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In this paper, we present the fractional Hamilton’s canonical equations and the fractional non-Noether symmetry
of Hamilton systems by the conformable fractional derivative. Firstly, the exchanging relationship between isochronous
variation and fractional derivatives, and the fractional Hamilton principle of the system under this fractional derivative are
proposed. Secondly, the fractional Hamilton’s canonical equations of Hamilton systems based on the Hamilton principle are
established. Thirdly, the fractional non-Noether symmetries, non-Noether theorem and non-Noether conserved quantities
for the Hamilton systems with the conformable fractional derivatives are obtained. Finally, an example is given to illustrate
the results.
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1. Introduction

The subject of symmetries plays a prominent role in
physics, life sciences, and engineering. Using the symme-
try theories to study the conservation laws is a recent de-
velopment direction in mathematical physics. The symme-
try theory mainly covers Noether symmetry, Lie symmetry,
and Mei symmetry. Noether symmetry is an invariance of
the Hamiltonian’s action under the infinitesimal transforma-
tions of groups.[1] Lie symmetry is an invariance of differ-
ential equations under the infinitesimal transformations of
groups.[2] Mei symmetry means that the form of the equa-
tions of motion remains invariant under the infinitesimal trans-
formations of groups for the state parameter.[3,4] In 1992, a
theorem regarding the conserved quantities for second-order
dynamical systems has recently been given by Hojman,[5]

and generalized by Gonzalez-Gascon,[6] using geometric tech-
niques. Subsequently, the generalized theorem of a velocity-
dependent symmetry is presented by Lutzky.[7] Lately, Mei
has studied the non-Noether conserved quantities for the
Hamiltonian system in phase space.[8,9] Fu et al. developed a
new non-Noether conserved quantity for Hamilton canonical
equations.[10] Fang et al. gave a directive method to find the
non-Noether conserved quantity.[11] In recent years, the sym-
metry theories with fractional calculus are carried out. Zhou et
al. studied the symmetry theories of Hamiltonian systems with
Riemann–Liouville fractional derivatives.[12] Zhang et al. in-
vestigated the Hamilton formalism and Noether symmetry for
mechanico-electrical systems with fractional derivatives.[13]

Zhou et al. gave Noether’s theorems of a fractional Birkhof-

fian system within Riemann–Liouville derivatives.[14] Sun et
al. presented Lie symmetry theorem of fractional nonholo-
nomic systems.[15]

For fractional systems, the Riemann–Liouville (RL) and
Caputo fractional derivatives are popular among mathemati-
cians and physicists.[16–31] For example, Riewe has devel-
oped a new approach to mechanics, and obtained a ver-
sion of the Euler–Lagrange equations to problems of the
calculus of variations with fractional derivatives for the dy-
namical systems.[32,33] Agrawal further presented the frac-
tional variational problems with right and left RL fractional
derivatives.[34,35] Zhang gave the fractional differential equa-
tions in terms of combined Riemann–Liouville derivatives.[36]

Wang et al. studied the cyclic integrals and Routh equations
of fractional Lagrange system.[37] However, these fractional
derivatives are in integral form, thus it is extremely difficult
to work with these definitions. Recently, Khalil et al. in-
troduced a new simple well-behaved definition of the frac-
tional derivative called conformable fractional derivative.[38]

Subsequently, Abdeljawad developed the definitions there and
set the basic concepts in this new simple interesting frac-
tional calculus.[39] The definition and properties of the con-
formable fractional derivative are coincident with the usual
derivative, which is in limit form. In this paper, we use the
conformable fractional derivatives to study the fractional non-
Noether symmetries of Hamilton systems. We firstly investi-
gate the fractional Hamilton’s canonical equations on the con-
formable fractional derivative, then, the corresponding frac-
tional non-Noether conserved quantities are presented based
on the motion equations.
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2. Definitions and properties of conformable
fractional derivative and integral
In this section, we present some fundamental defini-

tions and properties of conformable fractional derivative
and integral.[38,39] Furthermore, we also study the multivari-
able differential calculus of conformable fractional derivative,
which will be used in the following sections.

