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Based on the Wigner-function method, we investigate the parity detection and phase sensitivity in a Mach—Zehnder
interferometer (MZI) with two-mode squeezed thermal state (TMSTS). Using the classical transformation relation of the
MZI, we derive the input—output Wigner functions and then obtain the explicit expressions of parity and phase sensitivity.
The results from the numerical calculation show that supersensitivity can be reached only if the input TMSTS have a large

number photons.
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1. Introduction

Optical metrology relies on light interferometry as its pri-
mary tool for phase estimation.!!?] A general protocol to es-
timate an unknown parameter ¢ corresponding to a quantum
process in quantum metrology is comprised of three steps. >4
Firstly, a quantum state p, which plays an important role in the
measurement scheme, is prepared that will serve as the probe.
Secondly, this probe state interacts with a system of interest
such that p evolves to a state py which depends on the param-
eter ¢ to be estimated. In the third and last step, an observable
O of the probe state is measured in order to gain information
about the value of ¢. Therefore, the phase sensitivity ¢ of an
interferometer, followed by a detection scheme described by
an operator O, can be characterized using the error propaga-
tion formulal®!

(0%) - (0
(%(0))°

which is the ratio of the signal noise to how the signal changes

§¢? = (1)

with respect to ¢. In general, one benchmark for the phase sen-
sitivity is the shot-noise limit (SNL), namely §¢sn., = 1/ VN,
where N is the average number of photons. Another bench-
mark for the phase sensitivity is the Heisenberg limit (HL),
namely S¢y = 1/N.[®! In reference of these two benchmarks,
one main aim of the phase sensitivity is to study the relation-
ship between 8¢ and N.

The usual tool to estimate phase is the physical process of
quantum interference by using a Mach—Zenhder interferome-
ter (MZI).!” Enormous efforts have been devoted to improve
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the sensitivity of the interferometers by using a different input
light field. In 1981, Caves pointed out that by using coherent
light together with a squeezed vacuum one could beat SNL
8¢ < S¢sni (supersensitivity).[8! Similar works had been also
studied by Pezzé et al.!”! and Seshadreesan et al.,!'") which
showed that the phase sensitivity can reach the Heisenberg
limit. In the work of Boto et al.,!'] it is possible to beat SNL
by exploiting special states of light, such as the NOON state. !
Hu et al. investigated quantum interference with Fock and con-
ventional cat states,!'3] where the phase sensitivity approaches
to the HL with the increasing values of Fock number and the
total average photon number, and Lee et al. demonstrated the
more enhanced performance in phase estimation by using a
four-headed cat state rather than the conventional cat state.['4]
In addition, some works show that entanglement is important
in order to achieve supersensitivity.!!

Recently, both Anisimov et al.l'® and Zhang et al.l'”)
studied the sensitivity of phase measurement in an MZI with
a two-mode squeezed vacuum state (TMSVS). The former
scheme showed that sub-Heisenberg sensitivity was obtained
with parity detection, the latter one presented that phase sen-
sitivity was obtained with the §Zz measurement, which may be
useful to estimate a small phase shift at high precision. As an
extension of that work, we shall study the similar work with
a two-mode squeezed thermal state (TMSTS) as the input re-
source. Therefore, the TMSVS is only a special case of our
present work. It is emphasized that we shall tackle such input—
output issues by using the Wigner-function (WF) method, '8!
which can be viewed as a quantum analogy to the operational
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formulation of classical mechanics.!'®?"1 Very recently, our
group carried out some similar works on the phase estimation
with the phase space method.?!:>]

In this paper, we shall focus on demonstrating the util-
ity of the WF method in studying the parity detection and the
phase sensitivity of MZI with TMSTS as the input resource.
The paper is organized as follows. In Section 2 we make a
brief review of the two-mode squeezed thermal state (TMSTS)
and derive its WF after obtaining its normal ordering form. In
Section 3, we simply obtain the output WF after employing
the input—output transformation. In Section 4, the analytical
expression of the parity is obtained. Then the analytical ex-
pression of the phase sensitivity is obtained in Section 5. Fi-
nally, our results are summarized in Section 6.

2. Two-mode squeezed thermal state

In this section, we give a brief description of the two-
mode squeezed thermal states and derive its normal ordering
form and Wigner function.

