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Theory of specific heat of vortex liquid of high 𝑇c superconductors∗
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Superconducting thermal fluctuation (STF) plays an important role in both thermodynamic and transport properties
in the vortex liquid phase of high Tc superconductors. It was widely observed in the vicinity of the critical transition
temperature. In the framework of Ginzburg–Landau–Lawrence–Doniach theory in magnetic field, a self-consistent analysis
of STF including all Landau levels is given. Besides that, we calculate the contribution of STF to specific heat in vortex
liquid phase for high Tc cuprate superconductors, and the fitting results are in good agreement with experimental data.
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1. Introduction
The superconducting thermal fluctuation effects on the

vortex matter have attracted great attention since the discov-
ery of the high Tc superconductor.[1,2] The strength of thermal
fluctuations on the mesoscopic scale can be characterized by
the Ginzburg number[2–5]

Gi =
1
2

(
8e2

κ
2
ξ T mf

c γ/c2h̄2
)2

.

In conventional low Tc type-II superconductors, it is rather dif-
ficult to observe STF effects. The mixed state between the
upper and lower critical field is described by Abrikosov lat-
tice in the framework of the mean field (MF) theory given by
Abrikosov in 1957.[6,7] In high Tc superconductors (HTSC),
the STF effects play a crucial role in inducing precursor phe-
nomena of superconductivity. For example, the paraconduc-
tivity phenomenon, i.e., the decrease of the resistance of su-
perconductor in the normal phase, was first theoretically cal-
culated by Aslamazov and Larkin[8,9] and then experimentally
observed by Glover.[10] The appearance of STF leads to the
preformed pairs in the range of the critical transition tempera-
ture and the MF critical transition temperature where there are
Cooper pairs without phase coherence. There are strong STF
in HTSCs due to (i) higher critical transition temperature, (ii)
larger value of Kappa, (iii) high anisotropy, and (iv) quasi-two-
dimensionality. Strong STF lead to a rather different phase di-
agram compared to the MF phase diagram. In this sense, it is
important to take into account STF contribution to study the
thermodynamic and transport behavior of vortex matter.

Strong STF have significant effects on H–T phase di-
agram of type-II superconductors, especially changing the
Abrikosov lattice solid state near the MF phase transition line
Hc2 (T ) to the vortex liquid state.[11] Without STF, vortices
form a stable Abrikosov lattice phase between the lower and

upper critical phase transition lines, Hc1 (T ) and Hc2 (T ). The
vortex lattice will be melted into vortex liquid due to strong
STF near the upper critical phase transition line Hc2 (T ). The
vortex melting transition in HTSC is the first-order phase tran-
sition, which was confirmed by the jumps of magnetization
measurements[12–16] and the spikes and jumps in specific heat
experiments.[14,17–21] The crossover from the normal phase to
the vortex liquid phase is a real phase transition and occurs
near the location of the MF transition line Hc2 (T ). Due to
strong STF of HTSC, a substantial portion of the phase dia-
gram below Hc2 (T ) could be occupied by the vortex liquid
phase. The materials with large Gi typically have relatively
large critical regions.

We calculate specific heat of the vortex liquid phase
in the framework of Ginzburg–Landau (GL) theory. In or-
der to study the vortex liquid phase, we need to go beyond
the simple Gaussian theory. We employ self-consistent fluc-
tuation theory (sometimes referred to as the Hartree–Fock
approximation)[22] to study the Ginzburg–Landau–Lawrence–
Doniach model where all Landau levels are considered instead
of the lowest Landau level (LLL) approximation.[23]

For low Tc weak STF superconductors, specific heat will
have a sharp jump crossing the upper critical transition line
Hc2 (T ), when the temperature decreases from the high tem-
perature to the low temperature with fixed magnetic field.[20]

But for HTSC, the specific heat jump is smeared out and the
specific heat peak is blurred.[17,24–27] Motivated by experimen-
tal data of HTSC, we want to provide a theoretical understand-
ing of the STF effect on the specific heat in the vicinity of crit-
ical transition temperature. We will analyze the specific heat
data of high Tc cuprates including YBa2Cu3O7−δ , Bi-based
materials, and Tl-based materials.

The paper is organized as follows. In Section 2, the
Ginzburg–Landau–Lawrence–Doniach model is introduced.
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We present the self-consistent approximation in Section 3.
Theoretical calculation of specific heat will be carried out in
Section 4, and we give a conclusion in Section 5.

