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In this paper, the consensus problem with position sampled data for second-order multi-agent systems is investigated.
The interaction topology among the agents is depicted by a directed graph. The full-order and reduced-order observers with
position sampled data are proposed, by which two kinds of sampled data-based consensus protocols are constructed. With
the provided sampled protocols, the consensus convergence analysis of a continuous-time multi-agent system is equivalently
transformed into that of a discrete-time system. Then, by using matrix theory and a sampled control analysis method, some
sufficient and necessary consensus conditions based on the coupling parameters, spectrum of the Laplacian matrix and
sampling period are obtained. While the sampling period tends to zero, our established necessary and sufficient conditions
are degenerated to the continuous-time protocol case, which are consistent with the existing result for the continuous-time
case. Finally, the effectiveness of our established results is illustrated by a simple simulation example.
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1. Introduction
In the last few decades, collective behaviors of the multi-

agent systems have been attracting a great deal of researchers
because of their numerous extensive applications such as sen-
sor networks, formation control, consensus, containment, etc.
(See Refs. [1]–[5]). Among the major areas of coordination
control of multi-agent systems, consensus is one of the most
significant and fundamental problems, which aims to design
the distributed protocol such that the final states of all agents
can converge to an agreement (Ref. [1]).

As all we know, the design of a consensus protocol and
consensus analysis mainly rely on the agents’ dynamics and
their interaction topologies. In Ref. [6], the authors investi-
gated the first-order consensus problem by the stochastic ma-
trix approach, which provided the theoretical explanation of
the Vicsek model (Ref. [7]). In Refs. [8]–[13], difference
second-order multi-agent consensus problems were discussed,
which have attracted increasing interest due to their numer-
ous practical applications. Up to now, numerous interesting
results have been established for the multi-agent consensus.
Some other relevant research topics have also been addressed,
such as event-triggered, time-delay, finite-time, input satura-
tion, and communication constraint (See Refs. [4], [13]–[17]).

Most of the present approaches to solve the consensus
problems of multi-agent systems are based on the state infor-
mation. However, in many practical applications, some state
variables such as velocity cannot be obtained directly because

of the equipment constraints or cost saving. Thus, it may be
a good choice to design the observer to estimate unavailable
state variables, by which the control law is constructed. Up
to now, the observer-based consensus problem becomes a sig-
nificant topic in the area of multi-agent systems. In Ref. [8],
Hong et al. proposed a distributed consensus protocol for first-
order following agents based on the velocity observer to es-
timate the leader’s unavailable velocity, which was extended
to the case that the leader agent has general linear dynamics
(See Refs. [18] and [19]). To track the accelerated motion
leader, a distributed tracking law based on the acceleration ob-
server was proposed for the second-order following-agents in
Ref. [11]. For consensus problems with general linear dy-
namics, different design approaches have been provided to
construct the full-order, reduced-order, and function observer-
based consensus protocols in Refs. [20]–[23].

In many practical applications, due to the application of
digital sensors and controllers, agents might only communi-
cate with their neighbors periodically rather than continuously,
that is, only sampled-data at discrete sampling instants are
available for the synthesis of control protocols. Sampled-data
control has increasingly attracted study, and some interesting
and useful results have been established. By using direct dis-
cretization, the sampled-data based consensus protocols were
proposed in Ref. [24], and the observer-based consensus laws
with sampled-data was proposed under the fixed and Markov-
switching topology in Ref. [25]. The results of Refs. [24]
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and [25] are essentially obtained for second-order discrete-
time multi-agent system but not for second-order continuous-
time multi-agent systems. In Ref. [26], necessary and suffi-
cient conditions were established to solve the consensus prob-
lem with second-order dynamics via sampled control. The dis-
tributed consensus protocols only with sampled position data
were proposed for second-order agents in Ref. [27], and the
distributed consensus protocols only with sampled position
and velocity data were proposed in Ref. [28]. Some sampled
control with time-varying sampling intervals have been inves-
tigated in Refs. [29] and [30]. In Ref. [31], the authors stud-
ied the second-order consensus with sampled position and ve-
locity data via pinning control. The sampled-data consensus
problems with inherent nonlinear dynamics was investigated
in Ref. [32].

Motivated by the aforementioned works, this paper inves-
tigates an observer-based consensus problem of second-order
multi-agent systems with position sampled-data under directed
fixed topology. Since the observer and sampled-data are both
taken into account in the design of consensus protocols in this
paper, our addressed problem becomes more interesting and
difficult. The main contribution of this paper is that two kinds
of observer-based consensus protocols with sampled data are
proposed for the second-order multi-agent systems. Differ-
ent to Ref. [25], the observers involved in this paper have
continuous-time dynamics, the analysis and design are based
on the multi-agent systems itself but not on its discretization
system. By using matrix theory and the sampled control analy-
sis method, some sufficient and necessary conditions with re-
spect to the coupling parameters, spectrum of the Laplacian
matrix and sampling period are established.

