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In this paper, we study the effect of safety factor profiles, particularly with a very weak magnetic shear, on the m/n =1
mode excited by energetic ions in tokamak plasmas. It is found that the profile plays a significant role in the onset of the
mode, and the thresholds for the instability are also derived. The numerical results for configurations with conventional or
reversed non monotonic magnetic shears are discussed. The effects of radial location of rational surfaces, edge ¢ value, and
flatness of g-profile on the energetic ion excited mode are further analyzed in detail.
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1. Introduction

The effect of trapped energetic particles (EPs) on mag-
netohydrodynamics (MHD) modes has been comprehensively
studied for decades.!'™ The fishbone as an energetic particle
mode (EPM) on the g = 1 rational surface, associated with
the loss of fast ions, was first discovered in the poloidal diver-
tor experiment (PDX) during high-beta operations with neutral
beam injection (NBI).!!! This mode has a high frequency and
alow frequency branch, corresponding to @ > m, and ® ~ ,
respectively, >l where o, is the ion diamagnetic frequency. It
was shown that the precession and diamagnetic drift frequen-
cies of the fast ions play an important role in destabilizing the
mode. 3]

For the conventional magnetic shear regime, when the
frequency of the mode is close to the fast ion precession fre-
quency, @ ~ (qgh, fast ions can drive the instability signif-
icantly by Alfvén resonance.”>>! The analytic study of this
mode was first derived by Chen based on a generalized en-
ergy principle.!?! The dispersion relation of fishbone mode has
been obtained as D(®) = 0. If the mode frequency is close to
,, the low-frequency fishbone mode can be excited by ion
diamagnetic drift, corresponding to the diamagnetic fishbone
mode.! On the other hand, fast electron-driven fishbone-like
mode has been observed during electron cyclotron resonance
heating (ECRH) in tokamak experiments, such as DIII-D,H%
HL-2A, =141 and EAST.I!S] For a positive magnetic shear, the
fishbone instability can be excited, depending on ¢’ = dg/dr
at g = 1 surface.!'®!7] Therefore, the g-profile effect may play
an important role in the dynamics of the mode.
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On the other hand, for the reversed magnetic shear
regimes, the conventional fishbone analysis may be invalid to
explain the fast ion driven modes.!®”] While g, is close to
unit, this mode has been observed with a non-monotonic g-
profile in DIII-D,"% NSTX,[!8 and MAST.!'"] The growth
rate of the kink mode with the reversed magnetic shear given is
also valid in gmi, > 1 and ¢, = 0 cases.>") In previous analysis,
fishbone-like instabilities have been well understood both the-
oretically and experimentally, such as on off-axis heating, [*!]
plasma rotation,m] non-ideal effect,[?3-251 etc. However, the
effect of current profile on the energetic ion-driven m = 1, n =
1 mode does not have a systematic investigation yet.[* Thus,
the studies of the mode with different g-profiles should be car-
ried out, particularly to better understand the proprieties of the
mode in ITER plasma with hybrid operation scenarios.!”!

In this paper, we apply ITER-like parameters and study
the linear stability of the modes with different g-profiles. In-
cluding the diamagnetic effect, the numerical result for the
modes with special parameters setting is in good agreement
with the prediction of the linear theory. In addition, we also
study the reserved shear mode with gy, > 1 and gpin < 1, and
the main parameters of MHD and fast ion are discussed.

This rest of this paper is organized as follows. In Section
2, we discuss the theoretical model and the dispersion rela-
tion of the mode. In Section 3, the effects of monotonic or
nonmonotonic g-profile on the mode are shown by numerical
analysis, respectively. Finally, the discussion and conclusion
are presented in Section 4.
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2. Theoretical model in the weak magnetic shear
regime

We first outline the previous analysis of the g = 1 mode
in the weak magnetic shear regime with a monotonic or a
nonmonotonic g-profile respectively. The MHD potential en-
ergy and the kinetic contribution of trapped fast ions of the

m/n = 1/1 mode are written as(>°!