2. Ginzburg–Landau–Lawrence–Doniach
model
We review GL theory in a magnetic field for layered su-

perconductors. The GL free energy functional in Lawrence–
Doniach model near Tc is

FGL = s′∑
n

∫
d𝑟′
(

h̄2

2m∗
|𝐷Ψn (𝑟)|2

+
h̄2

2m∗cd′2
|Ψn (𝑟)−Ψn+1 (𝑟)|2

+α

(
T −T mf

c

)
|Ψn (𝑟)|2 +

β

2
|Ψn (𝑟)|4

)
, (1)

where Ψn (𝑟) is a complex order parameter field denoting wave
function of the Cooper pairs in the n-th layer. The covariant
derivative 𝐷 is

∇+ i
2π

Φ0
𝐴,

𝐴= (By,0) is the vector potential in Landau gauge, describing
a magnetic field perpendicular to the superconducting plane.
Φ0 = hc/e∗ is the magnetic flux quantum, and e∗ = 2e is the
charge of a Cooper pair. s′ is the layer thickness and d′ is the
interplanar separation. T mf

c is the mean-field critical transition
temperature.

This paper will use the MF units as follows: the unit of
length is the coherence length ξ = h̄/

√
2m∗αT mf

c , the unit
of magnetic field is the upper critical field Hc2 = Φ0/2πξ 2

with Φ0 = hc/2e, and the unit of order parameter is Ψ0 =√
2αT mf

c /β . The dimensionless quantities can be defined
with the units as follows: tmf = T/T mf

c , b = B/Hc2, ψ2 =

Ψ 2/ |Ψ0|2.
The Boltzmann factor in these units is

FGL

T
=

s
2ωmftmf

∑
n

∫
d𝑟
[
|𝐷ψn|2 +d−2 |ψn−ψn+1|2

+(tmf−1) |ψn|2 + |ψn|4
]
, (2)

where the dimensionless coefficient ωmf =
√

2Gimfπ and the
dimensionless Ginzburg number

Gimf =
1
2

(
8e2

κ
2
ξ T mf

c γ/c2h̄2
)2

determines the strength of STF. The anisotropy ratio γ can be
defined as

√
m∗c/m∗. The dimensionless length s = s′/ξc =

s′γ/ξ , d = d′/ξc = d′γ/ξ .

3. the self-consistent approximation
Now we will introduce the self-consistent approximation

theory to study vortex liquid. We employ a freedom to choose

“the best” quadratic part to divide the Hamiltonian into a non-
perturbation and a perturbation based on the idea of “principle
of minimal sensitivity”.[28,29]

Within the self-consistent approximation,[22] we add and
subtract a quadratic term (2ε−b) |ψn|2 with the employment
of a variational parameter ε in the Boltzmann factor. The
Boltzmann factor is divided into the large quadratic part K (ε)

and a small perturbation W (ε). The physical meaning of ε can
be explained as the excitation energy gap of the vortex liquid
in zero field.

FGL

T
= K (ε,ψ)+W (ε,ψ) , (3)

where

K (ε,ψ) =
s

2ωmftmf
∑
n

∫
d𝑟
[
|𝐷ψn|2 +d−2 |ψn−ψn+1|2

+(2ε−b) |ψn|2
]
, (4)

W (ε,ψ) =
s

2ωmftmf
∑
n

∫
d𝑟
[
(b+ tmf−2ε−1) |ψn|2

+ |ψn|4
]
. (5)

Considering STF contribution on the mesoscopic scale,
we calculate the free energy F from F = −T lnZ, where the
partition function

Z =
∫

Dψ (x)Dψ
∗ (x)exp

(
−FGL

T

)
.

Dψ (x) denotes a functional integral. The approximation of
the free energy by expanding it to the first order in W (ε,ψ) is
derived below,

F = −T lnZ =−T ln
∫

DψDψ
∗ e−K e−W

= −T ln
∫

DψDψ
∗ e−K (1−W )

= −T lnZ0 +T 〈W 〉0 , (6)

where the zero-order partition function Z0 and the first-order
perturbation term 〈W 〉0 are

Z0 =
∫

DψDψ
∗ e−K , (7)

〈W 〉0 =
∫

DψDψ∗ e−KW
Z0

. (8)

Here, 〈W 〉0 can be expressed as

〈W 〉0 =
V s/d

ωt

[(
b+ tmf−2ε−1

2

)〈
|ψn|2

〉
0

+
(〈
|ψn|2

〉
0

)2
]
, (9)

by using
〈
|ψn|4

〉
0 = 2

〈
|ψn|2

〉2
0, where the dimensionless V =

Nd ·S, and S is the dimensionless area of the layers.
The average of the superfluid density can be written as〈

|ψn|2
〉

0
= Z−1

0

∫
DψDψ

∗ |ψn|2 e−K
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= −
(

V s/d
ωmftm f

)−1
∂ lnZ0

∂ε
. (10)

The total dimensionless variational free energy is

f =

[
f0 +

(
b+ tmf−1

2
− ε

)
∂ f0

∂ε
+

(
∂ f0

∂ε

)2
]
, (11)

and

f0 =−
(

V s/d
ωt

)−1

lnZ0, (12)

where 〈
|ψn|2

〉
0 =

∂ f0

∂ε
.

