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Vortices in dipolar Bose–Einstein condensates in
synthetic magnetic field∗
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We study the formation of vortices in a dipolar Bose–Einstein condensate in a synthetic magnetic field by numerically
solving the Gross–Pitaevskii equation. The formation process depends on the dipole strength, the rotating frequency, the
potential geometry, and the orientation of the dipoles. We make an extensive comparison with vortices created by a rotating
trap, especially focusing on the issues of the critical rotating frequency and the vortex number as a function of the rotating
frequency. We observe that a higher rotating frequency is needed to generate a large number of vortices and the anisotropic
interaction manifests itself as a perceptible difference in the vortex formation. Furthermore, a large dipole strength or aspect
ratio also can increase the number of vortices effectively. In particular, we discuss the validity of the Feynman rule.
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1. Introduction
Since the recent experimental realization of Bose–

Einstein condensations (BECs) of 52Cr,[1] 164Dy,[2] and
168Er,[3] which have magnetic dipole moments of 6µB, 7µB,
and 10µB, respectively, much effort has been devoted to un-
derstanding the physics of dipolar BECs.[4,5] The two most im-
portant characteristics of the dipole–dipole interaction (DDI)
are its long range and anisotropic nature, which give rise
to a few striking experimental signatures, such as rich spin
textures,[6,7] modified low-lying excitations,[8] and strong
dipolar nature of a quantum ferrofluid.[9]

One important issue in connection to the BECs is that the
vortex formation and structure exhibit various novel physical
phenomena under the influence of the dipolar interaction, to-
gether with other interactions and geometries. The vortices
with different symmetries such as triangular, square, stripe-
like, and bubble-like were theoretically explored.[10–12] The
ground state of a rotating BECs displays a rich variety of vor-
tex patterns, such as flower-like lattice, crescent, and snake-
skin piebald.[13–15] In Ref. [16], the d-wave symmetric col-
lapse and explosion of the condensate were experimentally ob-
served, and the formation of vortex rings with opposite circu-
lations was theoretically predicted.

All the aforementioned studies pertain to systems in
which the vortices are created in a rotating frame of reference.
It is similar to the rotating-bucket method of conventional low-
temperature physics,[17–19] where a vortex is obtained by rotat-
ing a bucket full of water. Recently, Lin et al.[20,21] performed
an experimental study of a synthetic magnetic field. As soon

as the synthetic field exceeds a critical one, vortices enter the
condensate and the number of vortices increases as the syn-
thetic magnetic field strength increases. The author suggested
that this method has advantages in comparison to a rotating
frame, the latter is difficult to add optical lattices and large
angular momenta, and the rotation is limited by heating and
metastability.

Motivated by the pioneering experiment, we are inter-
ested in the formation of vortices in a synthetic magnetic field.
This issue has been discussed in a BEC with only contact
interaction.[22] In this paper, we investigate how the vortices
behave under a synthetic magnetic field if DDI is added. For
this goal, we consider a two-dimensional (2D) system that is
confined in the xy plane with relatively large trap frequency ωz.
We make an extensive comparison of the vortices generated by
the two methods. Numerical results indicate that anisotropic
superfluidity manifests itself as the directional dependence of
the vortex formation. For the rotating frame, a key observation
is that the system undergoes a transition from triangular lattice
to stripe pattern when the rotating frequency approaches the
upper limit. For the synthetic magnetic field case, the vor-
tex row number and the vortex number are much smaller than
those calculated for the rotating frame.

This paper is organized as follows. In Section 2, we out-
line the Gross–Pitaevskii (GP) equation for a dipolar BEC un-
der a synthetic magnetic field in a 2D system. Details about
how the numerical method is used are given. In Section 3, we
study the properties of the system with various parameters, in-
cluding the dipole strength, the rotating frequency, the aspect
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ratio of the trap, and the orientation of the dipole moment of
the atoms. It is shown that the behaviors of the system in the
synthetic magnetic field are quite different compared to those
in the rotating frame. Section 4 gives a brief conclusion.

