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Static and dynamic properties of polymer brush with topological ring
structures: Molecular dynamic simulation∗
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By defining a topological constraint value (rn), the static and dynamic properties of a polymer brush composed of
moderate or short chains with different topological ring structures are studied using molecular dynamics simulation, and a
comparison with those of linear polymer brush is also made. For the center-of-mass height of the ring polymer brush scaled
by chain length h ∼ Nν , there is no significant difference of exponent from that of a linear brush in the small topological
constraint regime. However, as the topological constraint becomes stronger, one obtains a smaller exponent. It is found that
there exists a master scaling power law of the total stretching energy scaled by chain length N for moderate chain length
regime, Fene ∼ Nρν , for ring polymer brushes, but with a larger exponent ν than 5/6, indicating an influence of topological
constraint to the dynamic properties of the system. A topological invariant of free energy scaled by 〈c〉5/4 is found.
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1. Introduction
Polymer brushes are depicted as layers of long-chain

polymer molecules tethered by one end to a substrate sur-
face. The study of polymer brush is important in many ap-
plications, such as polymer adhesion, colloidal stabilization,
lubrication, and DNA segregation in bacteria.[1–4] In recent
years, there has been a great deal of interest in the properties of
ring polymer for mathematical,[5–10] simulational,[11–13] and
experimental[14–18] scientists. The configuration of ring poly-
mer in melt or solution plays a significant role in most bio-
logical systems,[19,20] making it a hot research topic in poly-
mer physics. Flory theory suggested that behaviors of lin-
ear polymer chains are similar to those of trivial Gaussian
chains, for gyration radius, both complying with a Flory expo-
nent ν = 1/2 scaled as RG ∼ Nν in melts due to the volume-
excluded effect. However, even such a simple scaling law is
not suitable for ring polymers, which have been confirmed by
simulations[21–25] and experiments.[26] Based on mean-field
theory, Cates and Deutsch pointed out that unconcatenated
ring polymers have a scaling exponent ν = 2/5, an inter-
mediate value between collapsed (1/3) and Gaussian (1/2)
types,[9] a conclusion supported by simulations.[21–24] Several
new observations found that a sufficiently long ring chain has
a size scaling N1/3 close to that of a collapsed chain.[25] For
ring polymers in good solvent and under high grafting density,
He[27] found that, for the scaling law RG ∼ Nν , the exponent
ν of ring polymer chain is smaller than the linear’s. He also

found that the thickness of ring polymer brush has a power
scaling law h∼Nρ0.27 rather than h∼Nρ1/3 for a linear poly-
mer brush composed of moderate chain length.

In 2011, combining the topological volume fraction and a
classical van der Waals theory of fluids, Sakaue constructed a
mean-field theory by taking into account the many-body effect
of the topological origin in dense systems.[28] Suzuki stud-
ied the topological constraint in ring polymer under θ con-
ditions, and demonstrated that the Flory exponent ν for ring
polymer with topological constraint is larger than 1/2 at the
θ -temperature of a linear polymer.[29] Trefz performed large
scale molecular dynamics simulation to study the scaling be-
haviors of unknotted ring polymer and knotted ring polymer
in a melt, and found that the size scaling for a typical ring of
small N depends on its knot type.[30]

Ring polymers differ from their linear counterparts by
the topological constraints which force a ring polymer confor-
mation to stay within the topological state of preparation.[31]

However, it has not been established how to correlate analyti-
cally the topological feature of polymeric molecules with ring
polymer brush structure. In this work we quantitatively an-
alyze the influence of topological constraint on ring polymer
brushes. Using MD simulation, we investigate the static and
dynamic scaling properties of ring polymer brushes in a good
solvent. In Section 2, the polymer simulation model and the
topological constraint we used are described. In Section 3, the
structure of ring polymers with different topological features
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and their scaling behaviors are presented, followed by a dis-
cussion of their dynamic properties. We also investigate the
behaviors of end-monomers for a polymer chain and carry out
an isothermal compression of the brush in order to study its
stretching energy. Our conclusion is summarized in Section 4.

2. Simulation model
In our simulation, the coarse-grained bead-spring model

was used to study ring polymer brushes. Each chain consists
of a sequence of identical small rings composed of a certain
number of connected monomers. The number of rings within
a chain and the number of monomers within each small ring
define the basic topological feature for a ring polymer chain.
The brush was modeled as a collection of freely jointed bead
spring polymer ring chains, with one end attached to a planar
surface, forming a 10× 10 square grid. We chose a simula-
tion box L× L× Lz with a periodic boundary condition in x
and y directions. We used the open source molecular dynam-
ics package LAMMPS[32] and Lennard-Jones (LJ) system of
units to perform molecular dynamic simulations. The total in-
teraction potential of connected monomers is given by

Utot =UFENE +ULJ +UWALL, (1)

where UFENE, ULJ, and UWALL are FENE potential, LJ poten-
tial, and 9-3 type LJ-wall potential respectively. All beads in-
teract among themselves via a shifted LJ potential with a cut-
off at its minimum, so as to model the repulsive short-range
potential in good solvent condition.

