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An acoustic Maxwell’s fish-eye lens based on gradient-index
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We have proposed a two-dimensional acoustic Maxwell’s fish-eye lens by using the gradient-index metamaterials with
space-coiling units. By adjusting the structural parameters of the units, the refractive index can be gradually varied, which
is key role to design the acoustic fish-eye lens. As predicted by ray trajectories on a virtual sphere, the proposed lens has the
capability to focus the acoustic wave irradiated from a point source at the surface of the lens on the diametrically opposite
side of the lens. The broadband and low loss performance is further demonstrated for the lens. The proposed acoustic
fish-eye lens is expected to have the potential applications in directional acoustic coupler or coherent ultrasonic imaging.
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1. Introduction
Acoustic gradient index (GRIN) media in which the re-

fractive index can be varied from point to point have received
intensive interest for its significant applications in ultrasonic
medical instruments, secret communication, acoustic detec-
tion, etc.[1–4] Rather than the conventional material, acoustic
GRIN media show a spatial variation of the refraction index
and then could flexibly manipulate acoustic wave in a vari-
ety of circumstances. Although acoustic GRIN media have
significant potential advantages, they are far less prevalent in
practical applications due to the fact that there are still chal-
lenges in the practice fabrication. Recent advances in acous-
tic metamaterials have promised a way to realize unusual ma-
terial parameters unavailable in nature, giving the possibil-
ity in designing novel devices such as acoustic cloak,[5–7]

superlens,[8–10] hyperlens,[11,12] and GRIN lens.[13–21] For ex-
ample, it has been demonstrated that a metamaterial-based
acoustic GRIN lens could modify sound radiation patterns
with a deep-subwavelength thickness range.[14] Based on ta-
pered labyrinthine metamaterials, Xie et al. also experimen-
tally demonstrated an acoustic metasurface capable of general
wavefront modulation.[15]

Among different GRIN devices with fascinating features,
an optical Maxwell’s fish-eye (MFE) lens is of special in-
terest, in which a gradient of decreasing refractive index is
radially out from the lens center and a point source located
at the edge of the lens can be focused on the diametrically

opposite side.[22,23] Recently, Liu et al. have implemented
an optical MFE lens with an ideal index gradient based on
a two-dimensional (2D) inhomogeneous artificial dielectric
medium.[24] A thickness-variations-based MFE lens for flexu-
ral wave in a thin plate has been further proposed and demon-
strated by simulations.[25] Subsequently, Lefebvre et al. exper-
imentally demonstrated the MFE lens for flexural wave based
on a thin duraluminium plate with varying thickness.[26] It
would be of interest to generalize the concept of the MFE lens
to acoustic wave, which may offer opportunities in application
in directional acoustic coupler or coherent ultrasonic imaging.

In this paper, we have proposed a 2D acoustic Maxwell’s
fish-eye (AMFE) lens by using the space-coiling acoustic
metamaterials (SAM) with a radius-dependent gradient refrac-
tive index. The numerical results show that the proposed lens
can successfully function as an AMFE lens and has the capa-
bility to image the acoustic wave irradiated from a point source
located at its surface to the diametrically opposite side of the
lens. The broadband and low loss performance of the lens is
further demonstrated.

2. Results and discussion
The conventional 2D AMFE lens can be shown by a

cylindrical lens of a radius R, in which the refraction in-
dex varies according to the corresponding spatial position,
n = 2/[1+(r/R)2], (0 ≤ r ≤ R), where r is the distance from
the observing point to the lens center. Figure 1 shows the il-
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lustration on how the AMFE lens works with no aberrations in
geometric acoustics, where the black point is the source while
the yellow one is the image. The arrows represent the direc-
tion of the wave propagation. It is observed that the ray paths
are circles inside the lens and all rays from the point source
located at the edge of the lens converge at the image point di-
ametrically opposed to the source. The AMFE lens possesses
a quite remarkable focusing property and can focus an object
located at different points on the outer surface.

source image

r

R

Fig. 1. (color online) Illustration on how AMFE lens works in geometric
acoustics, where the black point is the source while the yellow one is the
image. The arrows represent the direction of the wave propagation. R is the
radius of the AMFE lens, and r is the distance from the observing point to
the lens center.