2.1. Definition and properties of conformable fractional
derivative and integral

Definition 1 Conformable fractional derivative Given
a function f : [0, ∞)→ R. Then the “conformable fractional
derivative” of f of order α is defined by

Tα( f )(t) = lim
ε→0

f
(
t + εt1−α

)
− f (t)

ε
(1)

for all t > 0, α∈(0, 1). If f is α-differentiable in some (0, a),
a > 0, and limt→0+ f (α)(t) exists, then define

f (α)(0) = lim
t→0+

f (α)(t). (2)

We can write f (α)(t) for Tα( f )(t) to denote the conformable
fractional derivatives of f of order α . In addition, if the con-
formable fractional derivative of f of order α exists, then we
simply say f is α-differentiable.

Theorem 1 Let α ∈ (0, 1] and f , g be α-differentiable
at a point t > 0. Then

Tα(a f +bg) = aTα( f )+bTα(g), for all a,b ∈ R, (3)

Tα(λ ) = 0, for all constant functions f (t) = λ , (4)

Tα( f g) = f Tα(g)+gTα( f ), (5)

Tα

(
f
g

)
=

gTα f − f Tα g
g2 . (6)

If f is differentiable, then

Tα( f )(t) = t1−α d f
dt

(t). (7)

Definition 2 Conformable fractional integral

Ia
α( f )(t) = Ia

1 (t
α−1 f ) =

∫ t

a

f (x)
x1−α

dx,

where the integral is the usual Riemann improper integral, and
α ∈ (0, 1].

Theorem 2 Let f : (a,b) → R be differentiable and
0 < α ≤ 1. Then, for all t > a we have

Ia
α T a

α f (t) = f (t)− f (a). (8)

Definition 3 Chain rule Assume f , g: (a, ∞)→ R be α-
differentiable functions, where 0 < α ≤ 1. Let h(t) = f (g(t)).
Then h(t) is α-differentiable and for all t with t 6= a and
g(t) 6= 0 we have

Tα h(t) = Tα f (g(t))Tα g(t)g(t)α−1 =
d f
dg

Tα g(t). (9)

Then, we can easily prove the following multivariable differ-
ential calculus.

Definition 4 Let x = x(t) and y = y(t) be differentiable
at t, and let z = f (x,y) be differentiable at (x(t),y(t)). Then
z = f (x(t), y(t)) is differentiable at t and

Tα z(t) =
∂ f
∂x

Tα x(t)+
∂ f
∂y

Tα y(t). (10)

Equation (10) can be explained by the following formula:

Tα z(t) = t1−α dz
dt

= t1−α

(
∂ f
∂x

dx
dt

+
∂ f
∂y

dy
dt

)
=

∂ f
∂x

Tα x(t)+
∂ f
∂y

Tα y(t). (11)

3. The Hamilton principle with conformable
fractional derivative
Firstly, let us study the exchanging relationship with re-

spect to the isochronous variation and the fractional deriva-
tives. Considering two infinitely closed orbits: γ and γ + dγ ,
we denote the generalized coordinates by q = q(t,γ) and q′ =
q(t,γ + dγ), corresponding to the two infinitely closed orbits
individually in giving time, where q = {q1,q2, . . . ,qn}. We
define the isochronous variation as

δq = q(t,γ + dγ)−q(t,γ). (12)

Extending q(t,γ+ dγ) to the linear terms of dγ , then we obtain

q(t,γ + dγ) = q(t,γ)+
∂q(t,γ)

∂γ
dγ. (13)

Substituting Eq. (13) into Eq. (12), we have

δq =
∂q(t,γ)

∂γ
dγ, (14)

then we have

Tα δq = Tα

∂q(t,γ)
∂γ

dγ. (15)

Using Eq. (12), we obtain

δTα q = Tα q(t,γ + dγ)−Tα q(t,γ) = Tα

∂q(t,γ)
∂γ

dγ. (16)

Comparing Eqs. (15) and (16), we obtain the exchanging rela-
tionship

Tα δq = δTα q. (17)