ULJ(r) = 4ε
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where d is the bead diameter, ε is the depth of the potential, r is
the distance between the particle, and rc is the cutoff distance.
It is widely known that, solvent quality influences the confor-
mations of polymer brushes, leading to different behaviors un-
der different solvent conditions. In a good solvent, a repulsive
interaction between polymer monomers and solvent molecules
is favorable, and the entropy loss due to overlapping of chains
will cause polymer chains to expand. Neighboring monomers
along the polymer chains interact with each other through a
finitely extensible nonlinear elastic (FENE) bond potential

UFENE = −0.5KR2
0 ln
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where the first attractive term extends to R0 = 1.5σ , the maxi-
mum extent of the bond, and the 2nd repulsive term is cutoff at

21/6σ , the minimum of the LJ potential. The spring constant K
is specified as 30ε/σ2, and r is the lengths of the bond. In our
simulation, we set an average bond length of lv = 0.97σ . The
first monomer (grafted monomer) was grafted at a substrate lo-
cated at z = 0 and modelled by a 9–3 type LJ-wall potential(9
and 3 corresponding the index of the formula)

UWALL = ε

[
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]
. (4)

This 9–3 type interaction can be obtained by an integration
over a 3d half-lattice of standard Lennard-Jones 12–6 parti-
cles. In our calculation, only its short-range repulsion is ap-
plied. To compare with linear polymer brushes with chain
length N and grafting density σg, ring polymer brushes with
chain length NR = 2N and grafting density σ/2 were stud-
ied so that the total number of monomers was strictly kept
identical in both cases. The linear chain lengths N = 31,61
corresponding to ring chain lengths N = 62,122 were studied.
Here it should be noted that corresponding to a fixed chain
length, we studied ring polymers containing different numbers
of rings. For example, for chain length 62, brushes consisting
of ring polymers with ring numbers rn= 1,2,3,4,5,6,10 were
investigated. Here ring number is treated as a topological vari-
able. We set a monomer which connects the mid-monomer
of the top ring of the ring polymer as the end-monomer. The
motion of any effective monomers (nongrafted monomer) was
governed by the Langevin equation

m
d2𝑟i

dt2 + ς
d𝑟i

dt
=−∂UTOT

∂𝑟i
+𝐹i, (5)

where m = 1 is the monomer mass, ri is the position of the
i-th monomer, and ς is the friction coefficient. Fi is a random
Gaussian force satisfying the correlation function〈

𝐹i(t) ·𝐹 j(t ′)
〉
= 2kBT ςδi jδαβ .

In our simulation, the diameter of monomers is d = 1.0, and
kBT = 1.2ε , where kB is the Boltzmann constant and T is the
absolute temperature. For our simulation, each time step is set
to be ∆t = 0.0015τLJ, where

τLJ = (md2/ε)1/2

is the oscillation time of a monomer inside the LJ potential,
and a friction coefficient ς = τLJ

−1 was implemented. The
friction leads to an over damped motion on length scales of
bead size and hence to a Brownian motion under the approxi-
mation of an immobile solvent. The initial brush conformation
was set up as an array of stretched chains before they relax by
implementing 6×107 simulation steps. Figure 1 displays ring
polymers with different topological constraints.
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Fig. 1. (color online) Ring polymer brush conformation with different topo-
logical structures.

3. MD simulation results and discussion
3.1. Static properties

Figure 2 shows the local volume fraction of monomers for
chains with the same monomer number of 62 but different ring
numbers, which demonstrate the topological constraint of ring
polymers. Here, the monomer volume fraction in the brush
is the statistical average of the contributions of configurations
ending up at different positions. It is also called monomer den-
sity in this paper.
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Fig. 2. (color online) Monomer density profiles along the z direction for
ring polymer chains with different topological constraint values rn at graft-
ing density ρ = 0.1d−2 (62 monomers per chain).

As shown in Fig. 2, we see more monomers occupying
the upper space of polymer brushes as ring number increases.
In order to investigate how topological constraint impacts the
size of ring polymer chains, we calculated the mean square ra-
dius of gyration

〈
R2

G
〉
, which is defined as the average square

distance between monomers
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where ri refers to the monomer position vector, and rcm is the
polymer’s center of mass.
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Fig. 3. (color online) The radius of gyration
〈
R2

G
〉1/2 for polymer brush

versus topological constraint values rn at grafting density ρ = 0.1d−2 and
chain length N = 62. The curve shows an exponential dependence with an
exponent γ = 0.77.