We continue to realize the 2D AMFE lens by using the
SAM, which has been proposed[27] and used in the design
of metamaterial devices such as the GRIN lens.[18,28] Here,
the SAM is adapted as the fundamental unit to compose the
AMFE lens, as illustrated in Fig. 2.
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Fig. 2 Schematic diagram of the space-coiling acoustic metamaterials
(SAM) unit.

At low frequency, the SAM unit can be treated as an ef-
fective medium, which can be characterized by the relative ef-
fective refractive index nr and the relative effective acoustic
impedance Zr. nr and Zr can be obtained by a standard re-
trieval procedure.[29] Note that the scalar sound waves propa-
gate along the zigzag channels instead of a straight line from
the inlet to the outlet. Correspondingly, the propagating phase
should be heavily delayed and the extent of phase delay is
dependent on the SAM structure. The space is effectively

coiled up and the acoustic propagation becomes effectively
slow when the wave passes through the SAM. Therefore, by
adjusting the structural parameters of the SAM unit, nr can be
easily modulated and then the gradually-varied refractive in-
dex that the AMFE lens needed can be flexibly obtained. It
is noted that nr should be enhanced by adding more folds into
the unit. Thus the SAM may have great potential application
in tunable materials.
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Fig. 3. (color online) (a) The real part (black solid curve) and imaginary part
(red dashed curve) of the relative effective refractive index nr as a function
of frequency for the SAM unit with w = 0.1 cm and a = 3.2 cm. (b) The nr
as a function of a for the SAM unit at 2 kHz.

Figure 2 shows the SAM unit with a square cross-section
structure (width a), which is constructed by immersing the
identical thin epoxy resin frames (thickness w) in the back-
ground medium and forms the propagation channels of sound
waves. The background medium is air. The mass density
ρair and sound speed cair of air are 1.21 kg/m3 and 343 m/s,
respectively, while the mass density, Young’s modulus, and
Poisson’s ratio of epoxy resin are 1050 kg/m3, 5.08 GPa, and
0.35, respectively. Here, the resin frames possess a thick-
ness w of 0.1 cm to ensure the required mechanical strength
against deformation in practice. For the tradeoff between nr

and the width a of the SAM unit, we choose t = (2×a+w)/3,
s = (a− 4×w)/3, and d = (7× a− 19×w)/30, where t, s,
and d are the other structural parameters of the SAM unit, as
shown in Fig. 2. Then nr can be easily tailored by appropri-
ately selecting a. If a = 3.2 cm, the nr is nearly constant at
low frequency range (< 2200 Hz), as shown in Fig. 3(a). The
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black solid and red dashed curves stand for the real and imagi-
nary parts of the nr. In addition, the imaginary part of the nr is
approximately zero, indicating the very low loss for the SAM
at low frequency range. Thus, the SAM has a broad band and
low loss property to design acoustic devices.

Figure 3(b) shows the variation of the nr as a function of
a at 2 kHz. It is observed that the nr value is monotonically
increased as a increases and the maximum and minimum val-
ues of the nr are nrmax ≈ 2.1 for a = 3.5 cm and nrmin ≈ 1.1
for a = 1 cm in our investigation. Here, the nr value range of
SAM units is sufficient to meet the requirement to design the
AMFE lens (1 6 nr 6 2).

The desired AMFE lens has a cylindrical symmetry,
where the refractive index is required to be equal at each cir-

cle with the same radius. However, due to the square profile
of the SAM unit, we have to make discretization in the whole
circular region and arrange the units properly according to the
requirement of the refractive index. As a particular example,
we choose R = 40 cm. In theory, the more finely the profile is
discretized, the better the performance of the lens. Here, the
designed lens is finally discretized in 10 rings of the SAM and
hence the spacing between two neighbouring rings in the ra-
dial direction is 4 cm. Figure 4(a) shows the variation of the
nr inside the lens as a function of r. The ideal and designed
values are indicated by the blue line and the red squares. It
is found that the discretization by the SAM units is a good
approximation to the ideal value.
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Fig. 4. (color online) (a) The variation of the nr inside the lens as a function of r. (b) The required a-value for the AMFE lens in the radial direction. (c) The
relative effective acoustic impedance Zr for the AMFE lens with r.