The rest of the paper is organized as follows. In Section 2,
some preliminaries on algebraic graph theory and problem
statement are introduced. Two kinds of distributed observer-
based consensus protocols with sampled-data are provided in
Section 3. Following that, a simulation example is presented
to illustrate the theoretical result in Section 4. Finally, conclu-
sions are drawn in the last section.

Now, some notations used throughout this paper are given
as follows. Rm×n, Cm×n are the sets of m×n real matrices and
complex matrices, respectively. ‖ · ‖ denotes the Euclidean
norm. The transpose of matrix A is represented by AT. In and
0n represent the identity and the zero matrices of dimension n,
respectively. 111n ∈ Rn is the column vector with all elements
equal to one. Re(µ) and Im(µ) expressed the real and imag-
inary part of the complex number µ , respectively. A⊗B de-
notes the Kronecker product of matrices A and B. A matrix
is said to be Schur stable if all its eigenvalues lie inside a unit
circle. A polynomial is said to be stable if all its roots have
negative real parts.

2. Problem Formulation and Preliminaries
Consider a group of N identical agents, whose dynamics

is modeled by second-order dynamics as follows:

ṙi(t) = vi(t),

v̇i(t) = ui(t), i = 1, . . . ,N, (1)

where ri(t)∈ Rn and vi(t)∈ Rn are the position and velocity of
the i-th agent, respectively. ui(t) ∈ Rn is the control input.

The interaction relationships among N agents can be con-
veniently modeled by a simple weighted digraph. Let G =

(V ,E ,A ) be a directed weighted graph of order N, where
V = {ν1,ν2, . . . ,νN} is a group of nodes and E ⊆ V ×V is
the set of edges. The adjacency matrix A = [ai j]N×N of di-
rected graph G is defined as aii = 0, if (ν j,νi)∈ E , then ai j > 0
and ai j = 0 otherwise. The neighbor set of node vi is denoted
by Ni = { j|(vi,v j) ∈ E }. The Laplacian matrix is signed by
L = [Li j]N×N with Lii = ∑ j 6=i ai j and Li j =−ai j for i 6= j. For
a directed graph G , the Laplacian matrix L has at least one
0 eigenvalue and all other nonzero eigenvalues have positive
real parts. Moreover, matrix L has a simple eigenvalue 0 if
and only if the directed graph G has a directed spanning tree
(See Ref. [1]). For convenience, let µi, i = 1,2, . . . ,N− 1 be
all nonzero eigenvalues of Laplacian matrix L. The interac-
tion topology G involved in this paper satisfies the following
assumption.

Assumption 1 The interaction topology G contains a di-
rected spanning tree.

The multi-agent system is said to achieve consensus if
lim
t→∞

(ri(t)− r j(t)) = 0 and lim
t→∞

(vi(t)− v j(t)) = 0 hold for all

i, j = 1,2, . . . ,N. We say that the protocol ui(t) can solve the
consensus problem, if the closed-loop system achieves con-
sensus.

Due to the wide use of computer-based control, sam-
pled data-based protocols are considered. Let tk = kT , k =

0,1,2, . . . be the sampling times, where T > 0 is the sampling
period. In many applications, the velocity information cannot
be available because the velocity measurements are inaccurate
or it is not equipped with constrains in space, cost, and weight.
In our problem, it is assumed that only the position informa-
tion ri(tk) can be used for designing the agent’s controller. The
main objective of this paper is to design a distributed consen-
sus protocol ui(t) only based on sampled position information
to make the closed-loop feedback system achieve consensus.

Before establishing our main conclusions, some Lemmas
are introduced, which will be used in the convergence analysis.

Lemma 1[1] The complex coefficient polynomial s2 +

as+ b = 0, and all roots lie inside a unit circle if and only if
(1+a+b)λ 2 +2(1−b)λ +b−a+1 = 0 is stable.

Lemma 2[33] Consider a complex coefficient quadratic
polynomial as follows:

f (s) = s2 +(θ1 + iδ1)s+θ0 + iδ0, (2)
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where θ1,θ0,δ1, and δ0 are real constants. Then, f (s) is stable
if and only if θ1 > 0 and θ1δ1δ0 +θ 2

1 θ0−δ 2
0 > 0.

Lemma 3 Consider a sampled-data based system

ẋ(t) = A1x(t)+A2x(tk), t ∈ [tk, tk+1). (3)

Then, system (3) is asymptotically stable if and only if matrix

eA1T +
∫ T

0
eA1t dtA2

is Schur-stable.
Proof Integrating both sides of system (3) from tk to t,

one has

x(t)= eA1(t−tk)x(tk)+
∫ t−tk

0
eA1s dsA2x(tk), t ∈ [tk, tk+1), (4)

from which we can get

x(tk+1) =

(
eA1T +

∫ T

0
eA1t dtA2

)
x(tk). (5)

While system (3) is asymptotically stable, we know that
lim
t→∞

x(t) = 0. Thus, we have lim
k→∞

x(tk) = 0, which means

discrete-time system (5) is asymptotically stable, that is,

eA1T +
∫ T

0
eA1t dtA2

is Schur-stable. On the other hand, while

eA1T +
∫ T

0
eA1t dtA2

is Schur stable, we have lim
k→∞

x(tk) = 0. It is easy to see

‖eA1(t−tk)+
∫ t−tk

0
eA1s dsA2‖, t ∈ [tk, tk+1)

is bounded. Thus, we know that lim
t→∞

x(t) = 0.