2. Formulation
2.1. Gross–Pitaevskii equation

Consider a system of bosonic neutral atoms of mass m.
In the weak interaction limit, the dipolar condensate in a syn-
thetic magnetic field can be described by the non-local GP
equation

ih̄
∂ψ(𝑟, t)

∂ t
=

[
1

2m
(𝑃 −𝐴)2 +V (𝑟)+g|ψ|2

+Vdip(𝑟, t)
]

ψ(𝑟, t), (1)

where ψ(𝑟, t) is the macroscopic wave function of the con-
densate and is normalized to the total number of particles N,
and g = 4π h̄2as/m represents the strength of the contact in-
teraction between atoms with s-wave scattering length as. The
harmonic trapping potential V (𝑟)= 1

2 m(ω2
x x2+ω2

y y2+ω2
z z2),

where ω j with j = x,y,z are the trap frequencies along the
three coordinate axes. The 𝑃 is the canonical momentum op-
erator. We assume that uniform magnetic field 𝐵 is parallel to
the z axis. The field is such that half the cyclotron frequency
ωc = B/2m (in units of charge divided by the light velocity) is
identified with the rotating frequency Ω , and the vector poten-
tial in the symmetric gauge is 𝐴= (𝐵×𝑟)/2 = m(𝛺×𝑟).

The mean-field dipolar interaction term Vdip(𝑟, t) is given
by the convolution

Vdip(𝑟, t) =
∫

d𝑟′vdip(𝑟−𝑟′)|Ψ(𝑟′, t)|2, (2)

with DDI

vdip(𝑟−𝑟′) =
Cdd

4π

1−3cos2 θ

|𝑟−𝑟′|3
, (3)

where |𝑟− 𝑟′| is the distance between the dipoles. We as-
sume that the atoms have a non-zero dipole moment, and all
the dipoles are aligned to an external field, which is in the xz
plane and forms an angle θ with the z axis. Thus the dipolar
axis 𝑛= (n1,n2,n3) = (sinθ ,0,cosθ). The coupling constant
Cdd = d2/ε0 when the atoms have an electric dipole moment
d, where ε0 is the permittivity of the vacuum. When the atoms
have a magnetic dipole moment µd, Cdd = µ0µ2

d , where µ0 is
the permeability of free space. For the dipolar condensate with
contact interaction, one can introduce a natural dimensionless
parameter to characterize the relative strength of the dipole and
the s-wave interactions, εdd =Cdd/3g.

Before proceeding further, we transform the GP equa-
tion into a dimensionless form, where the spatial coordinates

are normalized by the characteristic harmonic oscillator length
a0 =

√
h̄/(mω) with ω = min {ωx,ωy,ωz}, the time and en-

ergy are in units of ω−1 and h̄ω , respectively. Then the di-
mensionless GP equation is given by[23]

i
∂ψ̃(𝑟̃, t̃)

∂ t̃
=

[
1
2
(𝑃 −𝐴)2 +V (𝑟̃)+β (1− εdd)|ψ̃|2

+Φ̃3D(𝑟̃, t̃)
]

ψ̃(𝑟̃, t̃), (4)

Φ̃3D(𝑟̃, t̃) = −3βεdd∂𝑛̃𝑛̃

∫
d𝑟̃′U3D(𝑟̃− 𝑟̃′)|Ψ̃(𝑟̃′, t̃)|2, (5)

where β = 4πNas/a0, the kernel U3D(𝑟̃− 𝑟̃′) = 1/4π|𝑟̃− 𝑟̃′|,
∂𝑛̃ = n1∂x̃ + n2∂ỹ + n3∂z̃ is the derivative along the dipole
axis, and ∂𝑛̃𝑛̃ = ∂𝑛̃(∂𝑛̃), V (𝑟̃) = (γ2

x x̃2 + γ2
y ỹ2 + γ2

z z̃2)/2, and
γ j = ω j/ω with j = x,y,z, in which γz is the aspect ratio of
the trapping potential. In order to simplify the notations, we
will show the variables without tildes in the rest of the pa-
per except where mentioned otherwise. In the present work,
we consider a quasi-2D trap which satisfies γz� γx = γy = 1.
In this case, the motion of the atoms is frozen along the z
direction. This allows us to use an ansatz for the order pa-
rameter in the form ψ(𝑟, t) = ψ2D(x,y, t)ψ1D(z)e−iγzt/2, with
ψ1D(z) = (γz/π)1/4 e−γzz2/2 denoting the harmonic oscillator
ground state along the axial direction. After integrating out
the axial coordinate, a 2D dimensionless GP equation can be
obtained[23]

i
∂ψ2D(x,y, t)