Now we consider a mechanical system of n generalized
coordinates qs (s = 1,2, . . . ,n), the Lagrangian of the system
is L (t,qs,Tα qs) (s = 1,2, . . . ,n), and we define the fractional
Hamilton action as

S = Iab
α L(t,qs,Tα qs), (18)
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where all the variations of the variables are isochronous, and
the terminal conditions are given by

δqs|t=a = δqs|t=b = 0. (19)

Then, the fractional Hamilton principle can be written as

δS = δ Iab
α L(t,qs,Tα qs) = 0. (20)

4. Hamilton’s canonical equations with con-
formable fractional derivative
In this section, we study the fractional Hamilton’s canon-

ical equation based on the Hamilton principle. First, let us
introduce the generalized momenta as

pαs =
∂L

∂Tα qs
, 0 < α < 1, s = (1,2, . . . ,n), (21)

where the Lagrangian depends on the fractional time deriva-
tives of coordinates in the form L (t,qs,Dα qs). Then, the
Hamiltonian depending on the fractional time derivatives can
be expressed as

H =−L+
n

∑
s=1

pαsTα qs. (22)

Substituting Eq. (22) into Eq. (20), we have

Iab
α δ

( n

∑
s=1

pαsDα qs−H
)
= 0. (23)

Then, we obtain

Iab
α

n

∑
s=1

(
Tα qsδ pαs + pαsδTα qs

− ∂H
∂qs

δqs−
∂H

∂ pαs
δ pαs

)
= 0. (24)

Taking the commutable relation (17), we have

Iab
α

n

∑
s=1

(
Tα qsδ pαs + pαsTα δqs

− ∂H
∂qs

δqs−
∂H

∂ pαs
δ pαs

)
= 0. (25)

According to Eq. (5), we obtain

Tα(pαsδqs) = pαsTα δqs +δqsTα pαs. (26)

Substituting Eq. (26) into Eq. (25), we derive

Iab
α

n

∑
s=1

[
Tα qsδ pαs +Tα(pαsδqs)−δqsTα pαs

− ∂H
∂qs

δqs−
∂H

∂ pαs
δ pαs

]
= 0. (27)

From Eq. (8), we obtain

n

∑
s=1

pαsδqs|ba + Iab
α

n

∑
s=1

[(
Tα qs−

∂H
∂ pαs

)
δ pαs

−
(

Tα pαs +
∂H
∂qs

)
δqs

]
= 0. (28)

Using the terminal condition (19), we obtain

pαsδqs|ba = 0. (29)

Then, we have

Iab
α

n

∑
s=1

[(
Tα qs−

∂H
∂ pαs

)
δ pαs

−
(

Tα pαs +
∂H
∂qs

)
δqs

]
= 0. (30)

Calculating the derivative of Eq. (22) with respect to pαs, we
acquire

∂H
∂ pαs

= Tα qs. (31)

Substituting Eq. (31) into Eq. (30) and considering that δqs

(s = 1,2, . . . ,n) are independent, we obtain

∂H
∂qs

=−Tα pαs. (32)

According to Eq. (7), we can change Eqs. (31) and (32) into
the following form:

∂H
∂ pαs

= t1−α q̇s, (33)

and

∂H
∂qs

=−t1−α ṗαs. (34)

Equations (31) and (32), as well as equations (33) and (34), are
all called Hamilton’s canonical equations with conformable
fractional derivative. From Eqs. (33) and (34), we can observe
that the forms of fractional Hamilton’s canonical equations are
in accordance with the usual Hamilton’s canonical equations,
which just add the fractional gene t1−α . The fractional Hamil-
ton’s canonical equations are equivalent to the usual Hamil-
ton’s canonical equations by taking α = 1.