W = 5 [ @3] 18B. 4= 2L (€1 xe))-0B,
2, VP)(EL +)

+82|V-a-n|2+ypcva|2]

-1

Ts Bmin
oW = —29/27t3mh/ RBrdr/ 1 do
0 B,

X / dEE>? Ky J* <Q) J,
0 Wgh — O

where E =12 /2, OFy = (0dg + ®,)Fy with the equilibrium
distribution of fast ions Fy, &, = —[i/@c(éx VInF)] -
V with @ being the cyclotron frequency, Q4 = (V2 /2 +
vﬁ) J@cRy, @gh = —ivgy - V, and vqy is the magnetic drift
velocity of energetic particles, my, is the energetic ion mass,
magnetic field B = By(1 — rcos 0 /R) with By being B at axis
and R being the major radius, K, = ¢ (d6/27)(1 — aB)~'/2,
o = [/E with the magnetic moment y, and J is the bounce
average of J = (aB/2)V-£&, — (1 —3aB/2)&, - k with kK =
de)|/dl being the field line curvature. For ITER parame-
ters, it is found that the stability of the mode depends on
the variations of the safety factor.['”l For the magnetic shear
§ < 1, the field line bending term is of the same order of the
pressure-gradient driving, and the corresponding MHD mode
is marginally stable.!!”] Thus, the growing mode is regarded as
an EPM excited by EPs. According to the approximate inter-
nal kink dispersion relation for quasi-interchange mode used
in Ref. [17], we here give simplified forms of the fishbone-like
dispersion relation for EPMs as follows.

2.1. For a monotonic magnetic shear (§ > 0) case

The dispersion relation in this case can be written as!>]

—i§\/30(0—o.)/os = — [§Wmp + W], (1)

where wa = Va/qRo = Va /Ry is the Alfvén frequency on the
q = 1 surface, @, is the ion diamagnetic frequency, the com-
plex mode frequency @ = w, 4 iy and the magnetic shear at
g = 1 surfaces § = (ryq;). In addition, SWanp and Wy are
normalized by 7(rs&oBy)?/(2R). For q(r) = qo(1 +0.8r%)2,
as shown by the blue solid curve in Fig. 1, §Wymp can be

written in a form of!1¢]

SWunp ~ 378q¢€] (B — By ) » )

where the poloidal plasma beta

B = —(8/B3) [ (r/r)(dp/an)ar

€ =rs/Ry, and g = 1 — qp. A slowing-down population is
used to calculate the effect of trapped fast ions produced by
the neutral beam injection. The trapped fast ion contribution

is then given by[>23!

Wi = Bu(0/@am) In (1 — O/ ) (3)

where B, is the normalized beta!?*! and @gm = 0gn(E = En),
with @gy, is the toroidal precession frequency of fast ions. Sub-
stituting Egs. (2) and (3) into Eq. (1), the final form of the
dispersion relation is obtained as

—i5\/30 (0 — .)/0a+ 37891 (By. — By) /RS
+Bu(@/ @am) In (1 — @un/@)] = 0. )

For the purely growing mode, ® = iy, in the §Wymp = 0
case, the growth rate of the mode is

A

e —%fﬁh(wr/wdm)ln(l —om/@). )

The threshold 8¢ for the instability then is

_ Re(5WK)
3mef (13/144—B2)

0qcrit = (6)
For flattened g-profiles with a finite Ag, the rational surfaces
are far away from g = 1 and both current driven and the cou-
pling of the two surfaces are very weak. From Eq. (2), and
considering gop < 1, g = 1 —go > 0, one finds that for a
plasma beta smaller than its threshold, i.e., B, < Bpc, the MHD
potential energy SWyup > 0. Then the pure MHD mode
without EPs becomes stable, with its growth rate y/wa =
—(1/+/35)8Wannp < 0. Thus the mode becomes unstable only
if there exists energetic particles driven, i.e., the trapped fast
ions contribution plays a destabilizing role in the mode.