∂ t

=

{
1
2
(𝑃 −𝐴)2 +

1
2
(x2 + y2)+Φ2D

+β

√
γz

2π

[
1− εdd

(
1−3n2

3
)]
|ψ2D|2

}
ψ2D(x,y, t), (6)

Φ2D = −3βεdd

2
[
∂𝑛⊥𝑛⊥ −n2

3∇
2]

×
∫

dx′dy′U2D(x− x′,y− y′)|ψ2D(x′,y′, t)|2, (7)

where ∇2 = ∂ 2/∂x2 + ∂ 2/∂y2, ∂𝑛⊥ = n1∂x + n2∂y, and
∂𝑛⊥𝑛⊥ = ∂𝑛⊥(∂𝑛⊥). The kernel U2D is radially symmetric
and given by

U2D(r) =
√

γz eγzr2/4

(2π)3/2 K0(γzr2/4), (8)

where Kν (ν real) denotes a modified Bessel function of the
second kind, and r2 = (x− x′)2 +(y− y′)2.

For comparison, the corresponding 2D dimensionless GP
equation for BECs in a rotating frame is provided

i
∂ψ2D(x,y, t)

∂ t

=

{
1
2
(𝑃 −𝐴)2 +

1
2

(
1− Ω 2

ω2

)
(x2 + y2)

+β

√
γz

2π

[
1− εdd

(
1−3n2

3
)]
|ψ2D|2 +Φ2D

}
ψ2D(x,y, t). (9)
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2.2. Numerical method

In the numerics, we use the norm-preserving imaginary
time propagation method to solve Eqs. (6) and (9) on a 256 ×
256 square grid.[24] The propagation continues until the fluc-
tuation in the norm of the wave function becomes smaller than
10−6. The spatial- and time-step sizes employed are 0.06 and
0.005, respectively. The two-dimensional Fourier transforms
used in evaluating the dipolar potentials are implemented effi-
ciently with a fast Fourier transform (FFT).

3. Results and discussion
To analyze the influence of DDI on the formation of a

vortex, we numerically solve the time-dependent GP equation.
Our main purpose is to investigate phenomena characteristic
of the vortex formation in a dipolar BEC induced by a syn-
thetic magnetic field. In what follows we discuss this issue by
regulating the strength of the dipolar interaction, the rotating
frequency, the aspect ratio of the trap, and the orientation of
the dipole moment of the atoms with respect to their plane of
motion. We would like to highlight the difference between the
two models. Throughout this paper, we will use Ωc1/ω and
Ωc/ω to denote the frequencies to generate a single vortex
and certain number vortices, respectively.

3.1. The formation of vortices with respect to the dipole
strength and the dipole orientation

We first study the formation of vortices in the system as
a function of the orientation of the dipoles of the atoms with
respect to their plane of motion and of the dipole strength. In
Figs. 1 and 2, we show the two-dimensional atom densities for
θ = 0◦,30◦,60◦,90◦ and several values of εdd in rotating frame
and synthetic magnetic field, respectively. For comparison,

εdd=0.2 εdd=0.4 εdd=0.6 εdd=0.8 εdd=1.0

θ=0Ο

θ=30Ο

θ=60Ο

θ=90Ο

Fig. 1. (color online) Density profiles for the dipole strength εdd and the
orientation of dipoles θ at β = 100 under rotating frequency Ω = 0.70ω

and aspect ratio γz = 50. From left to right, εdd = 0.2, 0.4, 0.6, 0.8, 1.0.
From top to bottom, θ = 0◦, 30◦, 60◦, 90◦. The field of view in the pan-
els is 8a0× 8a0. The color corresponds to the number of atoms, with
red being the most and blue being the fewest.

we also plot the dependence of the critical rotating frequency
Ωc1/ω on εdd and θ in Fig. 3.

