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Parameter allocation of parallel array bistable stochastic resonance
and its application in communication systems∗
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In this paper, we propose a parameter allocation scheme in a parallel array bistable stochastic resonance-based com-
munication system (P-BSR-CS) to improve the performance of weak binary pulse amplitude modulated (BPAM) signal
transmissions. The optimal parameter allocation policy of the P-BSR-CS is provided to minimize the bit error rate (BER)
and maximize the channel capacity (CC) under the adiabatic approximation condition. On this basis, we further derive the
best parameter selection theorem in realistic communication scenarios via variable transformation. Specifically, the P-BSR
structure design not only brings the robustness of parameter selection optimization, where the optimal parameter pair is not
fixed but variable in quite a wide range, but also produces outstanding system performance. Theoretical analysis and sim-
ulation results indicate that in the P-BSR-CS the proposed parameter allocation scheme yields considerable performance
improvement, particularly in very low signal-to-noise ratio (SNR) environments.

Keywords: stochastic resonance, parameter allocation, bit error rate, channel capacity

PACS: 05.40.–a, 02.50.–r, 43.60.Dh DOI: 10.1088/1674-1056/25/10/100501

1. Introduction

Noise can sometimes enhance the responses of certain
nonlinear systems. This counterintuitive phenomenon is
termed as stochastic resonance (SR), which dates back to me-
teorology for its original discovery[1] and develops to a wide
variety of fields.[2–36] The SR method employs the appropri-
ately added noise to yield superior system response using var-
ious measures, such as signal-to-noise ratio (SNR) gain,[7]

Fisher information,[8] correlation coefficient,[9] and stimulus-
specific information.[10]

Threshold systems (TSs) are often used in exhibiting the
SR effect.[6,8–14] Chen et al. proved that optimal additive noise
is a randomization of two discrete signals in sign detectors.[12]

Guo et al. designed the optimal binary threshold detector that
maximizes the area under the ROC curve.[13] In Ref. [6], we
have proposed a single TS-based detector to achieve preferable
binary hypothesis-testing performance by considering both ad-
ditive Gaussian background noise and four representative mul-
tiplicative external noises. However, the implementation of
SR via adding additional noise is inappropriate for “over-
resonant”, where the background noise exceeds the resonance
region.

To overcome the aforementioned restrictions in TSs, Xu
et al.[15] employed the dynamic bistable system to propose the
parameter-induced SR theory, which extends the conventional

SR theory[16] to communication application. Based on the ex-
tended SR theory, several parameter allocation approaches in
bistable SR (BSR) models for weak signal processing have
been studied.[17–20] Yang et al.[17] adjusted the parameter of
a BSR system to achieve the high bit rates of the logical sig-
nals. Wang et al.[18] introduced the BSR into a cognitive ra-
dio system to improve spectrum sensing performance. Re-
cently, we quantitatively investigated the parameter selection
of the BSR system for transmitting BPSK and BPAM sig-
nals, and showed a significant improvement of BER perfor-
mance and SNR wall.[19,20] But for the previous works,[19,20]

these schemes failed to make full use of the SR effect. First,
the parameter allocation of the BSR system in the framework
of adiabatic approximation only guarantees the occurrence of
SR, and cannot reach the best SR effect. Meanwhile, a re-
liable and stable communication performance is not sustain-
able under very low SNR environments. Thus, an optimal
and robust parameter-induced SR strategy is worthy of atten-
tion in extremely noisy communication scenarios. In a paral-
lel summing network, the overall output can yield a net gain
in information from all SR subsystems.[21] Moreover, Duan et
al.[22,23] formulated the array SR theory in an uncoupled paral-
lel array of the BSR (P-BSR) system and derived the SNR gain
can be greater than one. Unlike uncoupled dynamic systems,
Kang et al.[24] adopted two linearly interacting overdamped
bistable oscillators to explore the effect of spatially correlated
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noise on the SR phenomenon. So far, the idea of an “array-
aided effect” has been considered in ensembles of coupled SR
systems,[24–29] threshold comparators,[14,30–32] and dynamic
bistable oscillators.[33–35]

To investigate both the optimal and robust parameter al-
location policy and the array-aided effect, in this paper, we
explore a P-BSR-based communication system (P-BSR-CS)
to transmit BPAM signals under very low SNR. First, in the
adiabatic approximation framework, the parameter allocation
range of the P-BSR-CS is deduced and the optimal parameter
combination is searched from the SR-operative range to es-
tablish an optimal referential BSR model. We find that, with
the numbers of array elements increasing, the optimal param-
eter pair is not fixed but variable in quite a wide range. Sec-
ond, aimed at the maximum bit error rate (BER) reduction and
channel capacity (CC) improvement in realistic communica-
tion scenarios, a parameter allocation theorem concerning the
P-BSR-CS for performance improvement is derived. Third,
the proposed parameter allocation scheme can adaptively ad-
just the parameter of the P-BSR for different SNRs. Our policy
guarantees both the maximum use of the SR effect and the ro-
bustness of parameter selection optimization. The simulation
results show that in the P-BSR the proposed parameter allo-
cation scheme can significantly yield superior performance,
which verifies the theoretical analysis.