4 T T T T
monotonic

————— nonmonotonic
7

q profile

r/a
Fig. 1. (color online) Two types of g-profiles in different magnetic shear
regimes, the monotonic ¢(r) = go(1 +0.8/%)? with the positive mag-
netic shear (the blue solid), and the nonmonotonic ¢ (r) = gmin +gc(1 —
(r/rm)®)? with a reversed magnetic shear (the red dashed).

015203-2



Chin. Phys. B Vol. 25, No. 1 (2016) 015203

2.2. For a reversed magnetic shear case

We assume that the g-profile is in the form of ¢ (r) =
Gmin +qc(1— (r/rm)%)?, where ¢(rm) = ¢min, as shown by the
red dashed curve in Fig. 1. The growth rate of the mode in this

case can be given as!!8!

7[(7+2q)2q"])"

= — [6Wmnp + 8Wk ] , (7

with 7 = [37%/@3 + (Aq)*]'/?, where Ag = gmin — 1 and
q(rm) = Gmin-

In the regime of gnyin < 1, Ag < 0, there are double ratio-
nal surfaces of g = 1. For flattened g-profiles with a finite Ag,
the rational surfaces are far away from ¢ =1 and both current
driven and the coupling of the two surfaces are very weak. For
flattened g-profiles with a finite Ag, the rational surfaces are
far away from each other and both current driven and the cou-
pling of the two surfaces are very weak. Then without EPs, the
MHD branch of the mode is stable. Nevertheless, for a very
small |Aq|, the two resonant surfaces can be very close to each
other and the MHD branch of the mode may become unsta-
ble. The threshold Ag can be given by Aqg/ 2 —SWmup / V28
with § = r2,q!. For the very weak shear case of go — 1 ~ &,
if the ¢ = 1 surfaces are away from the magnetic axis, due to
a small Agc, the growth rate of the mode is found even larger
than that of the internal kink mode with gp < 1. The normal-

ized MHD potential energy has a form of12¢]

_ﬁ§<1+A)_5ﬁp(3+A)s+g

5y 2
OWhmp = 7er | — T e 1—A g5

for reversed magnetic shear configurations, where —3 <
A < 0 is a constant. With EPs driving 6Wx on the
other hand, the threshold can be modified as Aqg/ 2
— [5WMHD + 5WK] /v/2S. One then finds that the unstable
range of Ag is extended. Thus, for the EP branch of the
mode, even for Wymup > 0, if EPs driving is significant
enough to get Wyiup + Wk < 0, the mode can still be driven
unstable. For EPMs, 5WMHDI < ‘SWK
be reduced to 7[(7+Aq)raqi] 12 _ —8Wx. Substituting
(o (0 — @,)]'/? = iy into Eq. (7), the dispersion relation of

, equation (7) can

the mode in reversed shear becomes

[—A%+(ag)2]' [( [—A2+(Aq)?]) 7 + Aq) rétziﬁ} .

+5WMHD+5WK =0, (®)

where A = /30 (0w — @,)/ws, and SWayup and 8Wx are
given by Eqgs. (2) and (3), respectively.

3. Numerical results

Numerical results of energetic particles driven g = 1 mode
are represented in this section. In Subsections 3.1 and 3.2 we

show results for monotonic and nonmonotonic g-profiles re-
spectively, with a weak magnetic shear. In the calculation,
we change the parameters of the g-profile in order to dis-
cuss the influence of a certain g-profile. Other parameters
applied are ITER design parameters, with the major radius
of R = 6.2 m and the minor radius of a = 2 m, and thus the
inversed aspect-ratio ~ 0.3. For the toroidal magnetic field
Bt = 5.3 T and the density of plasma of n = 10?0 m~3,[17]
we get the Alfvén frequency wp = Va/Ro ~ 1.3 x 106 s~1.
For trapped energetic particles with an energy of Ey, ~ 1 MeV,
their toroidal precession frequency normalized by the Alfvén

[17] For the ion diamagnetic

frequency is about @y, ~ 0.01wa.
effect, the typical ion diamagnetic frequency for ITER is about
o, ~ 0.001w4.!""1 The pressure profile we used in the numer-
ical discussion is in a form of p(r) = po(1 —r?), and r is al-

ready normalized by minor radius. !