2.1. Description of TMSTS
The density operator of the TMSTS!?324 is given by

p:S(r)pmpmST (}’), ()

where S(r) = exp [r(a'b" —ab)] is the two-mode squeezed
operator with real squeezing parameter r, whose transforma-
tion relations are
S(r)a'S" (r) = a' coshr — bsinhr,
S(r)b'S" (r) = b' coshr —asinhr. 3)

Here p,,, (j = 1,2) is a density operator of single-mode ther-

mal state,
p.. = ——|n){n|, “)
w= L

where 7i; is the average photon number of the thermal state
Py;- When iy =i =0, p,,p,, — [0,0)(0,0[, TMSTS re-
duces to TMSVS. If the average photon number of p, ; is iden-
tical 7; = iy =71, then TMSTS is symmetrical. While 7] # 715,
then TMSTS is asymmetrical.

In addition, the P-representation of density operator p, ;
can be expanded as

1 ;d%a; 1
plhj:;j/ ﬂ]exp<_ﬁ‘aj‘2)’aj><aj

which is useful for later calculation and ’a j> (j = 1,2) are the

N &)

coherent states. Therefore, p, | p,., can be re-written as

d?apd?e
pthlpch = /%P((Xl,&z) |(X1,0C2> <a17a2| (6)

with the P-representation of two-mode thermal state (TMTS)
P(ou,00) = exp(—|au[* /iy — || /i) / (Ariia)
and |1, 00) = |0y) ®|0n). Then we have

. / d2061 d2a2

5 P(an,0)S ()], 00) (e, 0[S (). ()

Using Eqgs. (3) and (7), we can easily obtain the average num-
ber of photons for each mode as follows:

(a'a) = iy cosh? r+ (i + 1) sinh? ,

(b'h) = iy cosh? r + (i) + 1) sinh?, (8)
which leads to the total average photon number for TMSTS
N = (it} +7ip) cosh2r + 2sinh? r. 9)

In particular when 71y = i1y = 0, it reduces to the TMSVS with
average photon number 2 sinh? r.

2.2. Normal ordering form of TMSTS

In order to simplify our calculation, here we shall derive
the normally ordering form of TMSTS. Noting that the inte-

[25]
n
o > (n|

2
In) =exp <_T]2 —&—1701T — 11*19T +aTbT> |0,0),

gration of squeezing operator

=42

me’ (19)

with

thus S (r) |a1, 0n) can be put into the following form

1
S(r)|aq, ) = cosh™' rexp {—2 (|a1|2+ \Oczlz) - alaztanhr} exp [(a1a’ + ab’) cosh ' r+a'b tanhr] 10,0), (1)

where we have used the following integral formula

2
/BCC\AZ%HW* — _éefén/i (12)

T

with Re({) < 0. Thus inserting Eq. (11) and its conjugation
into Eq. (7) and using the vacuum projector |0,0) (0,0| =:
exp(—a’a—b'b) : , where : : denotes the normal ordering,

as well as the integration with an ordered product of operators

\
(IWOP) technique, *%>” we obtain

p=A: exp (BlaTa—i—szTb—|—BgaTbT —I—Bgab) - (13)

where we have set
1
(7i + 71z + 1) cosh? r 47y i
(iy — 1 + 1) +(1+a -‘rﬁz)COSth
2 (i + iz + 1) cosh® r 4 27 71,

By =-—
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B — (i1 — Az + 1)+ (1 47y +7iz) cosh2r
: 2(ﬁ1+ﬁ2+1)cosh2r+2ﬁ1ﬁ2
Bs — (fl] +ﬁ2+1)sinh2r (14)

2 (g +7iy + 1) cosh? r+ 27y iy
The normal ordering form of TMSTS in Eq. (13) can be used
to realize our calculations below.

4e2lal 2B d2z,d%z,
W((X,ﬁ) = 2 / 2

where |z1,22) = |z1),|z2), is the two-mode coherent state
and o = (q1 +ip1) /V2, B = (g2 +ip2) /2. Substituting
Eq. (13) into Eq. (15), we obtain the WF of TMSTS as fol-
lows:

W(a:B) = ‘:T];Ieh\06\2+Jz|ﬁ\2+!3(06ﬁ+06*ﬁ*), (16)
where we have set
A
T 2+B)(2+By)-B
2B (2+B,) —2B3
(2+B1)(2+By) — B3’
2By (2+Bi)—2B3
(2+B1)(2+By) — B3’
5= (z+Bl)éBsz) ~-B% 4

The Gaussian—Wigner function in Eq. (16) shows that TMSTS
is a two-mode Gaussian state.