The particular form of
〈
|ψn|2

〉
0 will be given in the next sec-

tion.
Minimizing the free energy F (ε) with respect to ε , i.e.,

∂F (ε)

∂ε
= 0. (13)

The gap equation is obtained as follows:

ε =
b+ tmf−1

2
+2

∂ f0

∂ε

=
b+ tmf−1

2
+2
〈
|ψn|2

〉
0
. (14)

4. Theoretical results of specific heat
4.1. Calculation of specific heat

In order to calculate Z0, we expand the order parameter
field via the Landau level,

ψn (𝑟) =
d1/2

(2π)3/2

∫ 2π/d

0
dkz

Nf

∑
l=0

∫
d𝑞ϕl,𝑞 (𝑟)ψl,𝑞,kz e−indkz ,

(15)
where kz is the wave vector in c axis, Nf is the upper limit
of Landau level, and ϕl,𝑞 is the Landau’s quasimomentum
basis with the Landau level index l and quasimomentum q,
integrated over the Abrikosov lattice Brillouin zone with the
area 2πb.[22,30] This basis is the analogue of solid-state Bloch
waves in the case of nonzero magnetic field. In this basis,

Z0 =
∫

DψDψ
∗ exp

(
− s

ωmftmfd

Nf

∑
l=0

∫
d𝑞dkz [nb

+
1− cos(kzd)

d2 + ε

]
ψl,𝑞,kz ψ

∗
l,𝑞,kz

)
. (16)

lnZ0 results in

lnZ0 = −
V b

(2π)2

∫ 2π/d

0
dkz

[
Λ

b
lnb+ lnΓ

(
j(kz)+ ε +Λ

b

)
− lnΓ

(
j(kz)+ ε

b

)]
, (17)

where
j(kz) =

1
d2 (1− cos(kzd)).

The relationship between maximum Landau level and energy
cutoff satisfies[22]

(Nf +1)b = Λ . (18)

Then we can write the gap equation in terms of Λ

ε =
b+ tmf−1

2
+2ωmftm fUε (Λ) , (19)

where

Uε (Λ) = U (b,ε,Λ)

=
1

(2π)2

∫ 2π/d

0
dkz

[
ψ

(
j(kz)+ ε +Λ

b

)
−ψ

(
j(kz)+ ε

b

)]
. (20)

Hence 〈
|ψn|2

〉
0
=

∂ f0

∂ε
= ωmftmfUε (Λ) . (21)

The critical transition temperature corresponding to the
zero energy gap ε = 0 at zero magnetic field can be given as

Tc/Tmf−1
2

+2ωU0 (Λ) = 0, (22)

where ω = ωmf(Tc/T mf
c ). The solution of Eq. (22) is Tc =

T mf
c rΛ , and

rΛ = Tc/T mf
c = 1−4ωU (0,0,Λ)

= 1−4ω
1

2πd

[
2ln
(√

Λd2 +
√

Λd2 +2
)
− ln2

]
. (23)

The gap equation can be written with the renormalized tem-
perature t = T/Tc as

ε =
b+ t−1

2
+2ωt (Uε (Λ)−U0 (Λ)) . (24)

When the reduced magnetic field b and the energy gap ε are
far less than energy cutoff Λ , most vortex liquid region satis-
fies this condition. The gap equation can be approximated by
taking Λ to infinite limit

ε =
b+ t−1

2
− ωtd

2π2s

∫ 2π/d

0
dkz

[
ψ

(
j(kz)+ ε

b

)
+

2π

d
ln
(
2bd2)] . (25)

The free energy can be expressed as a function of f ,

F (b, t,ε) = T
V f
ωt

. (26)

Near Tc, the correlation length is large due to the small liquid
energy gap, therefore we take s = d as the maximum value.[22]

The specific heat per volume CV can be obtained by the second
derivative of F with respect to T , i.e.,

