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K P Burgers equation in negative ion-rich relativistic dusty plasma
including the effect of kinematic viscosity
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The stationary solution is obtained for the K–P–Burgers equation that describes the nonlinear propagations of dust ion
acoustic waves in a multi-component, collisionless, un-magnetized relativistic dusty plasma consisting of electrons, positive
and negative ions in the presence of charged massive dust grains. Here, the Kadomtsev–Petviashvili (K–P) equation, three-
dimensional (3D) Burgers equation, and K–P–Burgers equations are derived by using the reductive perturbation method
including the effects of viscosity of plasma fluid, thermal energy, ion density, and ion temperature on the structure of a dust
ion acoustic shock wave (DIASW). The K–P equation predictes the existences of stationary small amplitude solitary wave,
whereas the K–P–Burgers equation in the weakly relativistic regime describes the evolution of shock-like structures in such
a multi-ion dusty plasma.
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1. Introduction
Amongst all nonlinear phenomena in plasma physics, the

study of ion acoustic soliton has emerged as one of the most
important promising areas in the arena of fundamental and
laboratory applications throughout the last few decades. The
properties of ion-acoustic solitary waves have been studied by
using the reductive perturbation technique in different types
of multicomponent plasma conditions.[1–4] On the other hand,
with the growing demand in the study of dust plasma inter-
action, the linear and nonlinear propagation of electrostatic
excitations in dusty plasmas have received considerable at-
tention in the last few decades. The existence of the low
frequency dust-ion-acoustic (DIA) wave, whose phase speed
is much smaller than the electron thermal speed and larger
than the ion thermal speed, was first studied theoretically by
Shukla and Silin,[1] and later its existence was confirmed ex-
perimentally by Barkan et al.[5] Since then numerous inves-
tigations have been reported on different aspects of nonlin-
ear plasma wave propagation in experimental and theoreti-
cal plasma physics.[6–12] As dust is a common species in a
wide range of space and astrophysical plasmas, such as the
cometary tails, interstellar clouds, Earth mesosphere and iono-
sphere, Saturn’s rings, the gossamer ring of Jupiter, and in lab-
oratory experiments,[5,13–15] the study of dust-plasma interac-
tion has become a hub of interest for recent research in plasma
physics.[16,17]

The propagation of a solitary wave is important as it de-
scribes the characteristic nature of the interaction of the wave

with the plasma constituents. However, once the ion velocity
approaches to the velocity of light, the amplitude, width, and
energy of the wave will each experience a drastic modifica-
tion as the relativistic effect becomes dominant. Relativistic
plasmas occur in a variety of situations, such as in the earth
magnetosphere,[18] laser–plasma interaction,[19] and in differ-
ent environments of space-plasmas.[20] Very high speed and
energetic ion beams with streaming energy in a range from
0.1 MeV to 100 MeV are frequently observed in the solar at-
mosphere and interplanetary space. It is seen that the rela-
tivistic effect plays an important role in the propagations of
such energetic ion waves in interplanetary space.[21] For ex-
ample, Lu et al. observed an exact relativistic plasma wave
which is completely different from a soliton in an electron–
positron plasma which the Sagdeev potential approach was
applied to Ref. [22]. The one-dimensional (1D) propaga-
tion of ion acoustic solitary wave has been studied in differ-
ent plasma systems by using the Korteweg–de Vries (KdV)
equation.[23–28] These plasmas have been of wide interest for
the experimental as well as the theoretical research. How-
ever, in space and even in laboratory devices the observa-
tions are not always confined in 1D geometry. In the auro-
ral region, especially at higher polar altitudes a purely 1D
model cannot account for all observed features.[29] In many
observations it was reported that transverse perturbations al-
ways exist in higher-dimensional systems, and the wave struc-
ture and many properties of the solitary waves are modified
by these transverse perturbations.[30–32] In two-dimensional
(2D) systems, Kadomtsev and Petviashvili made the first at-
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tempt to model solitary waves.[33] They obtained a 2D dif-
ferential equation which is known as the famous Kadomtsev–
Petviashvili (K–P) equation. The K–P equation has been stud-
ied extensively[34–36] by the reductive perturbation method for
different plasma environments.