3. Output Wigner function of MZI with the in-
put TMSTS

In this section, based on the phase space method, we de-
rive the output WF of MZI with the TMSTS as an input re-
source.

Fig. 1. A lossless Mach—Zehner interferometer with TMSTS as inputs. The
modes are labeled by the annihilation operators a;, b; for the input port and
ay, by for the final output ports, respectively. BS; and BS; are 50:50 beam
splitters. At the output of the MZI, a parity measurement on mode as is
implemented.

An MZI is composed of optical elements such as beam
splitters, mirrors, and phase shifts. As shown in Fig. 1, two

4H
Wout (03 Br) = = exp {(Jl sin ngchos )af 4+ =T

xexp{(.l]cos q2>—|—1251n >|ﬁ| —

(—z1,—22|plz1,22) €

2.3. Wigner function of TMSTS

Knowing the normal ordering form of the density oper-
ator, we can easily calculate the Wigner function of the two-
mode squeezed thermal state. For a two-mode quantum state
p, the Wigner function in the coherent state representation is

given by the following equation!?®!

“2(a0"—za)-2(2p ~5B) (15)

input optical modes merge at a 50/50 beam splitter, propagate
along two paths of different lengths to accumulate an unknown
relative phase shift ¢, and then merge at a second 50/50 beam
splitter. Thus an MZI can be considered as a losses and passive
four-port device. Propagating through MZI, two input optical
fields (a;, b; mode) evolute into two output fields (ag, by mode)

ayg _ a;i
(bf) —MMZI<bi>a

Ugs2Uy Ugs is a unitary scattering matrix com-

yielding
(18)

where MMZI =
posed of several unitary scattering matrices as follows:

LN (10
v2\i 1) 7070 e )

The classical correspondence (@ — o,b — ) of quantum

Ups; = (19)

transformation in Eq. (18) is written as

() = ()

where o, Bi, o, and B¢ represent the complex amplitudes of

(20)

the field in the modes a;, bi, ar, and by, respectively. There-
fore, the corresponding transformations of the input—output
variables for MZI are given by

o =—ie 192 (—afsin(§+ﬁfcosq2>> ,

Bi=—i 2y

e 19/2 ((xfcos % +ﬁfsinq2)> )
Propagation of the light field through the optical devices is de-
scribed by relating the initial variables in the WF to their final

expressions,

Wout (s Br) = Win (i (05 B) 3 Bi (i Br)) -

Considering the TMSTS as the input resource, the output
WF can be obtained by using Eqgs. (16) and (21) as well as
Eq. (22). Therefore, the state of light at the output of the MZI
is described by the following output WF

(22)

M (ex p(—i@)B7 +exp(ig) *2)}
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X exp (JQ—J]) qu)

which also has the Gaussian character. It is obvious to see that
the output WF depends on the parameters of the input TMSTS
and the shift phase ¢ in this device.

4. Parity detection in one output port

Parity detection should be a better alternative to the de-
tection scheme since parity measurement can determine the
evenness or oddness of the photon number in a given beam.
Photon number states are assigned a parity of +1 if their pho-
ton number is even and a parity of —1 if odd. In experiment,
using photon-number-resolving detectors or using optical non-
linearities without any photon counting, the parity measure-
ment can be obtained in the low photon number regime. Parity
detection was adopted for optical interferometry by Gerry’s
group.?”!

Here we consider a detector that is placed at one of the
output beams in the af mode. The parity operator for this mode
is )

I, = (—1)%% = exp (ina;faf) ,

where a: ay is the photon number operator for the ar mode. The

(24)

expected signal of the parity detection scheme can be calcu-

1.0 / \
PO, ‘A
0.8 R BT TS R
. W e mimm i, . N
. o e ~, AN
¢" . N4 AT LS
. o s, Seeno
~ 06 =" R NS -
hd 4
= . . .,
...... . s, Tt
~ 04 K .,
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0

- —3n/4 —7w/2 —w/4 O

5 (0B + o Br) — cos J (eXP(—i¢)OCfo+CXP(i¢)06f*ﬁf*)] ;

(23)

lated as the value of the WF for the corresponding mode at the
origin. Therefore, the expectation value of the parity operator
for the ar mode may be calculated as

(M) =7 [ Wour (0:5) 4.