From Fig. 3, we find a power law of radius of gyration
with respect to topological constraint value

〈
R2

G
〉1/2 ∼ (rn)γ

with an exponent γ = 0.77. The SCF theory by Milner et al.[33]

and Alexander[34] both predicted that the height of linear poly-
mer brushes can be scaled as a power law in terms of molecular
weight and grafting density: h∼ Nρ1/3. The general physical
picture depicted by Alexander[34] for the regime of high graft-
ing density in a good solvent has shown that a grafted chain
can be treated as linear arrays of blobs of size ξ (ξ = ρ−1/2),
which is the average distance between grafted sites on the sur-
face. Each blob contains a number of nB = N/n = Nρ5/6

monomers. Thus, this gives the height scaled as h ∼ Nρ1/3,
and the monomer concentration c scaled as c∼ ρ2/3. To mea-
sure the height of a ring polymer chain, we also calculate the
center-of -mass height Hcm by integrating over the monomer
density profiles via

Hcm =

∫
∞

0
zφ(z)dz∫

∞

0
φ(z)dz

. (7)

We now take a look at the center-of-mass height h ∼ Nυ

for polymer chains with various topological constraints. As
shown in Fig. 4, for the ring polymer with topological con-
straint rn = 1, one gets an exponent ν = 0.99, a result with no
significant difference from ν = 1.00 for linear polymers and
theory ν = 1. However, as the topological constraint value
gets larger, one sees a decreasing exponent, indicating that ring
polymers with large topological constraint value get a weak
power law. With the increase of topological constraint, the
range of motion of the monomer becomes smaller, if compared
with that of a linear polymer. Thus exponential relationship
between the polymer chain size and the number of monomers
is less significant with the increase of topological constraints
(get a smaller exponential value).
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Fig. 4. (color online) The center-of-mass height Hcm for polymer brushes
with different topological constraints versus chain length N at grafting den-
sity ρ = 0.1d−2 and chain length N = 62. The inset shows the scaling expo-
nent ν as a function of topological constrain value, indicating a less sensitive
dependence of structure height on chain length.

In addition, the static properties of different topological
structure on variant grafting density were studied, Figure 5
shows how the average radius of gyration

〈
R2

gz
〉1/2 along the z

direction depends on grafting density for polymer chain with
different topological constraints. The linear chains exhibit
scaling behavior

〈
R2

gz
〉1/2∼ ρν with scaling exponent ν = 1/3

as expected. Ring polymer chains with topological constraint
possess smaller scaling exponents, as shown in Fig. 5. For
ring polymer brushes of a given chain length, one also sees
two regimes, i.e., the low-density mushroom regime, where
polymer chains hardly interact with each other, and the large-
density brush regime, where chains are strongly overlapping.
It is found that ring polymers with topological constraints, due
to the good-solvent interaction, have lower probability collaps-
ing than linear polymer, and thus correspond to a wider mush-
room regime and a smaller scaling exponent.
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Fig. 5. (color online) The radius of gyration
〈
R2

gz
〉1/2 for the z direction versus grafting density for chain length N = 62. ρ∗ characterizes the critical

density for the mushroom regime.(a) Linear polymer brushes, (b) ring polymer brushes with topological constraint value rn = 1, (c) ring polymer
brushes with topological constraint value rn = 5, (d) ring polymer brushes with topological constraint value rn = 10. A larger mushroom region
and smaller exponent are found as the topological constraint is enhanced.

3.2. Chain energy and bond force

In the polymer brush regime, as monomers tie together via a covalent bond, it is important to know the behaviors of bond
force and energies, which can be calculated in the simulation. From the FENE bond energy defined by Eq. 3, a simple calculation
yields

𝐹 = 〈∇UFENE(𝑟)〉=

〈
−𝑟

(
KR2

0

r2−R2
0
+

4ε

r2

[
12
(

d
r

)12

−6
(

d
r

)6
])〉

. (8)

Figure 6 shows the z-component force for the polymer chains with different topological structures. In both the linear polymer
chains and the ring polymer chains, the first bond connecting the grafted monomer and the first movable monomer, exhibits
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particularly high stretching force. In the ring polymers, the z-component force distributes symmetrically and smoothly along the
two branches except the one connecting the neighboring rings. As shown in Fig. 2, monomers close to the substrate seem to be
much more compact than those on the top, due to the decreasing bond force with the monomer’s position.
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Fig. 6. (color online) Average bond forces along the z direction for ring polymers with chain length N = 122 for various topological constraint value rn as
a function of the distance from the surface. (a) Linear polymer brushes, (b) ring polymer brushes with topological constraint value rn = 1, (c) ring polymer
brushes with topological constraint value rn = 5, (d) ring polymer brushes with topological constraint value rn = 10.