3. Main results
In this section, the sampled-data consensus problem of

the second-order multi-agent system will be investigated un-
der the fixed directed topology. Full-order and reduced-order
observer-based consensus protocols are proposed to achieve
consensus, respectively.

3.1. Sampled-data consensus protocol with full-order ob-
server

Under the assumption that the interaction topology G is
directed, consider a full-order observer of agent i with sampled
data

˙̂ri(t) = v̂i(t)−h1(r̂i(tk)− ri(tk)),
˙̂vi(t) = ui(t)−h2(r̂i(tk)− ri(tk)), t ∈ [tk, tk+1), (6)

where r̂i and v̂i are the estimation of the position ri and veloc-
ity vi, respectively. h1,h2 are the positive parameters, which
will be determined later.

By adopting the zero-order holder strategy, a distributed
consensus protocol is proposed as follows:

ui(t) = k1

N

∑
j=1

ai j(r̂ j(tk)− r̂i(tk))

+k2

N

∑
j=1

ai j(v̂ j(tk)− v̂i(tk)), t ∈ [tk, tk+1), (7)

where k1,k2 are designed to be positive constants.
Now, a consensus condition is established with respect to

the coupling parameters, sampling period and spectrum of the
Laplacian matrix.

Theorem 1 Suppose that Assumption 1 is satisfied.
Then, the multi-agent system (1) can achieve consensus via
control protocol (7) and the position and velocity estimation
errors asymptotical converge to zero if and only if k1, k2, h1,
h2, and T satisfy the following conditions.

k2

T k1
>

1
2
,

h1

T h2
>

1
2
, T <

2
h1

, (8)

(
1− 2k2

T k1

)2(2Re(µi)

T‖µi‖2 − k2

)
− 8Im(µi)

2

T 3k1‖µi‖4 > 0. (9)

Proof Let eri(t) = r̂ j(t)− ri(t) and evi(t) = v̂ j(t)− vi(t)
be the position and velocity estimation errors, respectively.
Then, it follows from Eqs. (1) and (6) that

ėri(t) = evi(t)−h1eri(tk),

ėvi(t) =−h2eri(tk), t ∈ [tk, tk+1). (10)

According to Lemma 3, it is not difficult to see that the posi-
tion and velocity estimation errors asymptotically converge to
zero if and only if the following matrix is Schur-stable

F1 , exp
{[

0 1
0 0

]
T
}
+
∫ T

0
exp
{[

0 1
0 0

]
t
}

dt
[
−h1 0
−h2 0

]

=

1−h1T − 1
2

h2T 2 T

−h2T 1

 .
Let ϕi = [rT

i ,v
T
i ,e

T
ri,e

T
vi]

T. By combining Eqs. (1), (7), and
(10), the dynamics of the closed-loop system can be expressed
as

ϕ̇i(t) = A⊗ Inϕi(t)+B⊗ Inϕi(tk)

−
N

∑
j=1

ai jC⊗ Inϕi(tk), t ∈ [tk, tk+1) (11)

where

A =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 , B =


0 0 0 0
0 0 0 0
0 0 −h1 0
0 0 −h2 0

 ,
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C =


0 0 0 0

k1 k2 k1 k2
0 0 0 0
0 0 0 0

 . (12)

By defining ϕ = [ϕT
1 , . . . ,ϕ

T
N ]

T, the overall system can be
rewritten as

ϕ̇(t) = (IN⊗A⊗ In)ϕ(t)+(IN⊗B⊗ In)ϕ(tk)

−(L⊗C⊗ In)ϕ(tk). (13)

While all systems (10), i = 1,2, . . . ,N are stable, it is not diffi-
cult to see that the multi-agent system (1) achieves consensus
via control protocol (7) if and only if system (13) reaches con-
sensus.

Noticing that the digraph G contains a directed spanning
tree, thus 0 is a simple eigenvalue of matrix L, and L111N = 000N .
Moreover, there exists a nonnegative vector r ∈ RN such that
rTL = 01×N and wT

l 111N = 1. Define J to be the Jordan form as-
sociated with the Laplacian matrix L, there exist nonsingular
matrices T ∈ RN×N ,Y ∈ RN×(N−1) such that

T = [111N Y ], T−1LT = J =

[
0 0
0 J̄

]
, (14)

where J̄ = diag(J1,J2, . . . ,Js), and Jl is the Jordan block cor-
responding to µl , in which µl are the nonzero eigenvalues of
L, with multiplicity Nl , l = 1,2, . . . ,s and ∑

s
l=1 Nl = N− 1. It

is easy to see that T−1 has form

T−1 =

[
rT

S

]
.