Numerous investigations on the nonlinear solitary waves
(solitons) in relativistic plasmas have been done for the last
several years.[25–28,37–39] In order to study the electromag-
netic waves, the nonlinear interactions of circularly polarized
waves[40] and the influence of high-power laser radiation[41]

have been investigated theoretically by using the relativis-
tic speed of plasma particle. In the field of laser–plasma
interaction[42] and space plasma phenomena,[19] relativistic
Langmuir and electromagnetic waves have also been studied.
Singh and Honzawa[36] obtained the K–P equation for an ion
acoustic soliton in a weakly relativistic plasma, with consid-
ering the finite temperature of ions. It is shown that both the
relativistic effect and the ion temperature greatly influence the
phase velocity, amplitude, and the width of the solitary wave.
It was observed that the behaviors of the 2D ion acoustic soli-
tons are considerably influenced by the relativistic effect in a
weakly relativistic plasma with cold ions.[37] In the weakly
relativistic 2D thermal plasma, the existences of ion-acoustic
solitary waves have been discussed by Han et al.[43] and they
concluded that the amplitude, width of the newly formed non-
linear waves are significantly controlled by the relativistic fac-
tor. The effects of density gradient and electron inertia in rela-
tivistic plasma containing electrons and ions have been inves-
tigated by Malik,[44] and he concluded that a soliton is pos-
sible only for the values of ion drift velocity under a certain
limit, and this limit of the ion drift velocity is determined by
the ion temperature. The K–P equation in ion acoustic wave in
weakly relativistic plasma with nonthermal electron, positron,
and warm ion has been studied by Pakzad and it was found
that the amplitude (width) of soliton decreases (increases) as
the velocity of the ion approaches to light speed.[45] Therein it
was also reported that the amplitude and width of solitons in
three components (ion, positronm, and electron) are less than
those of two components (electron and ion).

However, the study of the K–P–Burger equation in an un-
magnetized negative ion-rich relativistic plasma with consid-
ering the effect of kinematic viscosity in dusty plasma has not
been considered in detail to date. Here, in this paper we inves-
tigate the features of ion acoustic solitary waves in an unmag-
netized negative ion-rich dusty plasma in a weakly relativistic
regime by analyzing the solutions of the K–P equation and
K–P–Burgers equation, derived with the help of a reductive
perturbation method.

2. Basic equations and formulation of the prob-
lem
We consider the propagation of a dust ion acoustic wave

in a multi-component, collisionless, unmagnetized relativis-

tic dusty plasma consisting of electrons, positive and nega-
tive ions, and highly charged dust grains. In the present study,
the dynamics of charged dusts are not taken into account be-
cause dusts are too heavy to respond to the time scale of the
ion-acoustic wave. We also assume that the negative ions are
heavier than the positive ions. The immobile dust particles
carry some charges so as to maintain the overall charge neu-
trality condition given by

ne0 +nn0 = np0−ndzd0, (1)

where n j0 is the unperturbed number density of charged
species j ( j = p,n respectively, stand for positive ions, neg-
ative ions) and ne0 represents electron density, nd0 refers to
the density of static dusts, and zd0 (> 0) is the dust charge
state. The dynamics of dust–ion acoustic wave in such a
dusty plasma system can be expressed by the following ba-
sic equations: the continuity and momentum equation for both
positive and negative ions, which can be described in three-
dimensional (3D) space as follows:

∂n j

∂ t
+∇.(n jv j) = 0, (2)(

∂

∂ t
+ v j∇

)
(γ jv j) =∓

Z jq j

m j
∇ϕ−

∇p j

m jn j
+δ j∇

2v j. (3)

The physical quantities n jv j and m j respectively, denote the
number density, velocity, and mass of j-species particles with
Zp(n) = e(−e) and Tj is the particle thermodynamic tempera-
ture. The relativistic factor is given as γ j = (1− v2

j/c2)−1/2,
where c is the speed of light and v2

j = v2
x j + v2

y j + v2
z j. The rel-

ativistic factor for a weakly relativistic regime can be approx-
imated as γ j = 1+(v2

j/2c2). We have used the adiabatic state
in Eq. (3), namely Pj/Pj0 = (n j/n j0)

γ = Nγ

j , Pj0 = n j0kBTj.
The adiabatic index γ = 5/3 [(2+D)/D, D is the number of
degrees of freedom] is due to the 3D geometry of the system.
The electron density is given by

ne = ne0 exp

(
eϕ

kBTe

)
, (4)

where ϕ is the electrostatic potential and kB is the Boltzmann
constant and finally the Poisson equation is given by