The rest of the paper is arranged as follows. In Section 2,
a P-BSR-CS model is presented. In adiabatic approximation

framework, an optimal parameter allocation policy of the P-
BSR-CS for BPAM signal transmissions is given in Section 3,
followed by its extension to realistic communication scenarios
in Section 4. Theoretical analysis and simulation results are
discussed in Section 5. Finally, Section 6 concludes the paper.

2. A P-BSR-CS model
The schematic diagram of the proposed P-BSR-CS is

described in Fig. 1. In this model, the P-BSR-CS consists
of five basic elements, namely, binary signal sequence Si

(i = 1,2, . . . ,+∞), transmitter, multipath channels with the
addition of nonlinear BSR subsystems, receiver, and recov-
ered binary signal Yi. At the transmitter, symbol informa-
tion is modulated by periodic rectangular pulse; afterwards,
the BPAM signal propagates through multipath additive white
Gaussian noise (AWGN) channels and array bistable sys-
tems, which have outputs as r j(t) and x j(t) ( j = 1,2, . . . ,L)
respectively, the received signal carrying symbol informa-
tion from the L-th bistable systems can be written as y(t) =
1
/

L∑
L
j=1 x j(t), then the received signal turns into the recov-

ered binary signal after detection and decision. In order to pri-
marily explore the array-aided SR effect, our channels are the
simplified version of the actual multipath channels. The j-th
bistable device corresponding to the j-th multipath channel is
subject to independent identically distributed (i.i.d.) AWGN
ξ j(t) with autocorrelation

〈
ξ j(t)ξ j(t + τ)

〉
= σ2

ξ
δ (τ), where

δ (·) denotes the Dirac function.
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Fig. 1. (color online) (a) A P-BSR-CS model. (b) Structure of multipath AWGN channels and parallel bistable nonlinear systems acting as the red dashed
line part in the P-BSR-CS.

Through the above description, the signal transmission
problem in the P-BSR-CS model can be deemed to be a de-
cision problem of a binary hypothesis testing as follows:

H1 : transmit symbol 1,

H0 : transmit symbol −1. (1)

A BPAM signal s(t) is associated with information sym-
bol sequence Si, which carries useful information with the fol-

lowing shape

s(t) = A
+∞

∑
i=1

SiG(t− iT ), (2)

where A denotes an amplitude of signal s(t), Si represents the
signal symbols sequence of the BPAM signal, which can be
taken from the binary set {1,−1}, and G(t) is a rectangular
pulse of duration T , which can be expressed as

G(t) =
{

1, if t ∈ (0,T ),
0, else. (3)
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From Eqs. (1), (2), and (3), we also have the following proba-
bilities relationship{

P(Si = 1) = P(s(t) = A), under H1,
P(Si =−1) = P(s(t) =−A), under H0.

(4)

In this research, we adopt a group of nonlinear dynam-
ical BSR subsystems to demonstrate the array-aided effect,
which receives inspiration from the array SR theory[23] (the
SNR gain can be further improved by array SR, particularly in
the case of strong noise whose intensity exceeds the conven-
tional SR region). Subsequently, the P-BSR scheme is mod-
eled by jointly considering these nonlinear BSR subsystems,
given as

d𝑥
dt

= a𝑥+µ𝑥+s(t)+𝜉, (5)

where

𝑥= [x1(t),x2(t), . . . ,xL(t)]
T,

ξ = [ξ1(t),ξ2(t), . . . ,ξL(t)]
T.

Obviously, an optimal P-BSR system is equivalent to op-
timal BSR subsystems due to the parallel array processing ar-
chitecture. Without loss of generality, we merely consider a
Brownian particle hopping in a double-well potential subject
to AWGN as the BSR subsystem, and obtain the Langevin
equation[16]

dx j

dt
=−

∂U j(x j, t)
∂x j

+ξ j(t),

U j(x j, t) =−
a
2

x2
j +

µ

4
x4

j − s(t)x j,

(6)

where a (a > 0) and µ (µ > 0) are the parameters of the BSR
system, U j(x j, t) denotes the quartic potential function in the
presence of a modulating signal s(t), which can be interpreted
as the motion trail of the BSR system output x j. As a rule,
we can employ the fourth-order Runge–Kutta algorithm to nu-
merically solve the differential equation (6), to be specific, set
u′ = g(t,u), the fourth Runge–Kutta numerical algorithm can
be operated by

un+1 = un +(h/6)(k1 +2k2 +3k3 + k4),

where k1 = gn, k2 = g(tn + h/2,un + (h/2)k1), k3 = g(tn +
h/2,un + (h/2)k2), k4 = g(tn+1,un + hk3), and h is the step
size.