Performing this operation in calculating the WF in

(25)

Eq. (23), we obtain the parity for the a¢ arm
2H

<Haf>: o o 2 :
\/(J100322+J2sin2 2) —J3sin? ¢

Equation (26) will be used to study the sensitivity of our pro-

(26)

posed scheme. In particular, when 71} = f1p = 7, i.e., the sym-
metrical TMSTS, leading to J, = J; = J, we have

2H

\/J2 —J2sin? ¢

Let us compare the signal outcomes of the TMSTS with
different parameters (711, fip,r). Specially, when i1y = 71, = 0,
and r = 0, TMSTS is just TMSVS and (I, ) |7, =,—r—0 = 1,
i.e., it always remains one.

(o) |y == = 27)
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¢

Fig. 2. The parity signal as a function of the shift phase with different input TMSTS. (a) r = 0.3, 7; = 0 (solid), 0.2 (dashed), 0.5 (dotted), 0.8 (dot—dashed),
i, = 0; (b) r =1, iy = 0 (solid), 0.2 (dashed), 0.5 (dotted), 0.8 (dot—dashed), /i, = 0; (c) r = 0.2 (solid), 0.5 (dashed), 1 (dotted), 2 (dot—dashed), iy =0,
i = 0; (d) r = 0.2 (solid), 0.5 (dashed), 1 (dotted), 2 (dot—dashed), 7; = 0.2, i, = 0.2.
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In Fig. 2 we plot the parity signal (I, ) as a function
of the shift phase ¢ with different input TMSTS according to
Eq. (26). The signal of the parity detection scheme is peri-
odic with period 27. For the symmetrical TMSTS, it is shown
from Figs. 2(c) and 2(d) that two peaks of the signal are al-
ways found at ¢ = /2 and the width of each peak becomes
narrower with the increasing r. When 71y = i1, = 0, it attains
its maximum value of one at ¢ = +x/2, while this maxi-
mum value decreases with the increasing 777 = 7ip, which is
independent of the squeezing parameter ». Moreover, for the
case of asymmetrical TMSTS with 777 # 0 and 77, = 0 (see
Figs. 2(a) and 2(b)), the corresponding maximum value not
only becomes smaller but also drifts away from ¢ = +7/2 as
711 increases. The case of 7i; = 0 and 7ip # 0 is the same as that
of i; #£ 0 and 71, = 0. ‘

5. Phase sensitivity

The phase sensitivity is quantified by an average value
of how much the measured phase could differ from the ac-
tual value. It is an important aspect of optical interferometry.
Based on the outcome of the parity measurement (O = I1,,),
knowing the signal suffices for the sensitivity calculation since
Hff =1, the variance of the phase estimation could be esti-

mated as the following formula

2
1- <Hﬂf>
27
(9% (Iar))
which is a ratio of detection noise to the rate at which the signal

changes as a function of phase. Therefore, the phase sensitiv-

ity in our scheme can be estimated as

592 = (28)

- 20 a0V o ] 20 20N
600 =H" (chos E—i—Jgsin 2) —J3sin“ ¢ (chos E—&—Jgsin 2) —J3sin“ ¢ —4H

2 4

y [(JZZ—J%) sing  ((/2 J1)2+4J32)sin2q)] 72.

(29)

In particular, when 71y = 71, = 71, i.e., the symmetrical TMSTS, leading to J, = J; = J, we have