From Figs. 1 and 2, we can see that the number of vor-
tices changing as a function of εdd depends sensitively on the
orientation of the dipoles. For example, when the polarization
is along the z axis (θ = 0◦), the purely repulsive and isotropic
nature of the dipolar interaction increases quickly the number
of vortices as εdd increases. The number of vortices increases
from 12 at εdd = 0.2 to 19 at εdd = 1.0 in the rotating frame
case, while in the case of a synthetic magnetic field, the corre-
sponding values are 7 and 13, respectively. As a consequence,
Ωc1/ω decreases with increasing εdd, as shown in Fig. 3.

εdd=0.2 εdd=0.4 εdd=0.6 εdd=0.8 εdd=1.0

θ=0Ο

θ=30Ο

θ=60Ο

θ=90Ο

Fig. 2. (color online) Density profiles in a synthetic magnetic field.
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Fig. 3. (color online) The critical rotating frequency Ωc1/ω as a func-
tion of the dipole strength εdd and the orientation of dipoles θ in a syn-
thetic magnetic field. The parameters are fixed as γz = 50 and β = 100.

When the polarization angle becomes θ = 30◦, we find a
similar behavior, the number of vortices increases and Ωc1/ω

decreases with increasing εdd, as in this case, the repulsive part
of the dipole interaction still dominates the condensate.

For θ = 60◦, however, the dipolar interaction is mostly
attractive. As a result, the number of vortices decreases and
Ωc1/ω increases with the increase of εdd in the considered
range. It is different from that observed in Ref. [25], where
the vortex number is independence of εdd.

When the angle becomes θ = 90◦, the behavior of the sys-
tem changes. In this case, the attractive part of the dipole in-
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teraction becomes dominant, preventing the formation of vor-
tices. Thus the number of vortices decreases and Ωc1/ω in-
creases with increasing εdd. We also observe that the vortex
number in the synthetic magnetic field is less than that in the
rotating frame for the same dipole strength.

3.2. The formation of vortices with respect to the rotating
frequency and the dipole orientation

We also study the formation of vortices as a function of
the rotating frequency Ω and the dipole orientation θ for fixed
β = 100 and εdd = 0.8. Figures 4 and 5 show the conden-
sate densities in rotating frame and synthetic magnetic field,
respectively. In the case of θ = 0◦, the critical rotating fre-
quencies Ωc1/ω are 0.25ω and 0.24ω in rotating frame and
synthetic magnetic field, respectively. The difference is very
small. With further increasing rotating frequency, the two
methods show obvious differences.

For the BEC confined in the rotating trap, the vortex num-
ber increases rapidly with increasing Ω . When the dipoles
are polarized in-plane along the z axis (θ = 0◦), the expan-
sion of the density reported in the previous subsection due to

the purely repulsive nature of the dipolar interaction acceler-
ates the formation of vortices, especially when Ω approaches
the trapping frequency ω . For example, there are 37 vor-
tices at Ω = 0.90ω and the vortex number increases to 57 at
Ω = 0.99ω , which is just the upper limit of the rotating fre-
quency. In the meantime, the system undergoes a transition
from triangular lattice to stripe pattern. The stripe vortex lat-
tices in the present study are not observed in Ref. [11].

The same qualitative behavior is found when the polar-
ization angle θ is increased. Indeed, for θ = 30◦, the main
difference from the previous case is that the number presents
a slight reduction.

The triangular lattice is, however, no longer observed for
θ = 60◦, regardless of the value of the rotating frequency. In
this case, the stripe pattern occurs at earlier Ω = 0.80ω .

When the dipoles are polarized along the horizontal di-
rection, i.e., when θ = 90◦, the dipolar interaction is repul-
sive along the y axis and attractive along the x axis, as a con-
sequence, the number of vortices decreases compared to that
with θ = 60◦ for the same rotating frequency.

θ=0Ο

θ=30Ο

θ=60Ο

θ=90Ο

Ω=0.25ω Ω=0.50ω Ω=0.60ω Ω=0.70ω Ω=0.80ω Ω=0.90ω Ω=0.99ω

Fig. 4. (color online) Two-dimensional atom density distributions in the rotating frame. From left to right, Ω/ω = 0.25, 0.50, 0.60,
0.70, 0.80, 0.90, 0.99, and from top to bottom, θ = 0◦, 30◦, 60◦, 90◦. The trap aspect ratio is γz = 30, and the dipole strength is
εdd = 0.8. The field of view in the panels is 8a0×8a0.