In Fig. 2(a), the quartic potential has two stable states (po-

tential well) at x j =±c =±
√

a
/

µ and ∆U j = a2
/

4µ denotes
the barrier height. Hence, the height of the potential barrier
and the location of the potential well can be controlled by mod-
ulating parameters a and µ . The output signal x j(t) lies on the
location of the stable state x j = ±c in defect of signal and
noise force driving. Throughout this paper, we assume that
the BPAM signal amplitude is small enough (A < Ac0), where

Ac0 =
√

4a3
/

27µ stands for the static threshold of the bistable

system.[16] Therefore, only the presence of signal forcing is a
lack of enough energy to trigger the output response transitions
between the two potential wells, as shown in Fig. 2(b).
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Fig. 2. (color online) a = 1, µ = 1, ξ j(t) = 0 (a) the quartic potential func-
tion U j(x j, t) driven by no signal forcing (s(t) = 0); (b) the quartic poten-
tial function U j(x j, t) driven by signal forcing at two symmetric amplitudes
(s(t) = A = 0.3 or s(t) =−A =−0.3).

The modulated amplitude of the BPAM signal has the ef-
fect of adjusting the transition rate, making Rk(±), the rate
from the ∓ well to the ± well when the input signal switches
from the amplitude ∓A to ±A. Yet if the noise force driving
is very small, these rates are still too slow so that the output
response does not have enough energy to hop over the bar-
rier. As the increasing variance of the input noise σ2

ξ
, the rate

at which such jumps will occur, Rk(+) and Rk(−), increases.
Due to the symmetric structure in a quartic potential function
of the bistable system, we get Rk(+) = Rk(−) = Rk. However,
since the bistable system is subjected to both a signal forcing
and a moderate amount of random noise forcing, there is a
cooperation of BPAM signal, noise and quartic potential tak-
ing place: one part of the in-coherent noise energy transfers
into the coherent output signal, then the input signal receives
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assistance from noise to trigger a stronger response from the
nonlinear bistable system.

According to Ref. [20], we employ an analogous decod-
ing method to enable restoration of the input binary BPAM sig-
nals accurately. Herein, we assume that the input information-
bearing symbols Si are transmitted at the rate of one sym-
bol per a duration T , since then, each new symbol starts at
t = iT and sustains over a duration of T . The key of our de-
tection mechanism is that one can continuously recover the
input BPAM symbols Si =±1 from the observation of the sys-
tem output response y(t). It is demanded that at the decoding
time t = ti +T the Brownian particle has already arrived at the
vicinity of the stable state

x j =
√

a
/

µ

(
or x j =−

√
a
/

µ

)
corresponding to the input BPAM signal amplitude changes in
switching from −A to A (or inversely). Consequently, the de-
coding process of the receiver in the P-BSR-CS can be given
as

Yi =

{
1, y(ti +T )> 0,
−1, y(ti +T )< 0. (7)

For the P-BSR-CS, the probability of error bits P(1|−1)
takes place in that when the input signal amplitude is −A the
system output response locates below the decision threshold;
similarly, P(−1|1) denotes that when the input signal is A the
system output response is greater than the decision threshold.
Consequently, the BER of the P-BSR-CS is the sum of proba-
bility of error bits, which is used as a quantitative performance
metric, can be expressed as

Pe = P(−1)P(1|−1)+P(1)P(−1|1). (8)

Alternatively, channel capacity (CC) is the tight upper bound
rate of transmitting reliable information over a system, which
can be regarded as another metric.[36] Using Eq. (8), the CC of
the P-BSR-CS (C) can be written as the function of BER (Pe)

C = Rb[1+Pelog2Pe +(1−Pe)log2(1−Pe)], (9)

where Rb represents the bit rate of the input signal symbol and
it can be expressed as the reciprocal of the symbol interval T
(Rb = 1

/
T ).

3. Parameter allocation policy under the adia-
batic approximation condition
According to adiabatic approximation theorem[16] and

parameter-induced SR theorem,[15] we declare that the opti-
mal P-BSR-CS can be implemented by modulating the sys-
tem parameters a and µ , respectively. Xu et al.[15] introduced
the notion of system response time Tresponse to depict the time
where the Brownian particle switches from one potential well

to the other driven by r j(t) = s(t)+ ξ j(t) in the bistable sys-
tem. The key idea of realizing SR is to guarantee that the sys-
tem response time Tresponse and the symbol interval T should
satisfy the following inequality

Tresponse < T. (10)

Consider the adiabatic approximation condition (A� 1,
T � 1, σ2

ξ
� 1) and the absence of input BPAM signal, the

physical meaning of the Kramer rate is the rate of the output of
BSR subsystems hopping from one potential well to the other

Rk =
a√
2π

exp

(
−

2∆U j

σ2
ξ

)
=

a√
2π

exp

(
− a2

2µσ2
ξ

)
. (11)