∇
2
ϕ = 4πe

(
ne −Zpnp +Zdnd0 +Znnn

)
, (5)

where the physical quantities are normalized: φ = eϕ/kBTe ,

N j = n j/n j0, Vj = v j/ci, and ci =
√

kBTe/mn is the ion-
acoustic speed. The space and time variables are normalized
by the Debye length λD and the inverse of the negative-ion
plasma frequency ωpn, respectively. ρ j = δ j/ωpnλ 2

D is the

kinematic viscosity where ωpn =
(
4πnne2/mn

)1/2 and λD =(
kBT/4πnne2

)1/2 thus, ωpnλd = ci.
Therefore, from Eqs. (2), (3), (4), and (5) we obtain the

following normalized set of equations:

∂
(
Np
)

∂τ
+∇.

(
Np×VP

)
= 0, (6)
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∂ (Nn)

∂τ
+∇.(Nn×Vn) = 0, (7)

N1/3
p

∂
(
γpVP

)
∂τ

+N1/3
p
{

VP×∇
(
γpVP

)}
=−βN1/3

p ∇φ −
5σpβ ∇NP

3
+ρpN1/3

p ∇
2 (VP) , (8)

N1/3
n

∂ (γnVn)

∂τ
+N1/3

n {Vn×∇(γnVn)}

= N1/3
n ∇φ − 5σn ∇Nn

3
+ρnN1/3

n ∇
2 (Vn) , (9)

∇
2
φ =

(
µe exp(φ)+Nn−µpNp +µd

)
, (10)

where µe = ne0/nnn0 , µp = np0/nn0, µd = Zdnd0/nn0, σp =

Tp/Te , σn = Tn/Te , β = mn/mp, ρp = δp/ωpnλ 2
D, and ρn =

δn/ωpnλ 2
D.

3. Derivation of K–P–Burgers equation
In order to derive the K–P–Burgers equation from Eqs. (4)

and (6)−(10) by using the reductive perturbation method, we
take the stretched coordinates:

ξ = ε
1/2 (x−λ t) , η = εy, ς = εz, τ = ε

3/2t, ρ j = ε
1/2

ρ j0;

where ε is the smallness parameter measuring the weakness
of the dispersion and λ is the phase speed (normalized by Ci).
The physical variables in equations namely N j, Vj, and φ are
expanded into a power series in terms of the expansion param-
eter ε as

N j = 1+ εN(1)
j + ε2N(2)

j + ε3N(3)
j + · · · ,

Vjx =V0 + εV (1)
jx + ε2V (2)

jx + ε3V (3)
jx + · · · ,

Vjy,z = ε
3
2 V (1)

jy,z + ε
5
2 V (2)

jy,z + ε
7
2 V (3)

jy,z + · · · ,
φ = ε φ (1)+ ε2φ (2)+ ε3φ (3)+ · · · .

 (11)

Putting the stretched co-ordinates and expansion series into
Eqs. (4) and (6)–(10) and after equating the lowest order of ε ,
we obtain the following relations for the first order perturba-
tions:

N(1)
p = a1φ

(1), a1 = β

/ [(
λ

2−λV0
)

γ1−
5
3

βσp

]
, (12)

V (1)
p = λa1φ

(1), (13)

N(1)
n =−a2φ

(1), a2 = 1
/ [(

λ
2−λV0

)
γ1−5σn/3

]
, (14)

V (1)
nx =−λa2φ

(1), (15)

where γ1 = (1+(3/2)γ2) with γ =V0/c.
Together with the expression for the phase velocity in the

moving frame of reference as

λ =
1

2γ1

γ1V0±

√√√√√(γ1V0)
2−4γ1

u±
√

u2−4µe v

2µe


 ,

(16)
where

u =

{
5
3

µe
(
σpβ +σn

)
+
(
1+µpβ

)}
;

v =
5
3

β

{(
σp +σnµp

)
+

5
3

σpσnµe

}
,

proceeding to the next higher order of ε , we obtain the follow-
ing set of equations for the second-order perturbed quantities:

∂N(1)
p

∂τ
−λ

∂N(2)
p

∂ξ
+

∂V (2)
px

∂ξ
+

∂

(
N(1)

p V (1)
px

)
∂ξ

+
∂V (1)

py

∂η
+

∂V (1)
pz

∂ζ
= 0, (17)

