the
fact that the increase of F weakens the spatial separation of
particles and causes an enhancement of the overlap between
their associated wave functions. Furthermore, the geometrical
factor difference between the two cases is enhanced with in-
creasing F . This feature has good consistency with the results
in Fig. 4.

χ
(2

) /
1
0

-
4
 (
m

/
V

)

hω/meV

0

0 40 80 120 160 200

0

0.4

0.8

1.2

1.6

2.0

F=2 MV/m

F=5 MV/m

F=10 MV/m

with phonon
without phonon

Fig. 4. Variations of OR coefficient χ
(2)
0 with photon energy h̄ω with

and without phonon for different electric fields with R = 5 nm and
x = 0.3.

M
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2
δ
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2
/



-
2
5
 m

3
2
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0

1

2

3

4

5 with phonon
without phonon

F/(MV/m)

Fig. 5. Plots of geometrical factor M2
12δ12 versus electric field F with

and without phonon for x = 0.3 and R = 5 nm.

4. Conclusions
In this paper, we study theoretically the polaron effect

on the OR in a Zn1−xCdxSe/ZnSe spherical quantum dot with
electric field in detail, with the electron–phonon and impurity–
phonon interactions taken into account. Our calculations
mainly focus on the dependences of the OR on external elec-
tric field F , Cd concentration x, and QD radius R. The cal-
culated results show that the polaronic effect or electric field
leads to the redshifted resonant peaks of the OR coefficients.
Our result also reveals that the peak values of χ

(2)
0 with the

polaronic effect are larger than without the polaronic effect,
especially for smaller Cd concentrations or stronger electric
field. In addition, whether the polaronic effect is considered
or not, the peak value of χ

(2)
0 decreases and suffers a blue-

shift with increasing Cd concentration. It should be pointed
out that the external LO phonon is ignored in this work since
its influence is very small and only effective for the very small
dot size.[31,43] Finally, we hope that this theoretical study can
make a significant contribution to experimental studies and
practical applications.
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