Due to T−1T = I, we have rT111N = 1, rTY = 0, S111 = 0, and
SY = IN−1. Then, we can verify directly that

T−1(IN−1rT)T = T−1T −T−11rTT

=

[
0 0
0 IN−1

]
.

Let ξ (t) = (T−1⊗ I4n)ϕ(t). Then, equation (13) can be
represented as the following system

ξ̇ (t) = (IN⊗A⊗ In)ξ (t)+(IN⊗B⊗ In)ξ (tk)

− (J⊗C⊗ In)ξ (tk), (15)

which can be divided into the following two subsystems: one
is

ξ̇
0(t) = A⊗ Inξ

0(t)+B⊗ Inξ
0(tk), (16)

and the other one is

ξ̇
1(t) = (IN−1⊗A⊗ In)ξ

1(t)+(IN−1⊗B⊗ In)ξ
1(tk)

− (J̄⊗C⊗ In)ξ
1(tk), (17)

where ξ = [ξ 0T,ξ 1T]T.

Denote eϕi as

eϕi = ϕi−
N

∑
j=1

r jϕ j, i = 1, . . . ,N. (18)

Obviously, for all eϕi = 0 (i= 1,2, . . . ,N) if and only if ϕi =ϕ j

(i, j = 1,2, . . . ,N), that is, system (13) reaches consensus. Let

eϕ = [eϕ1
T,eϕ2

T, . . . ,eϕN
T]T.

Then, we have

eϕ = ((IN−1rT)⊗ In)ϕ,

by which we can get

(T−1⊗ I)eϕ = (T−1⊗ I)((IN−1rT)⊗ I)(T ⊗ I)ξ

=

[
0 0
0 IN−1

]
⊗ Iξ =

[
0
ξ 1

]
.

From the above analyses, we know that multi-agent sys-
tem (13) can achieve consensus if and only if lim

t→∞
ξ̇ 1(t) = 0,

that is, system (17) is stable.
According to Lemma 3, it is not difficult to see that sys-

tem (17) is stable if and only if matrix

eIN−1⊗A⊗InT +
∫ T

0
eIN−1⊗A⊗Int dt(IN−1⊗B⊗ In− J̄⊗C⊗ In)

is Schur stable. Notice that

eIN−1⊗A⊗InT +
∫ T

0
eIN−1⊗A⊗Int dt(IN−1⊗B⊗ In− J̄⊗C⊗ In)

is a block upper triangular matrix, whose diagonal block ma-
trices are

eAT +
∫ T

0
eAt dt(B−µiC), i = 1,2, . . . ,N−1.

Therefore, we know that the control law (7) can solve the con-
sensus problem if and only if

eAT +
∫ T

0
eAt dt(B−µiC)

are Schur-stable, that is, all its eigenvalues are within the unit
circle. In the sequel, we will prove that

eAT +
∫ T

0
eAt dt(B−µiC)

are Schur-stable under conditions (8) and (9).
According to Eq. (12), by a simple calculation, one has

eAT =


1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1

 .
Then, the following matrix form can be obtained
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eAT +
∫ T

0
eAt dt(B−µiC) =


1− 1

2
k1T 2µi T − 1

2
k2T 2µi −1

2
k1T 2µi −1

2
k2T 2µi

−k1T µi 1− k2T µi −k1T µi −k2T µi

0 0 1−h1T − 1
2

h2T 2 T

0 0 −h2T 1

 . (19)

Denote

F2i =

1− 1
2

k1T 2µi T − 1
2

k2T 2µi

−k1T µi 1− k2T µi

 . (20)

If all matrices F1 and F2i (i = 1,2, . . . ,N−1) are Schur-stable,
then

eAT +
∫ T

0
eAt dt(B−µiC)

is Schur-stable. Thus, the multi-agent system (1) can achieve
consensus via control protocol (7) and the position and ve-
locity estimation errors asymptotically converge to zero if and
only if F1 and F2i are Schur-stable.

The characteristic equations |sI−F2i|= 0 and |sI−F1|=
0 of matrices F2i and F1 have the following form respectively

s2 +

(
1
2

k1T 2
µi + k2T µi−2

)
s+

1
2

k1T 2
µi− k2T µi +1 = 0,

(21)

s2 +

(
h1T +

1
2

h2T 2−2
)

s−h1T +
1
2

h2T 2 +1 = 0. (22)

In fact, let s = (λ +1)/(λ −1). Then, equation (21) can
be transformed to

k1T 2
µiλ

2 +(2k2T µi− k1T 2
µi)λ +4−2k2T µi = 0. (23)

From Lemma 1, the roots of Eq. (21) are within the unit
circle if and only if the roots of Eq. (23) are in the open left-
half plane. Thus, F2i is Schur-stable if and only if all the roots
in Eq. (23) have negative real parts.