∂N(1)
n

∂τ
−λ

∂N(2)
n

∂ξ
+

∂V (2)
nx

∂ξ
+

∂

(
N(1)

n V (1)
nx

)
∂ξ

+
∂V (1)

ny

∂η
+

∂V (1)
nz

∂ζ
= 0, (18)

γ1
∂V (1)

px

∂τ
+(V0−λ )γ2

∂V (1)2

px

∂ξ
+(V0−λ )γ1

∂V (2)
px

∂ξ

+γ1V (1)
px

∂V (1)
px

∂ξ
+

(V0−λ )

3
γ1N(1)

p
∂V (1)

px

∂ξ
+β

∂φ (2)

∂ξ

+
β

3
N(1)

p
∂φ (1)

∂ξ
+

5
3

βσp
∂N(2)

p

∂ξ
+ρp0

∂ 2V (1)
px

∂ξ 2 = 0, (19)

γ1
∂V (1)

nx

∂τ
− λ

3
γ1N(1)

n
∂V (1)

nx

∂ξ
−λγ1

∂V (2)
nx

∂ξ
+(V0−λ )γ2

∂V (1)2

nx

∂ξ

+V0γ1
∂V (2)

nx

∂ξ
+ γ1V (1)

nx
∂V (1)

nx

∂ξ
+

V0

3
γ1N(1)

n
∂V (1)

nx

∂ξ
− ∂φ (2)

∂ξ

− 1
3

N(1)
n

∂φ (1)

∂ξ
+

5
3

σn
∂N(2)

n

∂ξ
+ρn0

∂ 2V (1)
nx

∂ξ 2 = 0, (20)

with γ2 = 3γ/(2c), ρp0 = δp0/(ωpnλ 2
D), and ρn0 =

δn0/(ωpnλ 2
D).

∂

∂ξ

(
∂Vpy

∂η

)
+

∂

∂ξ

(
∂Vpz

∂ζ

)
=− β

(V0−λ )

(
1+

5
3

σpa1

){
∂ 2φ

∂ζ 2 +
∂ 2φ

∂η2

}
, (21)

∂

∂ξ

(
∂Vny

∂η

)
+

∂

∂ξ

(
∂Vnz

∂ζ

)
=

1
(V0−λ )

(
1+

5
3

σna2

){
∂ 2φ

∂η2 +
∂ 2φ

∂ζ 2

}
, (22)

∂ 2φ (1)

∂ξ 2 = µe φ
(2)+

1
2

µe

(
φ
(1)
)2

+N(2)
n −µpN(2)

p . (23)

Eliminating the second-order quantities from Eqs. (17)–(23)
with the help of first order Eqs. (12)–(16), we obtain the fol-
lowing evolution equation of the K–P–Burgers equation:

∂

∂ξ

(
∂φ (1)

∂τ
+Aφ

(1) ∂φ (1)

∂ξ
+B

∂ 3φ (1)

∂ξ 3 −C
∂ 2φ (1)

∂ξ 2

)

+D
{

∂ 2φ

∂ζ 2 +
∂ 2φ

∂η2

}
= 0, (24)

where A = q/p, B = r/p, C = s/p, D = t/p,
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p =
(λa2γ1− (V0−λ )γ1a2)

(
3λ (λ −V0)γ1−5βσp

)
+µp (λγ1a1− (V0−λ )γ1a1)(3λ (λ −V0)γ1−5σn)

(3λ (λ −V0)γ1−5σn)
(
3λ (λ −V0)γ1−5βσp

) , (25)

q =
µp
{

6(V0−λ )γ2λ 2a2
1 +3γ1λ 2a2

1−5(V0−λ )γ1λa2
1 +βa1

}(
3λ (λ −V0)γ1−5βσp

)
−
(
6(V0−λ )γ2λ 2a2

2 +3γ1λ 2a2
2 +a2−5λ (V0−λ )γ1a2

2
)

(3λ (λ −V0)γ1−5σn)
−µe , (26)

s =
3λa2ρn0

(
3λ (λ −V0)γ1−5βσp

)
+3µpλa1ρp0 (3λ (λ −V0)γ1−5σn)

(3λ (λ −V0)γ1−5σn)
(
3λ (λ −V0)γ1−5βσp

) , (27)

t =
γ1 (3+5σna2)