Ω=0.24ω Ω=0.50ω Ω=0.60ω Ω=0.70ω Ω=0.80ω Ω=0.90ω Ω=0.99ω Ω=1.20ω Ω=1.30ω Ω=1.50ω Ω=1.80ω

θ=0Ο

θ=30Ο

θ=60Ο

θ=90Ο

Fig. 5. (color online) Two-dimensional atom density distributions in the synthetic magnetic field. From left to right, Ω/ω = 0.24, 0.50, 0.70,
0.90, 0.99, 1.20, 1.30, 1.50, 1.80, and from top to bottom, θ = 0◦, 30◦, 60◦, 90◦. The trap aspect ratio is γz = 30, and the dipole strength is
εdd = 0.8. The field of view in the panels is 8a0×8a0.
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Fig. 6 (color online) Plots of the equilibrium vortex number Nv and the
critical rotating frequency Ωc/ω for conventional BECs with β = 100
and εdd = 0.8: (a) θ = 0◦, (b) θ = 30◦, (c) θ = 60◦, (d) θ = 90◦. The
black and red lines represent the results of synthetic magnetic field and
rotating frame, respectively.

In the synthetic magnetic field case, it is obvious that
the vortex number grows much more slowly. Four cases are
considered, namely, θ = 0◦, 30◦, 60◦, 90◦. In the case of
Ω = 0.99ω , the corresponding numbers of vortices are 16,
13, 7, and 3, respectively. When the rotating frequency is in-
creased to Ω = 1.80ω , the number of vortices increases, and
the corresponding values become 37, 30, 19, and 10, respec-
tively. In this large Ω case, no stripe pattern is obsevered for
both θ = 0◦ and 30◦ cases and the vortex row number is re-
duced to 4 and 2 for the θ = 60◦ and 90◦ cases.

The above results show that it is hard for vortices to be
created by the synthetic magnetic field. In order to elabo-
rate this point further, we plot the dependence of the equilib-
rium vortex number Nv on critical rotating frequency Ωc/ω in
Fig. 6. In each case, we can see clearly that the critical rotating

frequency in the synthetic field is larger than that in the rotat-
ing frame. Furthermore, we also observe that the anisotropy
of dipolar interaction provides a directional preference to the
condensate. For example, Ωc/ω is 0.74 and 0.61 for θ = 0◦ in
the synthetic field and the rotating frame, respectively. While
in the case of θ = 90◦, the corresponding values are increased
to 1.79 and 0.90. The latter is larger as compared to that of the
former.

The explanation of these differences lies in the confine-
ment of the trapping potential, Eq. (6) and (9). In the rotating
frame, the effective trapping potential is reduced by the rotat-
ing frequency Ω , thus the atoms are pushed to peripheral sites
of the potential easily. However, the trapping potential is not
changed by the rotating frequency in the synthetic magnetic
field.

As a natural extension, we also examine the Feynman
rule in the synthetic magnetic field, which has been studied
in the rotating frame.[26,27] The Feynman rule gives a relation
that links the total number of vortices Nv with the rotating fre-
quency Ω . For a superfluid rotating in a rigid container with
radius R, by assuming a spatially homogeneous density, the
number of vortices can be determined as[28]

Nv = πR2nv =
mΩR2

h̄
, (10)

where nv = mΩ/π h̄ represents a uniform areal density, with
a dense array of vortices. Alternatively, the Feynman rule
can be expressed as 〈Lz/h̄〉 = Nv/2 with 〈Lz/h̄〉 being the av-
erage of the angular momentum per atom averaged over the
whole condensate.[27] This is because the mean angular mo-
mentum per atom is ℓz/h̄=mΩr2 at position r. Then 〈Lz/h̄〉=∫∫