According to Lemma 2, equation (23) is stable if and only
if

k2

T k1
>

1
2
,(

1− 2k2

T k1

)2(2Re(µi)

T‖µi‖2 − k2

)
− 8Im(µi)

2

T 3k1‖µi‖4 > 0. (24)

Using the same way to analyze Eq. (22), we can obtain
that the roots of Eq. (22) are within the unit circle if and only
if h1/T h2 > 1/2 and T < 2/h1. Therefore, the second-order
multi-agent system (1) can achieve consensus via protocol (7)
if and only if equations (8) and (9) are satisfied. The proof is
completed. �

Remark 1 According to Eq. (10), the position and veloc-
ity estimation errors asymptotically converge to zero if and
only if F1 is Schur-stable, from which we know that while

T < min{2h1/h2, 2/h1} the position and velocity estimation
errors asymptotically converge to zero, while h1 = 0 or h2 = 0,
F1 is not Schur-stable. To get large T , small h1, h2 should be
chosen. Unfortunately, small h1 and h2 will slow down the
convergence rate.

While T → 0, the protocol (7) degenerates to the
continuous-time observer-based consensus protocol

˙̂ri(t) = v̂i(t)−h1(r̂i(t)− ri(t)),
˙̂vi(t) = ui(t)−h2(r̂i(t)− ri(t)), (25)

ui(t) = k1

N

∑
j=1

ai j(r̂ j(t)− r̂i(t))+ k2

N

∑
j=1

ai j(v̂ j(t)− v̂i(t)).

According to conditions (8) and (9), it is easy to establish the
consensus condition for continuous-time observer-based con-
sensus protocol (25) as follows.

Corollary 1 Suppose that Assumption 1 is satisfied.
Then, the multi-agent system (1) can achieve consensus via
control protocol (25) and the position and velocity estimation
errors asymptotically converge to zero if and only if all posi-
tive constants satisfy

k2
2

k1
> max

i=2,...,N

{
Im2(µi)

Re(µi)‖µi‖2

}
. (26)

Proof According to Theorem 1, as T → 0, condition (8)
must be satisfied. Condition (9) can be expressed as(

T − 2k2

k1

)2(2Re(µi)

‖µi‖2 − k2T
)
− 8Im(µi)

2

k1‖µi‖4 > 0. (27)

As T → 0, condition (27) degenerates to(
2k2

k1

)2 2Re(µi)

‖µi‖2 −
8Im(µi)

2

k1‖µi‖4 > 0,

from which the consensus condition (26) is obtained. �
Condition (26) is the same as the consensus condition for

state consensus protocol

ui(t) = k1

N

∑
j=1

ai j(r j(t)− ri(t))+ k2

N

∑
j=1

ai j(v j(t)− vi(t)),

which was established in Ref. [10]. By adopting the full-order
state observer (25), it need not add an additional condition to
reach consensus. Naturally, it is interesting to probe how large
T can be taken under the condition (26), which is addressed in
the sequel. For convergence, denote

fi(s) =
(

T − 2k2

k1

)2(2Re(µi)

‖µi‖2 − k2T
)
− 8Im(µi)

2

k1‖µi‖4 . (28)
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Let s∗i be the minimum positive zero of fi(s). Then, we can
obtain the following result.

Theorem 2 Suppose that Assumption 1 is satisfied.
Then, there exists a positive constant T ∗ such that for any
T < T ∗, the consensus problem can be solved by protocol (7)
and the position and velocity estimation errors asymptotically
converge to zero if and only if condition (26) holds. Moreover,

T ∗ = min
{

2k2

k1
,

2h1

h2
,

2
h1

,s∗i (i = 1,2, . . . ,N−1)
}
. (29)

Proof The necessity is obvious. Now, we prove the
sufficiency. While condition (26) holds, it is not difficult
to see that equation (29) is well-defined. Obviously, condi-
tion (8) holds while T < T ∗. On the other hand, noticing that
0 < T < T ∗ ≤ s∗i , we have fi(T )> 0, which implies that con-
dition (9) holds. According to Theorem 1, the consensus prob-
lem can be solved by protocol (7) with any T < T ∗. �

Considering the special case that the graph G is undi-
rected and connected, the following corollary can be easily
obtained via Theorems 1 and 2.

Corollary 2 Suppose that interaction topology G is undi-
rected and connected. Then the second-order consensus prob-
lem can be solved by protocol (7), and the position and ve-
locity estimation errors asymptotically converge to zero if and
only if k1, k2, h1, h2, and T satisfy the following condition

T < min
{

2k2

k1
,

2h1

h2
,

2
h1

,
2

k2µi
(i = 1,2 . . . ,N−1)

}
. (30)

Proof While the graph G is undirected and con-
nected, we know that the Laplacian matrix L is symmetric
and positive-semi-definite. Furthermore, we know that µi,
i = 1,2, . . . ,N−1 are real and positive, that is, Im(µi) = 0 and
Re(µi) > 0. Then, the Corollary 2 can be obtained directly
from Theorem 2. �

Remark 2 While condition (26) holds, we can obtain that
fi(s)> 0 and fi(+∞)< 0 (i= 1,2, . . . ,N−1), from which fi(s)
(i = 1,2, . . . ,N− 1) has at least a positive zero point. More-
over, we know that

0 < s∗ < min
{

2k2

k1
,

2Re(µi)

k2‖µi‖2

}
.