(
3λ (λ −V0)γ1−5βσp

)
+µpγ1β

(
3+5σpa1

)
(3λ (λ −V0)γ1−5σn)

(3λ (λ −V0)γ1−5σn)
(
3λ (λ −V0)γ1−5βσp

) , (28)

and r = 1.
Neglecting the dissipation term form Eq. (25), we obtain

the K–P equation as

∂

∂ξ

(
∂φ (1)

∂τ
+Aφ

(1) ∂φ (1)

∂ξ
+B

∂ 3φ (1)

∂ξ 3

)

+D
{

∂ 2φ

∂ζ 2 +
∂ 2φ

∂η2

}
= 0. (29)

The stationary solution of the K–P equation by using the well-
known tanh-method is obtained as

φ
(1) = φm1 sech2

(
χ

ω1

)
, (30)

where quantities φm1 = 3
{

U l +D
(
m2 +n2

)}
/Al2 , ω1 =

2
[
Bl3/

{
U l +D

(
m2 +n2

)}]1/2, and χ=(lξ +mη +nζ −Uτ)

are the amplitude, width, and independent variable of the soli-
tary waves, and l, m, n representing the direction cosines of
the angle included between the propagation direction and x
axis, y axis, and z axis respectively.

Similarly, if we neglect the dispersion term from Eq. (24),
we obtain the 3D Burgers equation as

∂

∂ξ

(
∂φ (1)

∂τ
+Aφ

(1) ∂φ (1)

∂ξ
−C

∂ 2φ (1)

∂ξ 2

)

+D
{

∂ 2φ

∂ζ 2 +
∂ 2φ

∂η2

}
= 0, (31)

and the stationary solution of the 3D Burgers equation by us-
ing a similar method as

φ
(2) = φm2

{
1− tanh

(
χ

ω2

)}
, (32)

where φm2 =
{

D
(
m2 +n2

)
+U l

}
/Al2 and ω2 =

2Cl3/
{

D
(
m2 +n2

)
+U l

}
are the height and thickness of

the shock wave respectively with l, m, n, representing the di-
rection cosines of the angles included between the propagation
direction and the x axis, K–P y axis, and z axis, respectively.

To find the solution of the K–P–Burgers equation (24),
we use the transformation relation χ = (lξ +mη +nζ −Uτ),

where l, m, n are the direction cosines along the x, y, z axes re-
spectively. Finally the stationary solution of this equation by
using the same method as that stated earlier with independent
variable χ can be obtained as

φ
(1) =

D
(
1− l2

)
+U l

Al2 − 12Cl
5A

tanh(χ)

+
12Bl2

A

[
1− tanh2 (χ)

]
, (33)

where C = 10Bl and
(
Dl2 +Ul−D

)
= 24Bl4. Equation (33)

is a solution of the K–P–Burgers equation (24), which pro-
vides the evolution of small-amplitude DIA shock wave in a
dusty plasma system.

4. Result and discussion

The main aim of the theoretical model presented here,
is to examine the properties of the dust ion acoustic solitary
waves in an un-magnetized negative ion-rich dusty plasma in
the weakly relativistic regime. We have numerically analyzed
the relativistic effect on the propagation of a dust ion acous-
tic solitary wave in a multicomponent dusty plasma with both
positive and negative ions in a viscous dusty plasma system.
Here, the dust particles in plasma are considered to be uni-
form in size and negatively charged with equal charged state,
while the other components of background plasma are singly
charged positive and negative ions. In the subsequent sections,
the dependences of different dusty plasma parameters on the
course of evolution solitary waves in the relativistic regime
are studied with considering both the K–P and the 3D Burger
equation.

4.1. K–P equation

The stationary solution obtained from the K–P equation
given in expression (30), clearly resembles a typical evolu-
tion equation of a solitary wave. Figures 1 and 2 represent
the dependences of the wave amplitude on the temperatures of

105202-4



Chin. Phys. B Vol. 25, No. 10 (2016) 105202

plasma constituents and the relativistic parameter γ (= v/c).
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Fig. 1. (color online) (a) Effect of relativistic parameter along with the
influence of positive ion temperature on the solitary wave amplitude,
(b) variation of wave amplitude with the relativistic effect for different
ratios of negative ion temperature (Tn) to positive ions temperature (Tp).
Here, mp = 40× 10−27 kg (argon positive ion), mn = 16× 10−27 kg
(oxygen negative ion), md =10−18 kg, dust temperature, Td = 0.06 eV,
ne0 = 3.8× 1014, np0 = 5.5× 1014, nn0 = 0.3× 1014, nd0 = 2× 1010,
v0 = 1, zd0 = 1.5× 104e, and rd = 2.0× 10−6 m. The dash line is for
Tn = 0.5Tp, the solid line is for Tn = Tp, and the dash–dotted line is for
Tn = 2Tp.