The stretching energy of each chain is obtained by inte-
grating the force along the z direction. As pictured by Alexan-
der, each chain is a stretched array of tension blobs, with each
blob corresponding to an order of thermal energy kBT . The
total stretching energy of each chain is kBT times its number
of blobs:

Fene ∼
N
g
∼ Nρ

1/2υ ∼ Nρ
5/6. (9)
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Fig. 7. Stretching energy scaled with number of bonds per chain as a func-
tion of topological constraint value.

As shown in Fig. 7, the stretching energy of each chain
per number of bonds decreases with the topological constraint
value. Figure 8 is a master curve exhibiting the stretching en-
ergy per number of bonds as a function of grafting density ρ

for different topological structures. Linear polymer brush in

moderate and high grafting density agrees perfectly well with
the theoretical result Eq. 9. However, slightly larger exponents
υ are found for ring polymer brushes, and the larger the topo-
logical constraint value, the larger the exponent.
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Fig. 8. (color online) Stretching energy scaled with number of bonds per
chain as a function of grafting density for different topological structures.

3.3. End monomer

Figure 9 shows the distribution of end-monomers for lin-
ear chains and ring polymer chains with various topological
structures, a different picture in contrast to the “Alexander
brush”.[34] It is found from Fig. 9 that under the same grafting
density, as the topological constraint value increases, the end-
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monomer distribution shifts to a higher position, indicating
that the end monomers of ring polymer with topological con-
straint value tend to occupy the higher position of the brush.
This conclusion is clearer from Fig. 10(a), illustrating that a
ring polymer brush with larger topological constraint values
is more compact at the upper region of the brush as a result
of the effective excluded-volume effect. This can also be sup-
ported by the bond force connecting the end monomer, which
becomes larger as the polymer chains own a more complex
topological structure, as shown in Fig. 10(b).
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Fig. 9. (color online) The end-monomer density profiles with various topo-
logical constraint values for grafting density ρ = 0.08 and ρ = 0.15.
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Fig. 10. (color online) (a) The end-monomer height as a function of the
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of the bond connecting the end monomer as a function of the topological
constraint value rn for various grafting densities.

3.4. Isothermal compression of the brush

In order to understand the different behaviors of brushes
with different topological structure polymer under pressure,
a movable wall made of athermal monomers is placed in the
system to compress the brush. Between the wall and the re-
maining monomers of the brush exists only the repulsive short-
range LJ-interaction. The compression is slow enough so that
the brush stays in equilibrium during the whole process. Fig-
ure 11 displays the brush height for polymer brushes with dif-
ferent topological structures as a function of external compres-
sion force fz. It is found that the brush height, insensitive to

topological structure, decreases sharply and then levels off at
the large compression force regime. This is because in the
large force regime, the monomer structure inside the brush be-
comes close-packing and it becomes more difficult to com-
press the brush.
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Fig. 11. (color online) Brush height as a function of external vertical force
fz for different topological structure polymer brushes.

In our simulation it is possible to obtain the average
monomer concentration by integrating vertical monomer den-
sity profiles φ :

〈c〉=

∫
∞

0
φ

2(z)dz∫
∞

0
φ(z)dz

. (10)

We can also calculate free energy by computing the minimal
work Wmin = ∆F needed to accomplish the compression of the
brush to a given height.
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Fig. 12. (color online) Average monomer concentration versus topological
constraint value rn (upper panel), free energy versus topological constraint
value rn (central panel), and free energy scaled with 〈c〉5/4 versus topologi-
cal constraint value rn (lower panel).

From Fig. 2, it has been noted that topological constraint
impacts the distribution of monomers in a brush. Here it is also
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found that the average monomer concentration and the free en-
ergy all decreases with the topological constraint, as shown in
Fig. 12. From the scaling law we have already known the re-
lationships 〈c〉 ∼ ρ2/3 and F ∼ ρ5/6,[33] and thus the relation-
ship F ∼ 〈c〉5/4 can be obtained. Given this, the free energy,
after being scaled by 〈c〉5/4, is found to be a topological in-
variant, as shown in the lower panel of Fig. 12.

4. Summary
In summary, an MD simulation has been performed to

study ring polymers in good solvent, with different topological
constraints and short or moderate chain length. For the center-
of-mass height of a ring polymer brush scaled by chain length
h∼Nν , there is no significant difference of exponent from that
of a linear brush in the small topological constraint regime.
However, as the topological constraint becomes stronger, one
obtains a smaller exponent. There also exists a master scaling
power law of the total stretching energy scaled by chain length
N for moderate chain length regime, Fene∼Nρν , for ring poly-
mer brushes, but with a larger exponent ν than 5/6, indicating
an influence of topological constraint to the dynamic proper-
ties of the system, such as stretching energy. Upon compress-
ing ring polymer brushes, the free energy scaled by 〈c〉5/4 is
found to be a topological invariant.
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