Thus, T ∗ defined by Eq. (29) is positive. According to The-
orem 2, while the sampling period T is sufficiently small,
the consensus problem can be solved by protocol (7) if con-
dition (26) holds. For a given sampling period T , we can
design the gain parameters in protocol (7) under undirected
and connected interaction topology. Let µmax be the maxi-
mum eigenvalue of L. The gain parameters can be chosen
by 0 < k2 < 2/T µmax, 0 < k1 < 2k2/T , 0 < h1 < 2/T , and
0 < h2 < h1/T .

3.2. Sampled-data control protocol with reduced-order
observer

In some applications, the agent can have access to its po-
sition information continuously, but might communicate with
the neighbor agents periodically. In this part, by assump-
tion that the continuous-time position information can be used
by the agent itself but only sampled-data can be used by the
neighbor agents, a reduced-order observer based consensus
protocol with sampled-data is proposed.

Consider a reduced-order observer for agent i

żi(t) =−gzi(t)−g2ri(t)+ui(t),

v̂i(t) = zi(t)+gri(t), i = 1, . . . ,N, t ∈ [tk, tk+1), (31)

where zi(t) is the protocol, v̂i(t) is the restructured velocity of
vi(t), g > 0 is coupling gain to be determined.

Similarly, the consensus protocol with sampled-data is
proposed as follows:

ui(t) = k1

N

∑
j=1

ai j(r j(tk)− ri(tk))+ k2

N

∑
j=1

ai j(v̂ j(tk)

− v̂i(tk)), t ∈ [tk, tk+1), (32)

where k1, k2 are designed positive constants.
Then, the consensus condition can be obtained by the fol-

lowing theorem.
Theorem 3 Suppose that Assumption 1 is satisfied.

Then, the multi-agent system (1) can achieve consensus via
control protocol (32) and the velocity estimation errors asymp-
totically converge to zero if and only if k1, k2, g, and T satisfy
the following conditions

k2

T k1
>

1
2
, T <

2
g
, (33)(

1− 2k2

T k1

)2(2Re(µi)

T‖µi‖2 − k2

)
− 8Im(µi)

2

T 3k1‖µi‖4 > 0. (34)

Proof Let ei(t) = v̂i(t)− vi(t). For t ∈ [tk, tk+1), it fol-
lows from Eq. (31) that the dynamical equations for ei(t) can
be described as

ėi(t) = ˙̂vi(t)− v̇i(t)

= −gzi(t)−g2ri(tk)+ui(t)+gvi(t)−ui(t)

= −g(zi(t)+gri(tk)− vi(t))

= −gei(t), (35)

which means that the velocity estimation errors asymptotically
converge to zero.

By the definition of ei(t) and the protocol (32), the closed-
loop dynamics of system (1) can be expressed as

ṙi(t) = vi(t),

v̇i(t) = k1

N

∑
j=1

ai j(r j(tk)− ri(tk))+ k2

N

∑
j=1

ai j(e j(tk)− ei(tk))
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+k2

N

∑
j=1

ai j(v j(tk)− vi(tk)), t ∈ [tk, tk+1). (36)

Then, let ε = [rT,vT,eT]T. From Eqs. (35) and (36), the
following closed-loop dynamic can be rewritten as

ε̇(t) = (IN⊗ Ā⊗ In)ε(t)− (L⊗ B̄⊗ In)ε(tk), (37)

where

Ā =

 0 1 0
0 0 0
0 0 −g

 , B̄ =

 0 0 0
k1 k2 k2
0 0 0

 .
Following the same line of the previous subsection, it is

not difficult to see that the multi-agent system (37) achieves

consensus if and only if the following system is stable

η̇
1(t) = (IN−1⊗ Ā⊗ In)η

1(t)

− (J̄⊗ B̄⊗ In)η
1(tk), t ∈ [tk, tk+1), (38)

where J̄ is the same as that in Eq. (17).
According to Lemma 3, system (38) is asymptotically sta-

ble if and only if matrices

eĀT −
∫ T

0
eĀt dtµiB̄, i = 1,2, . . . ,N−1

are Schur-stable. Since

eĀT −
∫ T

0
eĀt dtµiB̄ =


1− 1

2
µik1T 2 T − 1

2
µik2T 2 −1

2
µik2T 2

−µik1T 1−µik2T −µik2T

0 0 1−gT

 .

Similarly, we can obtain that the above matrices are
Schur-stable if and only if

F2i =

1− 1
2

µik1T 2 T − 1
2

µik2T 2

−µik1T 1−µik2T


and 1− gT are Schur-stable. From the proof of Theorem 1,
we know that F2i is Schur-stable if and only if the following
condition hold

k2

T k1
>

1
2
,(

1− 2k2

T k1

)2(2Re(µi)

T‖µi‖2 − k2

)
− 8Im(µi)

2

T 3k1‖µi‖4 > 0.