5. Non-Noether conserved quantities with con-
formable fractional derivative
Now we consider a mechanical system of n generalized

coordinates qs (s = 1,2, . . . ,n) and n generalized momentums
pαs (s = 1,2, . . . ,n), and the Hamilton’s canonical equations
are in the form

∂H
∂ pαs

= Tα qs, (35)

∂H
∂qs

=−Tα pαs. (36)

Equations (35) and (36) can be written as

Tα qs = gs(t,qk, pαk), (37)
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Tα pαs = hs(t,qk, pαk), s,k = 1,2, . . . ,n, (38)

or

t1−α q̇s = gs(t,qk, pαk), (39)

t1−α ṗαs = hs(t,qk, pαk), s,k = 1,2, . . . ,n. (40)

Introducing the general infinitesimal transformations

q∗(t) = q(t)+ εξs(t,qs, pαs), (41)

p∗αs(t) = pαs(t)+ εηs(t,qs, pαs), (42)

where ε is a small parameter, εs and ηs are the generators of
the infinitesimal transformations.

According to the theory of invariance of the differen-
tial equations under the infinitesimal transformations, if equa-
tions (37) and (38) keep invariant under the infinitesimal trans-
formations, then the generators satisfy the following equa-
tions:

X (1)(gs−Tα qs) = 0, (43)

X (1)(hs−Tα pαs) = 0, (44)

that is,

X (1)(gs− t1−α q̇s) = 0, (45)

X (1)(hs− t1−α ṗαs) = 0, (46)

where

X (0) = ξs
∂

∂qs
+ηs

∂

∂ pαs
(47)

is the operator of infinitesimal generators, and its extensions

X (1) = X (0)+ ξ̇s
∂

∂ q̇s
+ η̇s

∂

∂ ṗαs
. (48)

Substituting Eqs. (45) and (46) into Eqs. (47) and (48), we
obtain the following determining equations:

X (0)(gs) = t1−α
ξ̇s, (49)

X (0)(hs) = t1−α
η̇s. (50)

According to Eq. (7), it can also be written in the following
form:

X (0)(gs) = Tα ξs, (51)

X (0)(hs) = Tα ηs. (52)

Here we point out that the determining equations with the frac-
tional gene are in accordance with the usual determining equa-
tions when taking α = 1. Equations (49)–(52) are applicable
to the general case. Then, we have the following theorem.

Theorem 3 For the Hamiltonian system (37) and (38),
if there exists a gauge function G(t,qs, pαs) such that

∂gs

∂qs
+

∂hs

∂ pαs
+Tα G = ψ, (53)

where ψ is an invariant of the general infinitesimal transfor-
mations, then the following quantity can be found:

φ = X (0)(G)+
∂ξs

∂qs
+

∂ηs

∂ pαs
. (54)

Proof Firstly, we point out the fact that X (0)(ψ) =

X (1)(ψ) = 0. Then, we demonstrate the theorem by taking
α order derivative of φ

Tα φ = Tα [X (0)(G)]+Tα

(
∂ξs

∂qs
+

∂ηs

∂ pαs

)
. (55)

We have the following easily proven identities ( f (t,qs, pαs) is
arbitrary):

Tα

∂ f
∂qs

=
∂

∂qs
Tα f − ∂ f

∂qk

∂gk

∂qs
− ∂ f

∂ pαk

∂hk

∂qs
, (56)

Tα

∂ f
∂ pαs

=
∂

∂ pαs
Tα f − ∂ f

∂qk

∂gk

∂ pαs
− ∂ f

∂ pαk

∂hk

∂ pαs
, (57)

X (0)
(

∂ f
∂qs

)
=

∂

∂qs
X (0)( f )− ∂ f

∂qk

∂ξk

∂qs
− ∂ f

∂ pαk

∂ηk

∂qs
, (58)

X (0)
(

∂ f
∂ pαs

)
=

∂

∂ pαs
X (0)( f )− ∂ f

∂qk

∂ξk

∂ pαs
− ∂ f

∂ pαk

∂ηk

∂ pαs
, (59)

Tα [X (0)( f )] = X (0)(Tα f ). (60)

Using Eqs. (56), (57), and (60), we obtain

Tα φ = X (0)(Tα G)+
∂

∂qs
Tα ξs−

∂ξs

∂qk

∂gk

∂qs
− ∂ξs

∂ pαk

∂hk

∂qs

+
∂

∂ pαs
Tα ηs−

∂ηs

∂qk

∂gk

∂ pαs
− ∂ηs

∂ pαk

∂hk

∂ pαs
. (61)