From the above analyses, the response time Tresponse is
driven by both the signal and the noise while the Kramer rate
Rk is only driven by the noise. Thus, we have the following
inequality as

1
Rk

> Tresponse. (12)

Combined with the formulas (10), (11), and (12), it yields
that

1
Rk
≤ T. (13)

Furthermore, according to the classical BSR theory, the
output signal of the BSR system is enhanced optimally when
the noise variance equals to half of the barrier height (σ2

ξ
=

∆U j
/

2).[16–20]

Hence, we can obtain the parameter allocation when SR
works after performing straightforward calculation. For the
information-bearing BPAM input signal, the SR-operative pa-
rameter selection of the P-BSR system is given as{

a = a(SR) ≥
√

2πe(1/TSR),

µ = µ(SR) = a2
(SR)/(2σ

2
ξSR

),
(14)

where symbol interval T = TSR and noise variance σ2
ξ
= σ2

ξSR
pertain to the adiabatic approximation category.[16]

Remark 1 From the above analyses, we can see that the
optimal SR effect of the BSR subsystem can be determined by
the parameter allocation optimization

(
a = aopt

(SR), µ = µ
opt
(SR)

)
and µ is completely decided by a. Crucially, it provides the
potential theoretical basis to the proposed P-BSR-CS.

Remark 2 What is the range of a? Actually, a is only
a relative large value, moreover, too small or too large cannot
reach the SR-operative region. Our goal is to find out optimal
a from the SR-operative parameter scope a(SR) to form aopt

(SR)
using the search method, as shown in Fig. 3.

Remark 3 It is noticeable now that if the characteristic of
BPAM input signal and AWGNs cannot satisfy the adiabatic
approximation condition, the SR phenomenon will not hap-
pen. This point will be dealt with in detail in the next section.
Therefore, the parameter allocation policy of the P-BSR-CS
only works in the adiabatic approximation regime like symbol
interval TSR and noise variance σ2

ξSR
at this moment.
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Figure 3 displays the BER of the optimal linear detection
and the P-BSR-CS in different array numbers. Our parameter
allocation scheme aims at minimizing the BER at the signal
receiver by selecting the appropriate system parameter. From
the view of perception, the yellow area under the red curve and
over the blue curve represents the SR-operative region. Com-
pare the four subfigures, the SR-operative region extends with
the increasing of the array number and the scope of optimal
parameter a, which enables the BER to approach 0, enlarges
in its neighborhood. It can also be seen that the detection per-
formance of the P-BSR-CS with exceedingly small parameter
(a→ 0) keeps in bad operating and is inferior to that of tradi-
tional optimal linear detection without nonlinear SR structure
in large parameter regions. Once we chose a relatively large

a, in the case of the array scheme, it can still satisfy the detec-
tion performance because of the wide region of parameter a.
The uncertainty of noise can also lead to an incorrect param-
eter selection, which results in operating SR technology im-
properly. Fortunately, we can overcome this shortcoming by
adaptively choosing the system parameter to obtain the mini-
mal BER, which mitigates the influence of noise uncertainty.
Therefore, the ideal parameter selection in Refs. [19] and [20]
(1,1) is only a special one (not the optimal combination) of the
SR-operative region from the perspective of recovery-correct
output waveform. So, we provide an optimal parameter allo-
cation policy and an array-aided idea to maximize the use of
the SR effect.
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Fig. 3. (color online) The BER of the optimal linear detection and the P-BSR-CS versus parameter a in its default configuration refering to Refs. [19] and [20]
(i.e., A = 0.3, σ2

ξ
= 0.5). (a) Single BSR system. (b) Array BSR system (L = 10). (c) Array BSR system (L = 30). (d) Array BSR system (L = 100).

Herein, we establish the BSR subsystem with optimal pa-
rameters aopt

(SR) and µ
opt
(SR) from Eq. (14) and Fig. 3, where the

noisy BPAM signal meets the adiabatic approximation condi-
tion, as a normalized BSR model.

dx j

dt
= aopt

(SR)x j +µ
opt
(SR)x

3
j +A

+∞

∑
i=1

SiG(t− iTSR)+σξSR
δ (t),

(15)

where the optimal system parameter
(
aopt
(SR),µ

opt
(SR)

)
can be

searched from the SR-operative region
(
a(SR),µ(SR)

)
, which

is only associated with symbol interval TSR and noise variance
σ2

ξSR
.
To illustrate the effectiveness of the SR-operative region,

in accordance with Ref. [20], we set the amplitude of the
BPAM signal A = 0.3, the symbol interval T = TSR = 100,

