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Two Kinds of generalized gradient representations
for holonomic mechanical systems*
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Two kinds of generalized gradient systems are proposed and the characteristics of the two systems are studied. The
conditions under which a holonomic mechanical system can be considered as one of the two generalized gradient systems
are obtained. The characteristics of the generalized gradient systems can be used to study the stability of the holonomic
system. Some examples are given to illustrate the application of the results.
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1. Introduction

In Ref. [1], it was pointed out that the gradient system
is especially suitable for study by using the Lyapunov func-
tion. Reference [2] indicated that there are the skew-gradient
system, the gradient system with a symmetric negative defi-
nite matrix, the gradient system with a negative semidefinite
matrix, and so on, in addition to the general gradient system.
References [3] and [4] demonstrated that an autonomous or-
dinary differential equation has a first integral if and only if
it can be written as a skew-gradient system, which provides
a general way to rewrite such a system as a skew-gradient
system, and from which several new integral-preserving dis-
crete gradient methods are constructed. Reference [5] studied
the skew-gradient representation for autonomous stochastic
differential equations with a conserved quantity, from which
direct/indirect discrete gradient approaches are constructed.
Some results have been obtained in the research of the re-
lation between constrained mechanical systems and gradient

[6-181 However, in those studies, the matrix or the

systems.
function of the gradient system has no time . When its matrix
or function contains time ¢, the system can be called a gen-
eralized gradient system. There are two types of generalized
gradient systems that are particularly useful for the study of
stability. One is the generalized skew-gradient system, and
the other is the generalized gradient system with a symmetric
negative definite matrix. In this paper, we will transform the
holonomic mechanical system into the two kinds of general-
ized gradient systems under certain conditions, then discuss
the stability of solution of the mechanical system by using the
property of the generalized gradient system.
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2. Two Kinds of generalized gradient systems
2.1. Generalized skew-gradient system

The differential equations of the generalized skew-
gradient system have the form

av(t,X)

xi:bij<taX)T> (la] gy
J

,m), (1)
where X = (x1,x2,...,%m), bij(t,X) = —bj;i(t, X); here and
in the following, the same indexes in a term indicate to take
sum with it. If b;; and V contain no time ¢, then equations (1)
become a skew-gradient system. ]

Taking the derivative of V with respect to time, according
to Eq. (1), we have

R4
ot
If V can be a Lyapunov function, i.e., it is positive definite and

satisfying dV /dt < 0, then the solution of system (1) is stable
according to the Lyapunov theorem. This property can be used

1% 2)

to discuss the stability of solution of the mechanical system
which can be transformed into a generalized skew-gradient
system.

2.2. Generalized gradient system with a symmetric nega-
tive definite matrix

The differential equations of the system have the form

aV(t, X
xi:Sij(tﬂX)gv (iajzlaza"'vm)v (3)
8xj
where the matrix S;;(¢, X) is symmetric negative definite. If
S;j and V contain no time ¢, then equations (3) become a gra-

dient system.?!
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Taking the derivative of V with respect to time, according
to Eq. (3), we have

. dvV dV _ 9V
V_

TS =2, @

where the second term on the right side is less than zero. If
V is positive definite and V is negative definite, then the solu-
tion of the system is asymptotically stable. This property can
be used to discuss the stability of solution of the mechanical
system which can be transformed into the generalized gradient
system (3).

3. Generalized gradient representations for
holonomic systems

The differential equations of a general holonomic system
in the generalized coordinates have the form

d JL JL

— == =1,2,...
dr aq‘ 8qs QS7 (S Ed)

.n), (5)

where L = L(t,q,q) is the Lagrangian of the system, and

Os = 0s(t,q,q) are non potential generalized forces.
Suppose that the system is nonsingular, namely,

J’L
det (M) 40, ©)
then one can solve all generalized accelerations from Eq. (5)
gs = as(t,q,q), (s=1,2,...,n). @)
Let
a =qg, a" =g, (®)

then equations (7) can be written in the following first order
form:

A =Fy(t,a), (u=1,2,...,2n), )

where
Ev:anJrSu Fots = 0. (10)
By introducing the generalized momentum p; and the Hamil-

tonian H,

oL
Ps = 87.7 H=pyg,—L, (11)

N

equations (5) can be written in the following first order form:

oH
=0t S A (V=122 (12)
where
a =gqy, a"" = p;,

0 1
oMV = nxn nxn 7
( ) (_1n><n 0n><n>
Ay =0, Apys=0s(t,a). (13)

Here és are the generalized forces Qg written in canonical
variables.

Generally speaking, equations (9) and (12) are not a gen-
eralized gradient system. For Eq. (9), if there exist an antisym-
metric matrix by, (¢,a) and a function V (¢, a) such that

A%

Fu:bupﬁ7 (u,p=1,2,...,2n), (14)
then the system can be written in the form of the generalized
skew-gradient system (1). If there exist a symmetric negative
definite matrix Sy (f,a) and a function V (¢, a) such that

v

F#:S‘uvw7 (M,V:]72,...,2n)7 (]5)

then the system can be written in the form of the generalized
gradient system (3).

For Eq. (12), if there exist an antisymmetric matrix
bup(t,a) and a function V (¢, a) such that

0H
da”

then the system can be written in the form of the generalized

oMY

av
+A'u = b”pﬁ7 ([J,V,p = 1,27...,2”1), (16)

skew-gradient system (1). If there exist a symmetric negative
definite matrix Sy, (,a) and a function V (7, @) such that

0H
daV

then the system can be written in the form of the generalized

vV
uv — —
0} JrA”*S“pc?aP’ (u,v,p=12,....2n), (17)

gradient system (3).