3.1. Weak magnetic shear monotonic g-profile

We first apply a monotonic g-profile in the form of ¢(r) =
qo(1+0.8r%)? to approximate a profile of ITER plasmas.!!”]
There are two different ways to change the g-profile as shown
in Fig. 2. In Fig. 2(a), we modify the central safety factor,
qo, from 0.92 to 0.98, and then vary the exponential parame-
ter o with the ¢ = 1 surface keeping at r; = 0.3. In Fig. 2(b),
we keep go as a constant 0.98, and then vary o to move the
q = 1 surface from 0.1 to 0.9. We then discuss these two cases
separately as follows.

q profile

q profile

0 0.2 0.4 0.6 0.8 1.0
r/a

Fig. 2. (color online) Profiles of ¢(r) = qo(1 +0.8/%). (a) r, = 0.3
with g varying from 0.92 to 0.98, and (b) go = 0.98 with r; varying
from 0.1 to 0.9.
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3.1.1. Fixing r; for g-profiles in

Fig. 2(a)

and varying qo,

The mode frequency and growth rate as a function of gg
are shown in Fig. 3, with r¢ = 0.3 for ¢(rs) = 1, and ¢ varying
from 0.92 to 0.98. In Fig. 3(a), it can be easily seen that the
mode frequency for the MHD branch (f, = 0) is clearly dis-
tinguishable from that of the EP branch (f, # 0). The mode
frequency of the MHD branch is very small while for the EP
branch @, ~ @y, /2.1 In Fig. 3(b), it is seen that the MHD
branch is stable with a very slowly varied negative growth rate,
due to the fact that SWypp ~ 0. For the EP branch, the mode
is obviously destabilized by energetic particles. The growth
rate of the mode increases with both ¢g and S, since the stabi-
lizing effect of the MHD potential energy becomes weak as gq
increases and the destabilizing effect of EPs becomes strong
as B rises. Another factor changing with the g-profile is the
magnetic shear s on the rational surface, as plotted in Fig. 3(b)
by the blue triangles. It is clearly seen that the mode growth
rate rises as the magnetic shear falls. It shows that the mag-

netic shear also suppresses the mode.>>!7]

0.010 . . . . . .
(a)
0.008 T
5 0.006
<
3 —-— B,=0.005
0.004 - Bh— 0.010
........ B,=0.015
0.002 .- - fn=10.020 T
0 1 1 1 1 1 1
0.92 0.94 0.96 0.98
q0

f0.20
0.18
7 4oas
0.13
70.10
Jo.08
40.05
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90

Fig. 3. (color online) The mode frequency (a) and growth rate (b) as a
function of ¢gg.

3.1.2. Fixing qo for g-profiles in

Fig. 2(b)

and varying rg,

The mode frequency and growth rate as a function of

qo are shown Fig. 3, with a fixed g¢ and a shifted ;. The

mode frequency of the EP branch shown in Fig. 4(a) falls
fast as ry increases, due to the significant drop of the toroidal
precession frequency, while that of the MHD branch varies
slowly with ;. The growth rate of the mode is plotted in
Fig. 4(b). The MHD branch becomes unstable as the ratio-
nal surface leaves the core region due to the fall of SWamnp
as shown in Fig. 5. However, the growth of the mode is
very slow. For the EP branch, the growth of the mode slows
down as the rational surface approaches the edge. It can
be understood by the following discussion. For this case,
the dispersion relation of the EP branch can be simplified as
v/oa = — (Re (6Wk) + 8Wamp) /v/3s. Tt is seen in Fig. 5
that ‘5VAVMHD| < |Re (SWK)
constant. Thus, the growth rate variation depends mainly on

, and Re (SWK) nearly remains

the magnetic shear. As shown in Fig. 4(b), the magnetic shear

increases fast as the rational surface approaches the edge re-

gion.
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3 X Br=0.015 |
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0 0.2 0.4 0.6 0.8 1.0
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=
0.10F
(0] =
0
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Fig. 4. (color online) The mode frequency (a) and growth rate (b) as a
function of r;.
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—0.0004 | Re(0Wx) 1-0.010