100501-5



Chin. Phys. B Vol. 25, No. 10 (2016) 100501

and the noise variance σ2
ξ
= σ2

ξSR
= 0.5 satisfying the adia-

batic approximation condition, and then the parameter of the
BSR subsystems can be selected referring to Eq. (14) and
Fig. 3(a). In Fig. 4, we take four pairs of parameter values
as (0.12,0.0144), (1,1), (1.2,1.44), and (3,9) to demonstrate
the importance of parameter selection. It can be seen from
Fig. 4, when the parameter is too small (Fig. 4(a)) or too

large (Fig. 4(d)), the SR does not work; the appropriate se-
lection of system parameter in Fig. 4(b) (1,1) and Fig. 4(c)
(the optimized combination (1.2,1.44)) ensures SR happens,
which results in amplifying the signal amplitude (the input
BPAM signal amplitude A = 0.3 while the output signal am-
plitude locates in the vicinity of the bistable system stable state

x =±
√

a(SR)
/

µ(SR)).
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Fig. 4. (color online) Time evolution of the BPAM signal processed by the BSR subsystem (symbol interval T = TSR = 100, amplitude A = 0.3, and noise
variance σ2

ξ
= σ2

ξSR
= 0.5) for (a) a = 0.12, µ = 0.0144; (b) a = a(SR) = 1, µ = µ(SR) = 1; (c) a = aopt

(SR) = 1.2, µ = µ
opt
(SR) = 1.44; (d) a = 3, µ = 9.

4. Parameter allocation policy in realistic com-
munication scenarios

In this section, we focus on parameter allocation opti-
mization of the P-BSR-CS for realistic communication sce-
narios. In Section 3, referring to the adiabatic approximation
condition,[16] we have achieved the optimal parameter alloca-
tion in the P-BSR-CS that only holds for the input BPAM sig-
nal with large symbol interval and the background noise with
small variance. However, the idealized assumption of adia-

batic approximation does not always exist in practical applica-

tion circumstances. As a result, to bridge the gap between the

aforementioned optimized parameter allocation scheme and

practical applications, we intend to resolve the technical feasi-

bility problem of SR for signal transmissions in realistic com-

munication scenarios. By considering the small symbol inter-

val of the BPAM signal (T � 1) and the large variance of the

Gaussian white noise (σ2
ξ
� 1) where the performance ame-

lioration area cannot be reached, we use a variable transfor-
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mation to Eq. (6). This principle is to equivalently transform
the actual model Eq. (6) to match the normalized BSR model
Eq. (15). Therefore, the parameter allocation policy of the
P-BSR-CS for maximizing performance in realistic communi-
cation scenarios can be obtained in the following steps.

Proposition 1 Consider the realistic communication sce-
narios, the optimal parameter allocation of the P-BSR-CS is
given by  a = aopt

(SR)(TSR
/

T ),

µ = (σ2
ξSR

/
σ2

ξ
)(T 3

SR
/

T 3)µ
opt
(SR),

(16)

where T and σ2
ξ

denote the symbol interval of the BPAM sig-
nal and the variance of the AWGN in the actual communica-
tion, respectively; TSR and σ2

ξSR
denote the pre-setting values

in the adiabatic approximation category, aopt
(SR) and µ

opt
(SR) are

decided by TSR and σ2
ξSR

.
Proof We rewrite Eq. (6) as a general form

dx j

dt
= ax j +µx3

j + s(t)+ξ j(t), (17)

and it constitutes the P-BSR-CS when j varies from 1 to L.
Equation (17) can be transformed by using variable transfor-
mation as

x =

√√√√µ
opt
(SR)

aopt
(SR)

√
µ

a
y, t =

aopt
(SR)

a
τ. (18)

Substituting Eq. (18) into (17) yields

dy
dτ

= aopt
(SR)y+µ

opt
(SR)y

3

+

√√√√ (aopt
(SR))

3

µ
opt
(SR)

√
µ

a3 A
+∞

∑
i=1

SiG(τ− i
a

aopt
(SR)

T )

+

√√√√ (aopt
(SR))

3

µ
opt
(SR)

√
µ

a3 σ
2
ξSR

n(τ). (19)

By comparing Eq. (19) with Eq. (15), we can gain the parame-
ters a and µ in the case that the input BPAM signal character-
ized with low symbol interval (T � 1) and the noise featured
with large variance (σ2

ξ
� 1) as a = aopt

(SR)

(
TSR
/

T
)

and

µ =
(

σ
2
ξSR

/
σ

2
ξ

)(
T 3

SR
/

T 3)
µ

opt
(SR).

Hence, we finish the proof of Proposition 1.
At this point, the optimal parameter allocation in the P-

BSR-CS can be configured in accordance with Eq. (16), and

the implementation steps of performance improvement of the
P-BSR-CS are listed below.

Step 1 Under the adiabatic approximation condition
(T � 1, σ2

ξ
� 1), a normalized BSR model with optimal

parameter searching from the SR-operative region given by
Eq. (15) is built to maximize the SR effect.

Step 2 The dynamical equation of bistable system (17)
is altered to Eq. (19) based on the variable transformation ex-
pression (18), and then the realistic communication scenarios
can be mapped to the ideal adiabatic approximation category.