It is worth noting that, if conditions (14)—(17) are not sat-
isfied, it is not determined whether the system is a generalized
gradient system, because it is related to the first order form of
the equations. In order to transform a mechanical system into
a gradient system, one can do the opposite, that is to rewrite a
given gradient system as a mechanical system.

For the general holonomic system in the generalized co-
ordinates, if it can be transformed into the generalized gradient
system (1) or (3), and the function V can be a Lyapunov func-
tion, then one can determine the stability of solution of the
mechanical system by using expression (2) or (4).

4. Examples

Example 1 A holonomic system with a single degree of
freedom is given as

1 1 jcos?
quzzq2<1+) (2+sinr)?, Q= -1 (18)

141 "~ 2+sint’

We transform it into a generalized gradient system and discuss
the stability of zero solution.
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Equations (5) give

cost
2 +sint’

1
j=—4q (1 + 1+l‘> (2+sint)> +¢
If let

1 2_
a =4q, a =¢q,

it cannot be transformed into a generalized gradient system.
Now let
1 2 q
a=q, a“=—7—
& 2(2+sint)’

then it can be rewritten in the following first order form:

1
a' =2a?(2+sint), d® = —2a' (1 + 1+z) (2 +sint).

It also has the following matrix form:

al\ _ 0  2+sinf\ (9V/da'

a*) ~ \—(2+sint) 0 ov/da* )’
where the matrix is antisymmetric, and the function V is given
as

2 1 2
V=(a")(1+-— S
@ (1415 ) + @)
It is a generalized skew-gradient system (1). Function V is
positive definite in the neighborhood of a' = a? = 0, and
v

(@)

o = g 0

I'— 42 = 0is stable.

Therefore, zero solution a
Example 2 The system’s Lagrangian and generalized
force are

L= 3¢~ 3¢ {41+ 1)[1 +exp(—1)

—2exp(—t)— (14+1)}H1+1),

0 = —4{2(1+ )2+ exp(—1)] - —

BEpres 19)

We transform it into a generalized gradient system and discuss
the stability of zero solution.
Equations (5) give

i = q{zu )2+ exp(—1)] — 11+t}

—q{4(1+1)[1 +exp(—t)] —2exp(—t) — (1+1)} (1 +1).

Let
1 _ 2_ q
a = q7 a = 2q[1 +CXp(—t)] + 1+t’

then the equation can be rewritten in the following first order
form:

a'=—{2a'[1 +exp(—1)] —a*} (1+1),

i? = —(2a* —a")(1+1).

It also has the following matrix form:

ay _(—-(+1) 0 9V /da'

@)\ 0 —(1+0)\av/aa®)’
where the matrix is symmetric negative definite, and the func-
tion V is given as

V= (al)2 [14exp(—t)] + (a2)2 —a'd®.

It is a generalized gradient system (3). Function V is positive
definite in the neighborhood of a! = a*> = 0. Taking V accord-
ing to the above equation leads to
V = —{2a'[1 +exp(—1)] —a®} (1+1)
— (2a® —a")?(1+1) - (al)zexp(—t),
which is negative definite. Therefore, zero solution al =ad® =
0 is asymptotically stable.

Example 3 We study a single degree of freedom system
whose Lagrangian and generalized force are

12
L=-¢-—
54

1 1
< (1+7) (37437 )

1
qu(l +12)cost — [4(2+sint) — 1]

0= 24{(2+sim)(1+t2)+(1+q2) 1it2}' (20)

We transform it into a generalized gradient system and discuss
the stability of zero solution.
Equations (5) give

i§ = —q{[4Q2+sint) = 1](1+¢*)(1+*) +2(1+7)cost }

—2q’{(2+sint)(l+t2)+(1+q2)— 1—|t—t2}'

Let

1 2 . q
= =2q(2 t —_—
a =gq, a~=2q( +Sm)+1+12,

then the equation can be rewritten in the following first order
form:

a' = — 24" (2+sint) —a’] (1+17),
i® = —(2d> —a") [1 + (al)z} .

It also has the following matrix form:

<d1> —(1+1?) 0 oV /da!

2] = 2 ,

e 0 —[1+(a)’] ) \ov/aa

where the matrix is symmetric negative definite, and the func-

tion V is given as

V= (a1)2 (2+sint) + (az)2 —a'a’.
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It is a generalized gradient system (3). Function V' is positive
definite in the neighborhood of a' = a*> = 0. Taking V accord-
ing to the above equation leads to

V = —[2a'2+sint) —a?]’ (1 +1%)
— (2d* —a')? [1+ (al)z} + (al)zcost,

2 _

1:a =

which is negative definite. Therefore, zero solution a
0 is asymptotically stable.

5. Conclusion

The stability problem of non-constant mechanical sys-
tems is important and difficult. It is often not easy to construct
the Lyapunov function directly from the differential equations.
In this paper, we have studied two kinds of generalized gra-
dient representations for general holonomic mechanical sys-
tems. When a system has been transformed into a generalized
gradient system, one can discuss the stability of solution of the
mechanical system by using the property of the generalized
gradient system. If the system is rewritten in the generalized
skew-gradient system (1), it is convenient to study the stabil-
ity of solution; and if the system is rewritten in the generalized

gradient system (3), it is convenient to study the asymptotic
stability of solution.
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