0 0.2 0.4 0.6 0.8 1.0
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Fig. 5. (color online) The MHD potential SWamp (black) and the ener-
getic particle contribution Wk (blue) as a function of ;.
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3.2. Nonmonotonic q-profiles with a weak but reversed
magnetic shear
In this subsection, we further discuss effects of the g-
profile with reversed shears. The equilibrium g-profile is cho-
sen as q(r) = gmin + gc(1 — (r/rm)%)?. In this kind of pro-
file, the safety factor reaches its minimum gy, at ¥ = ryy, and
40 = gmin +gc. We then explore the influence of such g-profile

on the mode.

3.2.1. Varying the minimum value of safety factor gmin

We lift the g-profile up entirely at first by changing g,
from 0.80 to 1.20 and fixing other parameters as g. = 0.2,
rm/a=0.5,and a =2 as plotted in Fig. 6.

3.0F  — guin=0.80 4
""" Qmin = 0.90 H _ '//

251 == qmin = 1.00 :/TS_O.E) ';/,{,
== Qmin = 1.10 7

o Gmin = 1.20

2.0

q profile

-

0.5 1 1 : 1 1
0 0.2 0.4 0.6 0.8 1.0
r/a

Fig. 6. (color online) Profiles of g () = gmin + gc(1 — (r/rm)%)?* with
qc =0.2, rp =0.5, oo =2, and a changing g, from 0.80 to 1.20.

The mode frequency and growth rate are shown in Fig. 7.
For both the MHD and fishbone branches, we can see clearly
the differences between the resonant mode with two g = 1
resonant surfaces on both sides of ry,, for gmin < 1, and the
non-resonant mode without the ¢ = 1 resonant surface, (18!
for gmin < 1. The resonant mode is clearly unstable with a
high growth rate and a slow frequency, while the non-resonant
mode is though unstable but with a slow growth rate and a
fast frequency. The growth rate of the resonant mode rises
with gpin, clearly resulting from the enhanced coupling be-
tween the two resonant surfaces as gnmin increases. However,
the growth rate of the non-resonant mode falls rapidly as gmin
rises, resulting from the fact that the mode is more stable as
@min 18 farther away from the mode structure of m/n = 1.

Moreover, at r = ry, the safety factor reaches its mini-
mum and the magnetic shear § = rq’/q vanishes. We there-
fore introduce a modified magnetic shear by taking the second
derivative of the safety factor function to estimate the mag-
netic field line bending effect as S = r2,g/. Nevertheless, the
modified shear S stays constant in this case. Then we will see

its effect in the following discussion.

0.010 T T T L T T '
i (@)
i —— B =0
H',l —+— Bn=0.005
H B
§j !’1.5’5 - ——-£,=0.010
E 0.005 i B =0.015 |
/ === B, =0.020
o 1
0.8 0.9 1.0 1.1 1.2
Gmin
T
0.04f " 25T ®) ;
Lo Zooms 120
0.03F ST |
< 5}1 :0019/ -7 N o S= T1211qu;1 - >_ 1.5
| _ - \
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= 0.02F “"'/","’ ‘~\ \\.‘_"-“ 4 1.0
"B, — 0.005 VA 1
0.01k W\ 105
1 Bn=0 W
Vit .
0 L 1 L 1 P L 0
0.8 0.9 1.0 11 1.2
qmin

Fig. 7. (color online) The mode frequency (a) and growth rate (b) as a
function of gpin-

3.2.2. Varying the exponential parameter

Thus we keep gmin = 1.01, gc = 0.2, ry/a = 0.5, and vary
the parameter & only, to focus on the effect of the profile shape
on the mode, as shown in Fig. 8. The mode frequency and
growth rate are then plotted in Fig. 9. Clearly, the more flat-
tened the g-profile is (for the smaller ¢t), the more unstable
the mode will be. Particularly, there is a critical o ~ 2.3, the
MHD branch of the mode is unstable with a zero or a very slow
frequency for @ < «, and stable with a fast rising frequency
for o0 > . For the EP branch, it is again shown that EPs in

the reversed magnetic shear regime destabilize the mode.