Step 3 From a comparison between Eq. (15) and Eq. (19),
an analytical expression of parameter optimization of the P-
BSR-CS is derived in Eq. (16).

Step 4 We configure the calculated parameter from
Eq. (16) into Eq. (5) and build the optimal parameter alloca-
tion policy of the P-BSR-CS to satisfy realistic communication
scenarios (T � 1, σ2

ξ
� 1).

Step 5 By transmitting the noisy signal r j(t) = s(t) +
ξ j(t) into the corresponding j-th BSR subsystem, we even-
tually achieve the BER reduction and CC improvement of the
P-BSR-CS.

5. Performance analysis

In this section, we will provide theoretical analysis and
simulation results to verify the performance improvement
brought by the parameter allocation policy of the P-BSR-CS.
By using correlation coefficient, the appropriate number of
BSR subsystems (array size of the P-BSR structure) is given.
Referring to the system model in Fig. 1, the experiment setup
is: symbol interval T = 0.001, noise variance σ2

ξ
= 10. The

case L = 0 indicates a non-bistable subsystem case.

5.1. Array number of the P-BSR-CS

Based on the central limit theorem (CLT), the P-BSR out-
put y(t) approximately obeys a Gaussian distribution when the
array number L is sufficiently large. Generally, the correla-
tion coefficient is used for evaluating how close the degree
of nonlinear output response’s PDF is to the standard nor-
mal distribution function, which leads to the selection num-
ber of array L. We define the output response y(t)’s PDF as
fL(y|Hl) (l = 0,1), the standard normal distribution function
as ϕ(y|Hl). Hence, the similarity of fL(y|Hl) and ϕ(y|Hl)

can be denoted by the correlation coefficient, as

ρ|Hl =
L∑ fL (y|Hl)ϕ(y|Hl)−∑ fL(y|Hl)∑ϕ(y|Hl)√

L∑ f 2
L (y|Hl)−

(
∑ fL(y|Hl)

)2
√

L∑ϕ2(y|Hl)−
(
∑ϕ(y|Hl)

)2
. (20)
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In the context of different array size L, the correlation co-
efficient of the output response y(t)’s PDF through P-BSR pro-
cessing and the standard PDF is shown in Table 1.

Table 1. Correlation coefficient versus the array number.

Correlation
coefficient

Array number

10 30 50 70 100

ρ|Hl 0.9936 0.9984 0.9994 0.9997 1.0000

As is seen from Table 1, we note that when the array size
of the P-BSR structure is large enough (L≥ 30), the corre-
lation coefficient of fL(y|Hl) and ϕ(y|Hl) is very close to
1, which ensures the reliability of using the CLT. However, a
larger size of array L is bound to produce more computational
complexity and higher design costs. Therefore, we choose an
applicable size on the order of 30 (L = 30) to pursue the de-
sirable detection performance.

5.2. Comparison analysis of P-BSR case with non-bistable
subsystem case

Knowing the AWGN ξ j(t) submits to a normal distribu-
tion, we can conclude that the noisy signal r j(t) = s(t)+ξ j(t)
also obeys a normal distribution as

r j ∼

{
N (A,σ2

ξ
), under H1,

N (−A,σ2
ξ
), under H0.

(21)

Hence, we can obtain the PDF of the noisy signal r j(t) as
f (r j|H1) =

1√
2πσ2

ξ

exp

[
−
(r j−A)2

2σ2
ξ

]
,

f (r j|H0) =
1√

2πσ2
ξ

exp

[
−
(r j +A)2

2σ2
ξ

]
.

(22)

Denoting the expected value of x j(t) under hypothesis H1

and hypothesis H0 as m1 and m0, respectively, and letting the
variance of x j(t) under hypothesis H1 and hypothesis H0 as
d1 and d0, respectively, we have

m1 = E[x j|H1] =
∫ +∞

−∞

x j ·N1 exp

(
−

2U (1)(x j)

σ2
ξ j

)
dx j, (23)

m0 = E[x j|H0] =
∫ +∞

−∞

x j ·N0 exp

(
−

2U (0)(x j)

σ2
ξ j

)
dx j, (24)

d1 = D[x j|H1] =
∫ +∞

−∞

x2
j ·N1 exp

(
−

2U (1)(x j)

σ2
ξ j

)
dx j, (25)

d0 = D[x j|H0] =
∫ +∞

−∞

x2
j ·N0 exp

(
−

2U (0)(x j)

σ2
ξ j

)
dx j, (26)

whereU (1)(x j) =−ax2
j

/
2+µx4

j

/
4−Ax j, under H1,

U (0)(x j) =−ax2
j

/
2+µx4

j

/
4+Ax j, under H0,

(27)

N1 and N0 are normalization coefficients for the PDF of x j(t)
under the two hypotheses, respectively, i.e.,

N1 =

[∫ +∞

−∞

x j exp

(
−

2U (1)(x j)

σ2
ξ j

)
dx j

]−1

and

N0 =

[∫ +∞

−∞

x j exp

(
−

2U (0)(x j)

σ2
ξ j

)
dx j

]−1

.