ψ∗(ℓz/h̄)ψ dxdy/
∫∫
|ψ|2 dxdy = mΩR2/2h̄. Hence, one

obtains 〈Lz/h̄〉= Nv/2.
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Fig. 7. (color online) The number of vortices Nv (black square points) and angular momentum per atom 〈Lz/h̄〉 (red circle points)
versus rotating frequency Ω/ω for conventional BECs in synthetic magnetic field with β = 100 and εdd = 0.8: (a) θ = 0◦, (b) θ = 30◦,
(c) θ = 60◦, (d) θ = 90◦.
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Figure 7 depicts the dependence of Nv and 〈Lz/h̄〉 on
Ω/ω for different θ in the synthetic magnetic field. The left
coordinate values of Nv are two times the right coordinate val-
ues of 〈Lz/h̄〉. The Nv is indicated by black square points and
〈Lz/h̄〉 is symbolized by red circle points. The two lines are
very close to each other. The results give good agreement with
the Feynman rule. For the small deviations, one recalls the
derivation, where the spatial density is assumed to be homo-
geneous. However, this cannot be guaranteed strictly during
numerical calculation.

The most important results obtained in this section are
summarized as follows. (i) The synthetic magnetic field can
make the system remain stable at higher rotating frequency
(Ω > ω). (ii) The number of vortices and the vortex row num-
ber are smaller in the synthetic magnetic field than those in the
rotating frame at the same Ω . (iii) The synthetic magnetic is
low efficient. In the next section, the effect of the aspect ratio
will be discussed.

3.3. The formation of vortices with respect to the aspect
ratio and the dipole orientation

In this section, we briefly discuss the effect of the trap as-
pect ratio, γz = ωz/ω , on the formation of vortices. This issue
has been discussed for 3-dimensional (3D) condensates in the
rotating frame and it is indicated that increasing γz helps nu-
cleation of the vortex.[29] Although the 3D system is converted
into an effective 2D model in the present study, the trap aspect
ratio γz can be quantitatively considered since it is included in
equivalent contact interaction β

√
γz/2π[1−εdd(1−3n2

3)]. As
shown in Fig. 8, the critical rotating frequency for the single-
vortex state, Ωc1/ω , decreases with increasing trap aspect ra-
tio, consistent with the results for the 3D BEC.

30 40 50 60 70 80 90 100
0.20

0.30

0.40

0.50

γz

Ω
c
1
/
ω

θ=0Ο
θ=30Ο
θ=60Ο
θ=90Ο

Fig. 8. (color online) The critical rotating frequency Ωc1/ω as a func-
tion of the aspect ratio γz and the orientation of dipoles θ in synthetic
magnetic field. The constants are taken as εdd = 0.8 and β = 100.

In Figs. 9(a) and 9(b), we depict the atom density as a
function of γz in a rotating frame for θ = 0◦ and θ = 90◦,
respectively. The corresponding results for a synthetic mag-
netic field are given in Figs. 9(c) and 9(d). One may note that,
in Figs. 9(a)–9(c), the vortex number increases with increas-
ing trap aspect ratio. Increasing γz means that the atoms are

forced to assemble on the xy plane, then the condensate size
on the xy plane expands. This allows the formation of more
vortices in the condensate. Whereas, in Fig. 9(d), we observe
that even though γz reaches the higher value 100, the vortex
number remains unchanged. The reason may be the stronger
confinement of the trap and mostly attractive of the dipolar in-
teraction. We also observe that the vortex number in the syn-
thetic magnetic field is smaller than that in the rotating frame
for the same aspect ratio.

(d)

(c)

(b)

γz=100γz=80γz=60γz=40γz=30

(a) θ=0Ο

θ=30Ο

θ=60Ο

θ=90Ο

Fig. 9. (color online) Profiles of density |ψ2D|2 for (a), (b) rotating
frame and (c), (d) synthetic magnetic field. The constants are taken as
β = 100 and Ω = 0.80ω . The field of view in the panels is 8a0×8a0.

4. Conclusion
We investigate the formation of vortices in a dipolar BEC

in a synthetic magnetic field. In contrast to the rotating frame
case where the system is unstable when the rotating frequency
Ω is larger than the radial trap oscillator frequency ω , the
strong confinement in the synthetic magnetic field can lead the
system to remain stable at higher rotating frequency (Ω > ω).
We find that the number of vortices generated by the syn-
thetic magnetic field is much smaller than that by the rotating
frame under the same condition, which reveals that the syn-
thetic magnetic field is less efficient in creating vortices. We
also confirm that strengthening the dipole strength or increas-
ing the trap aspect ratio can create more vortices. Finally, the
validity of the Feynman rule is checked.
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