8¢ |a, s = H 2 (J2sin20) > (2 = Jsin?9)” (J2 — J3sin ¢ — 4H?)
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Fig. 3. Phase sensitivity ¢ with parity detection as a function of the shift phase ¢ with different input TMSTS. (a) r = 0.4, i} = 0 (solid), 2 (dashed),
i, =05 (b) r =1, iy = 0 (solid), 2 (dashed), 7 = 0; (¢) r = 0.2 solid), 2 (dashed), 7; = 0, i = 0; (d) r = 0.2 (solid), 2 (dashed), 7; = 0.2, i = 0.2.
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To see clearly the behaviors of the phase sensitivity for
the different TMSTS, in Fig. 3 we plot phase sensitivity 8¢
with parity detection as a function of the shift phase ¢ with
different input TMSTS according to Eq. (29). In principle, the
smaller the value of §¢, the higher the phase sensitivity. A
numerical calculation of the phase sensitivity for the symmet-
rical case shows the highest phase sensitivity 0¢ at the opti-
mal working point being close to 7r/2. In addition, the mini-
mum value for §¢ is 0.000331577 at the point of r — 4.07803,
i — 0.00270621, and ¢ — 7 /2. In addition, for the asymmet-
rical case, the optimal working point deviates from 7/2, as
shown in Figs. 3(a) and 3(b).

By numerical simulation, we find that one minimum
of phase sensitivity is 0.00582434 with r — 4.39585, n; —
2.20112, iy — 5.39877, ¢ — /2. In the vicinity of this pa-
rameter interval, we plot the phase sensitivity 0¢ as a func-
tion of the total photon number N by fixing 7i; — 2.20112,
iy — 5.39877, ¢ — m/2, and modulating r between 3.8 and
4.8 (black solid line), SNL (blue dashed line), and HL (red
dot—dashed line) in Fig. 4. The curve of phase sensitivity
is interchanged with the SNL curve at the threshold value
with N = 4 x 10* and is always above the HL line. The
figure demonstrates that ¢ > S¢sn. > ¢y in the interval
of N < 4x10* and ¢y > 8¢ > Sy in the interval of
N >4 x 10*. The result shows that only the TMSTS with a
large number of photons can beat supersensitivity.

0.020

0.015

o6

0.010

0.005

N/10*

Fig. 4. (color online) Phase sensitivity ¢ as a function of the total photon
number N by fixing i1; — 2.20112, i, — 5.39877, ¢ — 7/2, and modulat-
ing r between 3.8 and 4.8 (black solid line), SNL (blue dashed line), and HL
(red dot—dashed line).

To verify our result, we also reduce our work to a similar
work with the condition 71y = 71 = 0 studied in Ref. [16]. Thus
equation (27) is simplified as

(1)

1

m=n=0 \/ cosh?2r — sin® ¢ sinh? 2r
_ 1
V1+ (N> +2N)cos? ¢’
where we use the relation sinh? » = N/2 for TMSVS. Com-
paring Eq. (31) with Eq. (3) in Ref. [16], the result is consis-

€2y

tent, in addition to an additional 7/2 phase shift. If we set
¢ = ¢ — /2, then we have

(I, ) lny=ny—0 = 1/\/1 + (N2 +2N)sin® @,

this expression is identical to just Eq. (3) in Ref. [16]. Subse-
quently, equation (31) is reduced to
1+N (N +2)sin’ @
lcos | /N(N+2)
It is found that the expression in Eq. (32) is also identical to
the result in Ref. [16].

In Fig. 3(c), we can clearly see that phase sensitivity ob-

6¢ ‘"11112:0 =

(32)

tained by the parity measurement at ¢ = 7/2 saturates the
lower bound. Thus by the parity measurement at ¢ = 0, the

phase sensitivity is

6¢|111:"2:0 =1/ \/ N(N+2)7

which is shaped in Fig. 5. There is a vicinity around ¢ =0

where phase sensitivity saturates the lower bound defined by

the HL.
0.6

0.4

o¢

0.2

0 5 10 15 20 25

Fig. 5. (color online) Phase sensitivity 8¢ as a function of the total photon
number N at ¢ = 0 for input TMSVS (black solid line), SNL (blue dashed
line), and HL (red dotdashed line).

6. Conclusions

In summary, we have studied the application of parity de-
tection for phase estimation in Mach—Zehner interferometry
with a two-mode squeezed thermal state based on the Wigner-
function method rather than the traditional operator method.
The detected parity is easily obtained from the output WF.
The results from the numerical calculation show that the su-
persensitivity can be reached only if the input TMSTS have a
large number photons. Our result can be reduced to the case of
the two-mode squeezed vacuum state (TMSVS) in Ref. [16].
On the other hand, the present paper further demonstrates the
power of the Wigner-function method in studying quantum op-
tics and quantum metrology.
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