The effect of the positive ion temperature on the wave
amplitude is shown in Fig. 1(a), which implies that with in-
creasing the positive ion temperature, the wave amplitude
φm1 is reduced, showing that the depth of the localized po-
tential structure also decreases. But, for all the cases wave
amplitudes increase whith increasing the relativistic param-
eter γ and it is also seen that the relative depth reduction is
less effective as the relativistic parameter of the plasma is en-
hanced. It is also observed that the wave amplitude depends
on the temperature ratio of both the ions, and as shown in
Fig. 1(b), the wave amplitudes decrease with increasing the
ratio (σ ) of the negative ion temperature (Tn) to positive ions
temperature (Tp). Here the other plasma parameters are con-
sidered to be mp = 40× 10−27 kg (argon positive ion), mn =

16×10−27 kg (oxygen negative ion), md = 10−18 kg, dust tem-
perature, Td = 0.06 eV, ne0 = 3.8× 1014, np0 = 5.5× 1014,
nn0 = 0.3×1014, nd0 = 2×1010, v0 = 1, zd0 = 1.5×104e, and
rd = 2.0× 10−6 m. The dash line is for Tn = 0.5Tp, the solid
line is for Tn = Tp, and the dash–dotted line is for Tn = 2Tp.

The influence of the mass ratio β (= mn/mp) of the ions
on the amplitude of the solitary wave under the relativistic con-
dition is shown in Fig. 2, the dash line is for β = 5, the solid
line is for β = 3, and the dash–dotted line is for β = 1; which
implies that the wave amplitude increases with mass ratio. The
spatial evolution of solitary wave governed by Eq. (30) is plot-
ted in Fig. 3 against the relativistic parameter, and it is seen
that with increasing the relativistic parameter γ from 0.01 to
0.2, the amplitude of the solitary wave increases appreciably.
So it can be concluded that the relativistic streaming factor
energizes the localized potential profile of the solitary wave
significantly.

70

75

80

85

90

95

β=1

β=3

β=5

0 0.05 0.10

γ

0.15 0.20

φ
m


Fig. 2. (color online) Influences of the mass ratio β (= mn/mp) of the
ions on the amplitude of the solitary waves under the relativistic con-
dition, the dash line is for β = 5, the solid line is for β = 3, and the
dash–dotted line is for β = 1.
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Fig. 3. (color online) Spatial variations of the solitary wave amplitude
for different relativistic plasma conditions, the dash line is for γ = 0.2,
the solid line is for γ = 0.1, and the dash–dotted line is for γ = 0.01.

4.2. 3D Burgers equation

We have also solved the 3D Burger equation in an unmag-
netized negative ion-rich relativistic plasma in the presence of
kinematic viscosity of dusty plasma in a weakly relativistic
regime by using the reductive perturbation method. The sta-
tionary solution of the 3D Burger equation is given in Eq. (32).
Analyzing the evolution equation of a viscous dusty plasma
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system governed by Eq. (32), we see a shock-like potential
profile as shown in Figs. 4(a) and 4(b).
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Fig. 4. (color online) (a) Spatial variations of the shock wave, obtained
from the solution of the 3D Burgers equation for different relativistic
parameters, the dash line is for γ = 0.2, the solid line is for γ = 0.1,
and the dash–dotted line is for γ = 0.01; (b) spatial variations of the
shock variation, obtained from the solution of 3D Burgers equation for
different kinematic viscosity effects at γ = 0.01, the dotted line is for
ρp = ρn = 0.5, the solid line is for ρp = 1, ρn = 0.01, and the dash line
is for ρp = 0.01, ρn = 1.