4 T T T T T
—a=15 1 o
---a=20 ! I.’
—_——a=2.5 ! 7-5_05 1 k

3L .. a=30 Ve il

] ! Dod /
o 17 /
2 2l i/ /’ i
o> : :/’./.’ ,

Gmin — 1.01 3

1 e :

0 0.2 0.4 0.6 0.8 1.0
r/a

Fig. 8. (color online) Profiles of ¢ (r) = gmin + qc(1 — (r/rm)*)? with
qc =0.2, ry = 0.5, gmin = 1.01, and a changing ¢ from 1.5 to 3.0.
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Fig. 9. (color online) The mode frequency (a) and the growth rate (b)
as a function of a.
The magnetic field line bending effect influenced by the
modified magnetic shear S is the main stabilizing mechanism
of the mode. We see that S increases with a. Therefore, the

mode growth rate of the EP branch falls as & increases.

3.3. Varying the location of ry

We then fix g. = 0.2, a = 2, and gpin = 1.01, but only
change ry, from 0.3 to 0.7, as plotted in Fig. 10. It is seen
clearly in Fig. 11, the features of the mode, except for the
mode frequency of the EP branch, do not vary much with r, a
fact that indicates that the mode characteristics depend largely
on the local profile shape, rather than the location of g, sur-

face.

q profile

r/a

Fig. 10. (color online) Profiles of ¢ (r) = gmin + g (1 — (r/rm)%*)? with
gc =0.2, & =2, gmin = 1.01, and a changing ry, from 0.3 to 0.7.
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Fig. 11. (color online) The mode frequency (a) and growth rate (b) as a
function of rp,.

3.3.1. Varying the factor g; = g0 — gmin

The g-profiles with g. changing but other parameters
fixed are shown in Fig. 12. The factor g. noticeably has an
effect on shaping the g-profile similar to that of the exponen-
tial parameter of «. Thus, the influence of g. on the mode is
also similar to it. A critical g, =~ 0.16 is found for the MHD
branch in Fig. 13. As g, increases, the MHD branch of the
mode is unstable with a zero frequency for g. > g, and sta-
ble with a fast rising frequency for g, < gc.. Nevertheless,
since the modified magnetic shear varies significantly with g,
the effect of g, on the mode is thus more substantial than that

of the parameter of «.

5 T T T T T ‘I E I
— qo=1.20 3 i ]
-- qo=1.40 P =0.5 Qi /o

4 —-qo=160 e Iy
--qo=1.80 i i /., ,
== qo =2.00 o

3 AV

q profile

Qmin 21101 ,.,’.ff .
e N

Fig. 12. (color online) Profiles of ¢ () = gmin + g (1 — (r/rm)%)? with
rm =0.5, ¢ =2, gmin = 1.01, and a changing ¢, from 0 to 1.0.
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Fig. 13. (color online) The mode frequency (a) and growth rate (b) as a
function of ¢c.

4. Discussion and summary

In this paper, we have studied the effect of g-profile on
the linear stability of the ¢ = 1 mode with different regimes
of the magnetic shear. The dispersion relation of the mode is
given by a modified fishbone model for both monotonic and
nonmonotonic g-profiles. For ITER-like parameters, we cal-
culated the dispersion relation of the mode and make a com-
parison with theory. It is found that the current profile, i.e.,
the g-profile, can significantly change the stability feature of
the mode. The EP-dominant instability excited at the g = 1
surface is tested numerically. The non-resonant mode with
@min > 1 due to the pure fast ion driven is also numerically
studied for different types of g-profiles with key parameters
varying respectively. It is found that there are two main fac-
tors influencing the instability significantly, the MHD potential

energy and the magnetic shear. The MHD potential is affected
by many factors, such as the central safety factor, the mini-
mum safety factor, and the location of rational surface etc. As
for the magnetic shear, it plays an important role in stabiliz-
ing both the MHD and the EP branches in the weak magnetic
shear regime.
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