Moreover, due to |1− gT | < 1, T < 2/g is easily obtained.
Thus, second-order multi-agent system (1) can achieve con-
sensus via protocol (32) if and only if equations (33) and (34)
are satisfied. The proof is completed. �

Similarly, the following result can be obtained as Theo-
rem 2, and the proof is omitted.

Corollary 3 Suppose that Assumption 1 is satisfied.
Then, there exists a positive constant T̄ ∗ such that for any
T < T̄ ∗, the consensus problem can be solved by protocol (32)
and the position and velocity estimation errors asymptotically
converge to zero if and only if condition (26) holds. Moreover,

T̄ ∗ = min
{

2k2

k1
,

2
g
,s∗i (i = 1,2, . . . ,N−1)

}
, (39)

where s∗i are the same as in Theorem 2.
Remark 3 Similarly, while T → 0, the protocol (32)

degenerates to the continuous-time observer-based consensus
protocol

żi(t) =−gzi(t)−g2ri(t)+ui(t),

v̂i(t) = zi(t)+gri(t), (40)

ui(t) = k1

N

∑
j=1

ai j(r̂ j(t)− r̂i(t))+ k2

N

∑
j=1

ai j(v̂ j(t)− v̂i(t)).

According to conditions (8) and (9), it is easy to obtain the
consensus condition for continuous-time observer-based con-
sensus protocol (40) as follows:

k2
2

k1
> max

i=2,...,N

{
Im2(µi)

Re(µi)‖µi‖2

}
. (41)

3.3. Consensus protocol with time delay

In some applications, there exists the input time delay
which will damage system performance. While time delay is
considered in protocols (6) and (7), the consensus protocol has
form as follows:

˙̂ri(t) = v̂i(t)−h1(r̂i(tk− τ)− ri(tk− τ)),

˙̂vi(t) = ui(t)−h2(r̂i(tk− τ)− ri(tk− τ)),

ui(t) = k1

N

∑
j=1

ai j(r̂ j(tk− τ)− r̂i(tk− τ))

+ k2

N

∑
j=1

ai j(v̂ j(tk− τ)− v̂i(tk− τ)),

t ∈ [tk, tk+1). (42)

In the sequel, we solve the consensus problem by proto-
col (42). The notations are the same as the proof of Theo-
rem 1. By following a similar analysis process, the multi-agent
system (13) can achieve consensus if the following system is
stable

ξ̇
1(t) = (IN−1⊗A⊗ In)ξ

1(t)+(IN−1⊗B⊗ In)ξ
1(tk− τ)

− (J̄⊗C⊗ In)ξ
1(tk− τ), (43)

from which we can get
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ξ
1(t) = e(IN−1⊗A⊗In)(t−tk)ξ 1(tk)+

∫ t−tk

0
e(IN−1⊗A⊗In)s ds(IN−1⊗B− J̄⊗C)⊗ Inξ

1(tk− τ), t ∈ [tk, tk+1), (44)

where A, B, C are defined in Eq. (12). Suppose that τ < T . From Eq. (44), one has

ξ
1(tk+1) = e(IN−1⊗A⊗In)T ξ

1(tk)+
∫ T

0
e(IN−1⊗A⊗In)s ds(IN−1⊗B− J̄⊗C)⊗ Inξ

1(tk− τ),

ξ
1(tk+1− τ) = e(IN−1⊗A⊗In)(T−τ)

ξ
1(tk)+

∫ T−τ

0
e(IN−1⊗A⊗In)s ds(IN−1⊗B− J̄⊗C)⊗ Inξ

1(tk− τ). (45)

It is not too difficult to see that system (45) is Schur-stable
if all matrices

Gi ,

 eAT
∫ T

0
eAs ds(B−µiC)

eA(T−τ)
∫ T−τ

0
eAs ds(B−µiC)


(i = 1,2, . . . ,N−1) are Schur-stable. Denote

F̄1 ,


1 T −h1T −1

2
h2T 2

0 1 −h2T 0

1 T − τ −h1(T − τ) −1
2

h2(T − τ)2

0 1 −h2(T − τ) 0

 ,

F̄2i ,


1 T −1

2
k1T 2µi −1

2
k2T 2µi

0 1 −k1T µi −k2T µi

1 T − τ −1
2

k1(T − τ)2µi −
1
2

k2(T − τ)2µi

0 1 −k1(T − τ)µi −k2(T − τ)µi

 .

By simple calculation, we know that Gi is Schur-stable if and
only if all matrices F̄1 and F̄2i (i = 1,2, . . . ,N− 1) are Schur-
stable. Similar to Lemma 3, we know that if system (45) is
Schur-stable, then lim

t→∞
ξ 1(t) = 0. Thus, we can obtain the fol-

lowing result directly.
Theorem 4 Suppose that Assumption 1 is satisfied and

τ < T . Then, the multi-agent system (1) can achieve consensus
via control protocol (42) and the position and velocity estima-
tion errors asymptotically converge to zero if and only if all
matrices F̄1 and F̄2i (i = 1,2, . . . ,N−1) are Schur-stable.

