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An application of a combined gradient system to stabilize
a mechanical system*
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A gradient system and a skew-gradient system can be merged into a combined gradient system. The differential
equations of the combined gradient system are established and its property is studied. If a mechanical system can be
represented as a combined gradient system, the stability of the mechanical system can be studied by using the property of
the combined gradient system. Some examples are given to illustrate the applications of the results.
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1. Introduction

Two important systems have been studied in chapter 9 “A
wide range of nonlinear skills” of Ref. [1], one is the gradient
system, and the other is the Hamilton system. The gradient
system is an important problem of differential equations and
dynamical systems, and is especially suitable for being studied
by using the Lyapunov function. The skew-gradient system is
given in Ref. [2], which is of great significance for studying
the integral and stability of a mechanical system. In Refs. [3]-
[16] the general gradient system was applied to the mechanical
system, and in Refs. [17] and [18] the skew-gradient system
was applied to the mechanical system. The gradient properties
of the kinetic equation, not only play an important role in re-
vealing the internal structure of a dynamical system, but also
help to explore the dynamical behavior of the system, and are
widely used in thermodynamics, optics, classical and quan-
tum field theory and many other fields.!>!! The semi-inverse
method proposed by He[?! has been proved to be a most con-
venient and effective way to establish generalized variational
principles, and has been applied successfully to many physi-

(211 In the present paper, the com-

cal and mechanical fields.
bination of the general gradient system and the skew-gradient
system is called the combined gradient system. This kind of
combined gradient system can be applied to the problem of the
stability of the mechanical system which cannot be solved by
the general gradient system nor by the skew-gradient system.
Firstly, differential equations, properties and applications of
the general gradient system and the skew-gradient system are
introduced. Secondly, differential equations and some impor-
tant properties of the combined gradient system are studied.
Finally, some examples are given to illustrate the application
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to stabilize the mechanical system.

2. General gradient system
2.1. Differential equation

The differential equations of the general gradient system

are written as!!-?!

) oV (x

Xi=— a‘il )7 (1:1525' 7m)7 (1)
where = (x|, x2,...,Xy) and V =V (x) are potential func-

tions.

2.2. Properties

The general gradient system (1) has the following impor-
tant properties!!!

(1) function V is a Lyapunov function of system (1) and
V =0 if and only if « is an equilibrium point;

(ii) supposing that Z is an « limit point or @ limit point
of the solution of a gradient system, then Z is an equilibrium
point;

(iii) for a gradient system, the linearized system at an ar-
bitrary equilibrium point only has real characteristic roots.

2.3. Applications

By the properties of the gradient system (1), we can study
the stability of the solution of the system. The second order
Lagrange system and the first order Lagrange system can be-
come a gradient system under certain conditions, and the po-
tential function V' can become a Lyapunov function, then the
stability of the system can be studied by using Lyapunov the-
orem, and the partial variable stability can be studied by us-
ing Rumyatsev theorem too.!'%1 At the same time, the stability
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can also be studied by using the third property of the gradient
system. According to the third property and Lyapunov first
approximation theory, the solution is asymptotically stable or
unstable. In addition, we also know that this gradient sys-
tem cannot be used to investigate the asymptotic stability of
a damped oscillator which has plural characteristic roots.

3. Skew-gradient system
3.1. Differential equation

The differential equations of the skew-gradient system

al.e[l7j

v (z)

X = bjj (SU)T7
j

cym), 2
where = (x1, X2, ..., X» ), the same subscript represents sum-
mation, V =V (z) is an energy function!?! and matrix (b;; ())
is antisymmetrical, i.e.

bij = 7bj,‘. (3)

3.2. Properties

The skew-gradient system has important properties as fol-
lows.

i) The energy function V =V (x) is an integral of the
skew-gradient system (2). Indeed, derivative of V with respect
to time ¢ according to Eq. (2) is obtained as

. dV. 9V
V===0bijj=—=0;
8x,~ Y ax]'
ii) If V can be a Lyapunov function, then the solutions
xi=xjp (i=1,2,...,m) of the skew-gradient system (2) are
stable.