It follows directly from the CLT that when L is suffi-
ciently large, the output of P-BSR structure y obeys a normal
distribution, given as

y∼


N (my1 ,dy1) = N

(
m1,

1
L

d1

)
, under H1,

N (my0 ,dy0) = N

(
m0,

1
L

d0

)
, under H0.

(28)

Therefore, the PDF of variable y from (28) can be written as

f (y|H1) =
1√

2πdy1

exp

[
−
(y−my1)

2

2dy1

]

=
1√

2πd1
/

L
exp

[
− (y−m1)

2

2d1
/

L

]
, (29a)

f (y|H0) =
1√

2πdy0

exp

[
−
(y−my0)

2

2dy0

]

=
1√

2πd0
/

L
exp

[
− (y−m0)

2

2d0
/

L

]
. (29b)

Now we use r j(c) and yc to represent the optimal decision
threshold of detection in the conventional linear non-bistable
case and the P-BSR-CS case, respectively. The optimal deci-
sion threshold can be calculated by the maximum likelihood
(ML) criterion,[37] yields r j(c) = yc = 0.

According to the maximum a posteriori (MAP)
criterion,[37] the BER of the conventional linear non-bistable
case and the P-BSR-CS are calculated by

Pe(non) = P(s(t)|H1)
∫ r j(c)

−∞

f (r j|H1)dr j +P(s(t)|H0)
∫ +∞

r j(c)

f (r j|H0)dr j

=
1
2

[∫ 0

−∞

f (r j|H1)dr j+
∫ +∞

0
f (r j|H0)dr j

]
100501-8
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=
1
2

∫ 0

−∞

1√
2πσ2

ξ

exp[−
(r j−A)2

2σ2
ξ

]dr j+
∫ +∞

0

1√
2πσ2

ξ

exp

[
−
(r j +A)2

2σ2
ξ

]
dr j

 , (30)

Pe(P−BSR) = P(s(t)|H1)
∫ yc

−∞

f (y|H1)dy+P(s(t)|H0)
∫ +∞

yc
f (y|H0)dy

=
1
2

[∫ 0

−∞

f (y|H1)dy+
∫ +∞

0
f (y|H1)dy

]

=
1
2

∫ 0

−∞

1√
2πd1

/
L

exp

[
− (y−m1)

2

2d1
/

L

]
dy+

∫ +∞

0

1√
2πd0

/
L

exp

[
− (y−m0)

2

2d0
/

L

]
dy

 . (31)

Furthermore, the CC of the conventional linear non-bistable
case and the P-BSR-CS can be addressed by using Eqs. (30)
and (31), and we have

C(non) =
1
T
[1+Pe(non)log2Pe(non)

+ (1−Pe(non))log2(1−Pe(non))], (32)

C(P−BSR) =
1
T
[1+Pe(P−BSR)log2Pe(P−BSR)

+ (1−Pe(P−BSR))log2(1−Pe(P−BSR))]. (33)

5.3. Experiment results

In this subsection, we plot the performance curves of
BER and CC by theoretical points and simulations. In addi-
tion, we discuss the characteristic of BER and CC. The input
BPAM signal amplitude is set as A = 0.3, the symbol inter-
val T = 0.001. Owing to the fixed signal amplitude A, we
can achieve the variable input SNR via modulating the input
noise variance σ2

ξ
(SNR = 10log10(A

2/σ2
ξ
)). All the simula-

tion results we provided are averaged over 107 Monte-Carlo
realizations.
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P–BSR (L/↽. theoretical

Fig. 5. (color online) BER performance comparison among different array
numbers (L = 0: non-bistable case; L = 1: single-bistable case; L = 30:
array-bistable case). From top to bottom, the BER is plotted as non-bistable
system (L = 0), P-BSR (L = 1): simulated, P-BSR (L = 1): theoretical, P-
BSR (L = 10): simulated, and P-BSR (L = 10): theoretical.

As seen in Figs. 5 and 6, the BER performances are plot-

ted as functions of input SNR in two detection manners (i.e.,

the conventional optimal linear case and the P-BSR-CS case).