Remark 4 Similar to Theorem 1, we can use the charac-
teristic polynomial approach to discuss the Schur stability of
F̄1 and F̄2i. Since the characteristic polynomial of F̄2i has de-
gree 4 and complex coefficients, the established condition will
be very complicated. Thus, we do not intend to address this
issue. For a reduced-observer case, we can establish a similar
result as Theorem 4.

4. Numerical example
In this section, a simple simulation example is proposed

to illustrate the theoretical result.

Consider a second-order multi-agent system composing
of N = 6 agents. For simplicity, let n = 1. Its topology struc-
ture is described by a directed graph G as shown in Fig. 1, and
its Laplacian matrix L is obtained as

L =


3 0 −2 −1 0 0
−2.5 4.5 0 −2 0 0

0 −2 3.5 0 −1.5 0
0 0 −1 4 −2 −1
0 −2.5 0 0 2.5 0
−1 −2 0 0 −2 5

 .

2
2

6

45

3 1
2

11

1.5

2

2.5

2

2.5
2

2

1

1

Fig. 1. (color online) Directed graph G for six agents.

Apparently, interaction topology G has a directed span-
ning tree. By simple calculation, the eigenvalues of L are µ1 =

0, µ2 = 4.7178, µ3,4 = 4.7190± 2.5214i, µ5,6 = 4.1721±
0.2678i.

First, we consider a full-order observer case. The initial
positions and velocities are taken as

rT
0 = [26,−36,41,67,−16,−37]T

and
vT

0 = [35,−13,20,45,−33,27]T.

The initial positions and velocities for the observers are taken
as

r̂T
0 = [−16,50,−47,−26,60,−39]T,

v̂T
0 = [−8,19,−21,−18,29,21]T.
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Take k1 = 1.1, k2 = 0.8, h1 = 0.6, h2 = 0.9. According to
Theorem 2, we can get T ∗ = 0.3539s by a simple computa-
tion. Take T = 0.2s, which satisfies the conditions (8) and
(9). The position, velocity, estimated position error, and esti-
mated velocity error are depicted in Fig. 2, which shows that
the second-order multi-agent system can reach consensus via

the protocol (7) and the estimated errors converge to zero. Ap-
parently, while T = 1.4s, which cannot satisfy the conditions
in Theorem 1. The related error trajectories are depicted in
Fig. 3, which shows that the multi-agent system cannot reach
consensus. Thus, the simulation result is compatible with our
obtained theoretical result.
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Fig. 2. (color online) Convergence results with k1 = 1.1, k2 = 0.8, h1 = 0.6, h2 = 0.9, and T = 0.2 s.
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Fig. 3. (color online) Convergence results with k1 = 1.1, k2 = 0.8, h1 = 0.6, h2 = 0.9, and T = 1.4 s.
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For the reduced-order observer case, we take

rT
0 = [20,−25,27,17,40,−33]T,

vT
0 = [5,16,8,6,−9,19]T,

v̂T
0 = [−6,11,7,−16,−7,15]T.

We choose the scalar parameters and the sampling period

as k1 = 1.4, k2 = 0.9, g = 4. By Corollary 3, we can get
T̄ ∗ = 0.3141s. Take T = 0.26s < T̄ ∗. Obviously, condi-
tions (33) and (34) hold in this case. The simulation results
are depicted in Fig. 4, from which we know that the multi-
agent system can achieve consensus and the estimated error of
velocity converges to zero.
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Fig. 4. (color online) Convergence results with k1 = 1.4, k2 = 0.9, g = 4, and T = 0.26s.

Here, we only consider the fixed interaction topology
case. Certainly, while the interaction topology arbitrarily
switches within a finite set of directed topologies, the multi-
agent system may not achieve consensus by our proposed pro-
tocols. But, while the interaction topology switches with a
large enough dwell time, the simulation results also show that
the multi-agent system can achieve consensus via our pro-
posed protocols. Our established consensus condition may be
able to be weakened by using the concept of an average dwell
time. The average dwell time approach to discuss the consen-
sus problem can be found in Refs. [22] and [23].

5. Conclusions

In this paper, the second-order consensus problem with
position sampled-data has been addressed. By assumption that
the interaction topology is fixed and directed, the continuous-
time full-order and reduced-order observers are adopted to

estimate the agents’ unavailable states, by which two kinds
of sampled-data based consensus protocols have been con-
structed. By using matrix theory and sampled control analysis
method, some sufficient and necessary consensus conditions
about coupling parameters and sampling period have been ob-
tained. As a special case, we can obtain the necessary and suf-
ficient conditions for the continuous-time consensus protocols
directly. Our future works will concentrate on the sampled
data-based consensus issue with the time-varying sampling in-
terval, general linear dynamics, and nonlinear dynamics.
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