3.3. Applications

The skew-gradient system can be used to investigate the
integral and the stability of the system, but cannot be used
to study the asymptotic stability of the solution. The steady
Hamilton system, the autonomous Birkhoff system and the
generalized Hamilton system all are naturally skew-gradient
systems, therefore, the Hamilton function and the Birkhoff
function are the integrals of the system. If the Hamilton func-
tion and the Birkhoff function can become the Lyapunov func-
tions, the solution is stable. The Lorenz equation is one of the
earliest examples of chaos, and its Robbins model is a skew-

gradient system. 7]

4. Combined gradient system
4.1. Differential equation

The combined gradient system is obtained by combining
the gradient system (1) and the skew-gradient system (2). The

differential equations of the system are

. V(=) o IV(x)
WSy @ Ta
(i,j=1,2,....m). )

4.2. Properties

(I) The matrix of a combined gradient system is negative
definite. In fact, we have

-1 b12 b]m X1
(41,52, ) —b, -1 .. by, X
—bim —boy .. —1 X

= —(x%—i—x%—k...—&—x,zn).

(II) If function V is positive definite, then the solution of
the system is asymptotic stable.

4.3. Application

If the differential equations of the mechanical system can
be expressed as Eq. (4) of the combined gradient system, we
can use the properties of the combined gradient system to in-
vestigate the stability of the solution of the mechanical system.

Example 1 We study a damped oscillator system with a
single degree of freedom, in which the Lagrange function and
the generalized force are expressed respectively as

Lo o 14
sz — _ =
261 q 297

0= -2¢-3¢4, Q)

where the quantities are dimensionless. Now, we merge them
into a combined gradient system, and study the stability of the
zero solution.

The differential equation of system (5) is

i=-29-2¢"~24-34¢.
This is a damped oscillator system.
Let
X\=—q-q¢ -4 x=q
Taking the derivative of x| and x,, we have

X1 =—x1+x2 —l—x%, X) = —X| — X2 —x%.
It can be written as the form of a combined gradient system,

i.e.,

av

)= a)-(G)) | )

where V = %x% + %x% + %x‘z‘ is positive-definite in the neigh-

borhood of x; = x, = 0. Therefore, the solution x; = x, = 0is
asymptotically stable.
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Example 2 The Lagrange function and the generalized
force of the single degree of freedom system respectively are

1 1
L= 3 2 qu — /q(2—|—sinq)2dq,

M cosq. (6)

= 24
Q Q+2+sinq

The differential equation of system (6) is

(¢+9)q

i— —g—al(2 . 272. \q9T49)q '
§=—q—q(2+sing) q+2+ﬁchmq
Let .
Xi=q XFZQQBL
’ 2+sing

and take the derivative of x; and x,, then we will have
X1 =—Xx1+x2 (2+sinx1) , X3 = —X| (2+sinx1) —X3.

They can be written as the form of a combined gradient sys-
tem (4), i.e.,

(n) _ ((—1 O)—+( 0 2+ﬁmn>>
X 0 —1 — (2 +ssinx;) 0

A%

dx;

v |’

dxy

where V = %x% + %x% is positive-definite in the neighbourhood

of x; = xp = 0. Therefore, the solution x; = x, = 0 is asymp-
totically stable.
Example 3 The single degree of freedom system is

1, 1, 1
L=-3*—~*—~(2q—1 2 7

54 54 4( g—1)exp(2q), @)
0=-24+¢"+4qq, (8)

where the quantities are dimensionless. Now we merge them
into a combined gradient system (4), and study the stability of
zero solution.

The Lagrange equation is

§=—q—qexp(2p) — 24+ ¢* +qq.
Let
X1=¢q, x=(q+qg)exp(—q).

Taking the derivative of x| and x;, we have
X1 = —X] +X2€XpX1, X2 = —X]€Xpx] —X2.

They can be written as the form of combined gradient sys-
tem (4), i.e.,
v
X\ -1 0 n 0 exXpX] ox1
X ) 0 —1 —expx; O awv |’

ox

where V = %x% + 33 is positive-definite in the neighbourhood

of x; = xp = 0. Therefore, the solution x; = x, = 0 is asymp-
totic stable.

The three examples above are all for a Lagrange system,
but these properties are also applicable to other mechanical
systems. The three examples cannot be represented as the gen-
eral gradient system nor as the skew-gradient system.

5. Conclusions

The study of the stability of a mechanical system usually
needs one to construct the Lyapunov function. It is generally
difficult to construct the Lyapunov function directly according
to the differential equation. Gradient systems including the
general gradient system, skew-gradient system, and combined
gradient system, etc., are especially suitable for being studied
by using the Lyapunov function. We can use the properties
of gradient systems to investigate the stability of mechanical
systems, if a mechanical system can be represented as a gra-
dient system. The stabilities of solutions of these examples
above cannot be studied by the general gradient system nor by
the skew-gradient system, but can be investigated by the com-
bined gradient system. In this paper, an indirect method of
studying the stability of a mechanical system is presented.
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