Figure 4(a) shows the spatial variations of the shock po-
tential profile obtained from the solution of the 3D Burger
equation for different relativistic parameters, where the dash
line is for γ = 0.2, the solid line is for γ = 0.1 and the dash–
dotted line is for γ = 0.01, and it is seen that the relativis-
tic effect predominantly enhances the amplitude of the shock
wave. On the other hand, the effect of kinematic viscosity
of both the ions also plays a key role in the structure of the
shock wave as shown in Fig. 4(b). Here the dotted line is for
ρp = ρn = 0.5, the solid line is for ρp = 1, ρn = 0.01, and
the dash line is for ρp = 0.01, ρn = 1 and we have considered
l = 0.4, m2 +n2 = 1− l2, and γ = 0.01 with other parameters
to be the same as those stated above in the case of Fig. 1. Now
as seen from Fig. 4(b), the kinematic viscosity plays an im-
perative role in controlling the shock potential profile. In the
presence of kinematic viscosity a diminishing shock potential
is seen compared with the case in the absence of kinematic
viscosity shown in Fig. 4(a). Thus it can be inferred that the
effect of dissipation becomes dominant in determining the na-
ture as well as the magnitude of the shock potential profile in

relativistic viscous dusty plasma.

4.3. K–P–Burgers equation

For the present plasma model under discussion, we have
also examined the behavior of the K–P–Burgers equation. The
stationary solution is the same as that stated in Eq. (33). It
is seen that the stationary solution in Eq. (33) contains three
terms. Here the coefficients of tanh and tanh2 terms determine
the structure of the wave. So analyzing Eq. (33) numerically
with other parameters as stated above, we have found a shock-
like pattern of the potential profile (Fig. 5(a)). Thus as shown
in Fig. 5(a), the spatial evolution of the shock wave profile
for the K–P–Burgers equation with relativistic effect shows an
increase in amplitude as γ is increased from 0.01 to 0.2.
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Fig. 5. (color online) (a) Spatial shock wave profiles for the K–P–
Burgers equation with different relativistic effects, the dash line is for
γ = 0.2, the solid line is for γ = 0.1, and the dash–dotted line is for
γ = 0.01; (b) spatial variations of the shock wave with ion temperature
ratio, the dotted line is for σ = 0.1, the solid line is for σ = 0.2, and the
dash line is for σ = 0.5 at γ = 0.1.

On the other hand the spatial variations of the shock wave
potential with ion temperature ratio (σ ) are plotted in Fig. 5(b)
for different values of σ ranging from 0.1 to 0.5 with keeping
γ = 0.1. It is evident from Fig. 5(b) that σ has a substantial
role in the amplitude of the shock wave. It is also clear that
the thermal velocity of each of the ion species has a crucial
effect on the height of the shock potential profile. It can be
concluded that with increasing (decreasing) the thermal veloc-
ity of negative (positive) ion, a reduction in the shock wave
potential is seen.
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5. Conclusions
In this work, we attempt to solve the problem of nonlin-

ear dust ion acoustic waves in a multi-ion dusty plasma with
considering the relativistic effect. Here the K–P and K–P–
Burgers equations are derived by using the reductive perturba-
tion method including the effects of viscosity of plasma fluid,
thermal energy, ion density, and ion temperature on the struc-
ture of dust ion acoustic shock wave (DIASW). The existence
of stationary soliton-like small amplitude solitary wave is pre-
dicted by the K–P equation whereas the K–P–Burgers equa-
tion predicts the evolution of the shock-like structure. From
the stationary solution of the KP equation, the dependences of
the solitary wave amplitude on the temperature of the plasma
constituent and the relativistic parameter γ (= v/c) are stud-
ied. Also in the presence of kinematic viscosity of dusty
plasma and negative ions in a weakly relativistic regime, the
3D Burgers equation is derived. Analyzing the stationary so-
lution of the 3D Burgers equation numerically, a shock-like
structure is seen. It is also seen that the relativistic effect en-
hances the amplitude of the shock wave and the kinematic vis-
cosities of both the ions also play a key role in the structure
of the shock wave. Finally, in the same plasma system we
also examine the behavior of the K–P–Burgers equation. It is
seen that the stationary solution of the K–P–Burgers equation
contains three terms but the coefficients of the tanh and tanh2

term determine the structure of the wave and here also a shock-
like structure is observed. Also it is seen that the relativistic
factor and ion temperature ratio control the structure and the
amplitude of the shock wave. We hope this work will encour-
age researchers to carry out further work on the 3D relativistic
multi-component dusty plasma related problems.
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