According to Eqs. (58) and (59), we have

X (0)
(

∂gs

∂qs
+

∂hs

∂ pαs

)
=

∂

∂qs
X (0)(gs)−

∂ξs

∂qk

∂gk

∂qs
− ∂ξs

∂ pαk

∂hk

∂qs

+
∂

∂ pαs
X (0)(hs)−

∂ηs

∂qk

∂gk

∂ pαs
− ∂ηs

∂ pαk

∂hk

∂ pαs
. (62)

Considering the determining equations (51) and (52), we ob-
tain

X (0)
(

∂gs

∂qs
+

∂hs

∂ pαs

)
=

∂

∂qs
Tα ξs−

∂ξs

∂qk

∂gk

∂qs
− ∂ξs

∂ pαk

∂hk

∂qs

+
∂

∂ pαs
Tα ηs−

∂ηs

∂qk

∂gk

∂ pαs
− ∂ηs

∂ pαk

∂hk

∂ pαs
. (63)

Comparing Eq. (61) with Eq. (63), we derive

Tα φ = X (0)(Tα G)+X (0)
(

∂gs

∂qs
+

∂hs

∂ pαs

)
= X (0)

(
Tα G+

∂gs

∂qs
+

∂hs

∂ pαs

)
. (64)
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From the gauge function (53), we have

Tα φ = X (0)(ψ) = 0, (65)

which clarifies the theorem.
We have shown that the form of conserved quantity with

fractional calculus is in accordance with the usual one of the
systems. It is common and when we take α = 1, the conserved
quantity (54) is equal to the general case.

6. An illustrated example
Let us consider the following fractional mechanical sys-

tem, the Lagrangian is

L =
1
2
(T 2

α q1 +T 2
α q2 +T 2

α q3)−q1, (66)

and study its non-Noether conserved quantities. Obviously,
we have

pα1 =
∂L

∂Tα q1
= Tα q1, (67)

pα2 =
∂L

∂Tα q2
= Tα q2, (68)

pα3 =
∂L

∂Tα q3
= Tα q3. (69)

The Hamilton function of the system is given by

H = −L+ pα1Tα q1 + pα2Tα q2 + pα3Tα q3

=
1
2
(p2

α1 + p2
α2 + p2

α3)+q1. (70)

According to the Hamilton’s canonical equations (31) and
(32), we obtain

Tα q1 = pα1 = g1, (71)

Tα q2 = pα2 = g2, (72)

Tα q3 = pα3 = g3, (73)

Tα pα1 =−1 = h1, (74)

Tα pα2 = 0 = h2, (75)

Tα pα3 = 0 = h3. (76)

From the determining equations (49) and (50), we have

Tα ξ1 = η1, Tα ξ2 = η2, Tα ξ3 = η3,

Tα η1 = Tα η2 = Tα η3 = 0. (77)

One solution of Eq. (77) is

ξ1 =
c1

α
tα , ξ2 =

c2

α
tα , ξ3 =

c3

α
tα ,

η1 = c4, η2 = c5, η3 = c6, (78)

where c1, c2, c3, c4, c5, and c6 are constants.

Then, the gauge equation gives

Tα G = ψ. (79)

Let ψ = Tα(q2 pα3)−Tα(q3 pα2), then X (0)(ψ)=X (1)(ψ)= 0,
ψ is an invariant.

Therefore, we can find a gauge function

G = q2 pα3−q3 pα2. (80)

Substituting Eqs. (78) and (80) into Eq. (54), we obtain the
following non-Noether conserved quantity:

φ =
tα

α
(c2 pα3− c3 pα2)− c5q3 + c6q2. (81)

7. Conclusions
In this paper, we propose a new method to study the com-

plex Hamilton systems with fractional derivatives. The motion
equations and non-Noether symmetry theories of fractional
Hamilton systems are established by the conformable frac-
tional derivative. The forms of the results are identical to the
general ones, and they may change into the general cases when
making α = 1. Using this conformable fractional derivative,
all the fractional differential equations can be translated into
general differential equations and we can easily study the frac-
tional nonholonomic system, the fractional electromechanical
coupling system, and the problems of fractional anomalous
diffusion.
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