CV =− T
V ′

∂ 2F
∂T 2 =−

TcH2
c2

2πκ2 t
∂ 2 f
∂ t2 =

TcH2
c2

2πκ2 Cv, (27)
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where V ′ = ξ 3V/γ , and the dimensionless specific heat per
volume is

CV =−t
∂ 2 f
∂ t2 = t · r2

Λ

[
−1

8
+

2 [ωUε/rΛ +1/4]2

1−2ωt(∂Uε/∂ε)

]
. (28)

CV as a function of t, b, Λ is

CV (t,b,Λ) =
T H2

c2
2πκ2 r2

Λ

[
−1

8
+

2 [ωUε/rΛ +1/4]2

1−2ωt(∂Uε/∂ε)

]
. (29)

The renormalized upper critical field H(r)
c2 is

H(r)
c2 = Hc2rΛ = Φ02m∗αTc/2π h̄2. (30)

The final result of CV (t,b,Λ) is

CV (t,b,Λ) =
T H(r)2

c2
2πκ2

[
−1

8
+

2 [ωUε/rΛ +1/4]2

1−2ωt(∂Uε/∂ε)

]
. (31)

4.2. Fitting with experimental data

In order to fit experimental data with theoretical cal-
culation of Eq. (31), the vortex liquid contribution to spe-
cific heat, we should substract the specific heat in vortex liq-
uid from the background. The experimental data of specific
heat is C (T,B) = CSTF (T,B) +CN (T,B), where CSTF (T,B)
is the STF contribution which can be expressed by Eq. (31)
and CN (T,B) is the normal contribution. The normal part
of specific heat is difficult to calculate because there is no
reliable microscopic calculation. If the normal part of spe-
cific heat is weakly dependent on the small magnetic field,
we can use CN (T,B1) = CN (T,B2) in this case. The nor-
mal contribution can be canceled through the difference form
C (T,B1)−C (T,B2) of experimental data.[31] The specific
heat curves (see the solid curves) including all Landau lev-
els are shown in Fig. 1 as well as the experiment data (see the
scattered curves).
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Fig. 1. (color online) Experimental data (scattered lines) and corresponding fitting results (solid lines). Three major types of high Tc cuprate superconductors
are represented: (a) Tl-1223, (b) optimally doped Y-123, (c) Bi-2212. Each set of curves uses just three fitting parameters, Hc2, γ , and κ . The experimental
data can be found in Refs. [18], [32], and [33].

The applied magnetic field can be neither too weak nor
too strong. We compare the experimental data from 1 T to
8 T with the theoretical results. If the magnetic field is too
small, the state will close to critical fluctuation region where
non-perturbation theory is needed, for example the renormal-
ization group theory. The energy cutoff Λ obtained in this
paper is consistent with the fitting results.[22]

Three major families of HTSC materials, including
Tl1Sr2Ca2Cu3O9 (Tl-1223),[32] YBa2Cu3O6.92 (Y-123),[18]

and Bi2.12Sr1.9Ca1.06Cu1.96O8+δ (Bi-2212)[33] are employed,
respectively. The fitting parameters are shown in Table 1.
The fitting parameters of different materials are in reason-
able range compared with the corresponding measurements

of experiments.[34] Gi is a theoretical value characterizing the

strength of STF and is significantly larger in HTSC com-

pared to conventional superconductors (≈ 10−10). For rela-

tively weak anisotropic high Tc cuprates such as YBCO, the

magnitude of Gi is about 10−3 in contrast to 10−2 for strong

anisotropic BSCCO.[30] In order to make our calculation fit

better with experimental data, we find the reasonable fitting

parameters and calculate Gi as the function of Hc2, γ , and κ .

Tl-1223 and Bi-2212 with larger γ compared with YBCO will

be better described by the two-dimensional layered model.

The specific heat jump is smeared out and the specific heat

peak is rounded.

Table 1. Fitting parameters for Tl-1223, Y-123, and Bi-2212.

Material Tc/K d/Å Hc2/T T mf
c /K Λ ω γ κ Gi

Tl-1223 116 15.3 180 124.4 0.3 0.35 13.5 45 0.0062
Y-123 93 11.7 257.2 97 0.22 0.14 6.3 51.3 0.001
Bi-2212 85 30.6 200 93.7 0.25 1.06 22 74 0.057
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5. Conclusion
We have calculated specific heat of vortex liquid by using

the self-consistent approximation theory based on Ginzburg–
Landau–Lawrence–Doniach model. The theoretical calcula-
tion agrees well with experimental data in the vortex liq-
uid region. The Ginzburg–Landau–Lawrence–Doniach model
can be used to well describe specific heat, magnetization,[22]

conductivity,[35] etc.
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