Compared with the conventional optimal linear detection, the

novel P-BSR design exhibits a remarkable BER reduction in

the case of a weak input BPAM signal. Since we have fixed

symbol interval T = 0.001, the parameters a and µ can be cal-

culated by Eq. (16) under different noise variance σ2
ξ

. Ev-

ery SNR value corresponding to an optimal parameter pair

(aopt,µopt), which is not optimal for other SNR values. Then,

the BER curve is monotonous with the increasing of SNR,

which exhibits the classical SR behavior. However, in this pa-

per, we utilize the parameter-induced SR mechanism and the

proposed parameter allocation policy to adaptively search the

optimal (aopt,µopt) in each SNR value. In practice, the theoret-

ical points and simulations in Figs. 5 and 6 are troughs of these

resonance type curves, which devotes to a continuously opti-

mizing resonance effect. The deviation between simulations

and theoretical values is attributed to the approximate solution

from the Fokker–Planck equation and the use of CLT in the ar-

ray structure. We also observe that the BER reduction is posi-

tively proportional to the size of array L. As the expected value

and variance of x j(t) are obtained, BER is only relevant to the

size of array L, which is inversely proportional to the size of

array L. Therefore, the BER curves have a decreasing trend in

the figures as the size of array L increases, which is the reason

that the P-BSR-CS design takes advantage of the array-aided

SR effect. The input SNR is set from −35 dB to −5 dB to

demonstrate the performance comparison, particularly in low

SNR environments. Impressively, the optimal parameter al-

location scheme of the P-BSR-CS is of interest to achieve an

excellent and reliable performance at low SNR, which satisfies

the international communication standard (e.g., IEEE 802.22

with SNR =−20 dB).
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Fig. 6. (color online) BER performance comparison among different array
numbers (L = 0: non-bistable case; L = 1: single-bistable case; L = 30:
array-bistable case). From top to bottom, the BER is plotted as a non-
bistable system (L = 0), P-BSR (L = 1): simulated, P-BSR (L = 1): the-
oretical, P-BSR (L = 30): simulated, and P-BSR (L = 30): theoretical.

In Figs. 5 and 6, only the BER metric is used to demon-
strate the reliability of the parameter allocation scheme in the
P-BSR-CS. Next, we consider another one, namely CC, to
evaluate the efficiency of the P-BSR-CS.
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C
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Fig. 7. (color online) CC performance comparison among different array
numbers (L = 0: non-bistable case; L = 1: single-bistable case; L = 30:
array-bistable case). From bottom to top, the CC is plotted as non-bistable
system (L = 0), P-BSR (L = 1): simulated, P-BSR (L = 1): theoretical, P-
BSR (L = 10): simulated, and P-BSR (L = 10): theoretical.

Figures 7 and 8 compare the CC performance of the P-
BSR-CS with that of a conventional optimal linear scenario. It
can be seen that the P-BSR-CS based on the proposed param-
eter allocation scheme is always superior to the conventional
one used in signal reception with a much higher CC. The more
the size of the array is, the better the CC performance can be
achieved. Moreover, the CC improvement is more remarkable
in low SNR regimes, for instance, the CC can almost reach the
upper bound at −15 dB when L = 30. This means that, with a
restricted performance demand, the P-BSR-CS using the pro-

posed parameter allocation policy can significantly yield a sta-
ble and effective performance.

-35 -30 -25 -20 -15 -10 -5

SNR/dB

L/
L/

0

200

400

600

800

1000

C
C

non–bistable system (L/↽

P–BSR (L/↽. simulated

P–BSR (L/↽. theoretical

P–BSR (L/↽. simulated
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Fig. 8. (color online) CC performance comparison among different array
numbers (L = 0: non-bistable case; L = 1: single-bistable case; L = 30:
array-bistable case). From bottom to top, the CC is plotted as non-bistable
system (L = 0), P-BSR (L = 1): simulated, P-BSR (L = 1): theoretical, P-
BSR (L = 30): simulated, and P-BSR (L = 30): theoretical.

6. Conclusion
We have proposed a parameter allocation scheme in the

P-BSR-CS to meet the requirements for weak BPAM signal
transmissions. Under the adiabatic approximation condition,
we presented an optimal and robust parameter allocation pol-
icy to minimize the BER and maximize the CC of the P-BSR-
CS. By considering realistic communication scenarios, a pa-
rameter allocation theorem was given for achieving the best
SR effect. The optimization problem of parameter allocation
in the realistic communication scenario can be mapped into
the adiabatic approximation category through variable trans-
formation, which is easy to tackle. Based on the CLT, the
semi-closed form expressions of BER and CC were deduced to
analyze the P-BSR-CS performance. Our optimal solution has
overcome the shortcoming of parameter selection in Refs. [19]
and [20], whose strategy lacks the stability and fails to take full
advantage of the SR effect. In this paper, the proposed param-
eter allocation policy can adaptively select the optimal system
parameter according to background noise, which yields the
best SR effect. Moreover, the design of the P-BSR structure
can obtain not only the robustness of optimal parameter selec-
tion but also the performance improvement. It is worth noting
that a larger array number makes a wider region of parameter
selection optimization and higher system performance. How-
ever, a larger size of array is bound to produce more compu-
tational complexity and higher design costs. Thus, a trade-off
between the aforementioned advantages and disadvantages in
choosing the array size of the P-BSR structure must be taken
into account. Finally, the results demonstrate that the proposed
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parameter allocation scheme can achieve much better perfor-
mance than the existing counterparts in the literature, which
contributes significantly to the reliability of signal transmis-
sions in future practical communications.
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