Figure 4(b) shows the required a-value for the designed
lens in the radial direction. The maximum value of a is 3.2 cm.
We further obtain the values of the Zr for the designed lens
with r, as shown in Fig. 4(c). It is noted that the outermost an-
nulus is empty (a = 0 cm) to ensure nr = 1 and the impedance
match with air (Zr = 1). Meanwhile, it is found from Fig. 4(c)
that the maximum value of the Zr is not so large (≈ 2.4), which
means that the structure proposed here can be coupled to the
surrounding medium well. Thus, it is negligible for the re-
flection associated with impedance mismatch. According to
Fig. 4(b), the proposed AMFE lens is fabricated by gradually
decreasing the a-value, as shown in Fig. 5. The proposed lens
is composed of a circular array of the SAM units and the total
number of the units is 289.

We have further performed the full-wave simulations to
describe the acoustic property of the AMFE lens by using a
finite-element method. Figure 6 shows the distributions of the
acoustic pressure fields around the AMFE lens when a point
source irradiated in the surface of the AMFE lens at (a) 1 kHz,
(b) 1.5 kHz, and (c) 2 kHz, where the solid circle indicates the
boundary of the lens. As predicted, the transmitted wave is
focused on the diametrically opposite side of the lens. The fo-
cusing point quite obviously locates at x= 40 cm and y= 0 cm,
while the point source and the center of the lens is fixed at
x =−40 cm, y = 0 cm, and x = 0 cm, y = 0 cm, respectively.
In addition, the variation of frequency from 1 kHz to 2 kHz

cannot affect the focusing behavior, because there is no reso-
nant cell required in the design of the lens and the refractive
index of the SAM is insensitive to the frequency of the incident
acoustic waves. Thus, the designed device shows broadband
and low loss. We further note that the wavefront shows flat
when the wave propagates in a halfway of the lens, suggest-
ing that a half lens would convert a point source located at the
border of the lens into a plane wave and vice versa. Such a
lens may be useful in directional acoustic coupler or coherent
ultrasonic imaging.

Fig. 5. Schematic view of the proposed AMFE lens. The proposed AMFE
lens is fabricated by gradually decreasing the a-value, and the total number
of the SAM units is 289.
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Fig. 6. (color online) Distribution of the simulated acoustic pressure fields for the AMFE lens: (a) f = 1 kHz, (b) f = 1.5 kHz, and (c) f = 2 kHz, in which
the solid circle indicates the boundary of the lens.

We have further calculated the transverse profiles of the
pressure amplitude passing through the focal spot at x = 40 cm
for the designed AMFE lens with different frequencies, as
shown in Fig. 7. The dashed-dotted, dashed and solid curves
represent for that at the frequencies of 1, 1.5, and 2 kHz, re-
spectively. For comparison, the profile at each frequency is
normalized to the peak value. At 2 kHz, the AMFE lens shows
a good focal spot with a full-width at half maximum (FWHM)
of 14 cm, while the FWHM at 1 kHz and 1.5 kHz are 32 cm
and 20 cm, respectively. Thus, the focusing capability may be
better at higher frequency.
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Fig. 7. (color online) Normalized pressure amplitudes passing through the
focal spot for the AMFE lens with different frequencies at 1 kHz, 1.5 kHz,
and 2 kHz.

3. Conclusion
We have proposed a two-dimensional acoustic Maxwell’s

fish-eye lens based on the space-coiling acoustic metamateri-
als. The gradually-varied refractive index is obtained by ad-
justing the structural parameters of the space-coiling acoustic
units to design the lens. We further simplify the fabrication
process of acoustic Maxwell’s fish-eye lens. The proposed
lens has the capability to focus the acoustic wave irradiated
from a point source at the surface of the lens on the diamet-
rically opposite side of the lens. The broadband and low loss
performance of the lens is further confirmed. The proposed

acoustic fish-eye lens is expected to have the potential appli-
cations in directional acoustic coupler or coherent ultrasonic
imaging.
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