
Chin. Phys. B Vol. 25, No. 1 (2016) 014211

Data point selection for weighted least square fitting
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For the accurate extraction of cavity decay time, a selection of data points is supplemented to the weighted least
square method. We derive the expected precision, accuracy and computation cost of this improved method, and examine
these performances by simulation. By comparing this method with the nonlinear least square fitting (NLSF) method and the
linear regression of the sum (LRS) method in derivations and simulations, we find that this method can achieve the same
or even better precision, comparable accuracy, and lower computation cost. We test this method by experimental decay
signals. The results are in agreement with the ones obtained from the nonlinear least square fitting method.
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1. Introduction
The cavity ring-down (CRD) technique is a sensitive de-

tection technique for measuring weak absorption[1] or high
reflectivity.[2] The laser beam, pulsed or continuous, is firstly
coupled into a ring-down cavity (RDC). After the laser pulse
is injected or the continuous wave is suddenly shut off, the
intensity of the output optical signal of RDC, I, will decay ex-
ponentially with time t,[1]

I = Aexp
(
− t

τ

)
+offset. (1)

Here, A is the initial amplitude, offset refers to the combina-
tion of background noise and instrumental offset, and τ is the
cavity decay time which has a relationship with RDC round-
trip loss δ , as indicated as follows:[3]

τ =
L

δc
=

L[
α (λ )−∑

m
lnRm (λ )+ γ

]
c
, (2)

where L corresponds to the cavity length, which can be mea-
sured directly, c is the speed of light, α(λ ) is the optical loss
caused by weak absorption, Rm(λ ) is the reflectivity of the m-
th cavity mirror, and γ corresponds to other losses that result
from diffraction or scattering, etc. For the accurate δ is essen-
tial for the calculation of weak absorption or high reflectivity,
it is nontrivial to ensure the accuracy of extracted cavity decay
time.

There are a lot of extraction methods adopted in the CRD
technique, including the nonlinear least square fitting (NLSF)

algorithm[4–7] such as the Levenberg–Marquardt (LM) algo-

rithm, the weighted least square (WLS) method,[5,8] and the

extractions based on Fourier transform (FT)[9,10] or linear re-

gression of sum (LRS)[11] of the decay signal, etc. Their ex-

traction performances have been analyzed and compared by

several papers[12–15] where the extraction precision, accuracy,

and computation cost of each method were comprehensively

considered. Their analyses indicated the NLSF method can

achieve the finest precision. However, the computation cost of

the NLSF method may be a little high because it increases usu-

ally with the increase of iterations, so references [14] and [15]

both recommended the LRS (also known as corrected succes-

sive integration, CSI) method to extract the cavity decay time

finally. They found that the LRS method can achieve com-

parable extraction performance with the NLSF method,[14,15]

which is its main advantage over the WLS and FT methods.

Besides, the LRS method takes lower computation cost than

the WLS method.[14] However, we find that the extraction per-

formance of the WLS method is highly related to the number

of data points. By selecting proper data points for fitting, the

WLS method can achieve fine performance and low compu-

tation cost simultaneously. The main drawback of the WLS

method is that it is sensitive to offset. It is thought that nonzero

offset brings deviation because the logarithm of the decay sig-

nal is nonlinear; whereas zero offset results in information loss

when calculating the logarithms of negative data points.[5]

In this paper, we focus on the effect of offset and explore
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it from the calculation procedure of the WLS method. We find

that the WLS method needs data point selection in theory, so

we supplement a theoretical data point selection to the com-

mon WLS method. This improved method is referred to as

the WLS-DS method. Its expected precision, accuracy, and

computation cost are also derived. According to these deriva-

tions and the corresponding simulations, we find the WLS-

DS method can actually take a lower computation cost than

the LRS and the NLSF methods to achieve the comparable

or nearly the same fitting performance. Finally, we test the

WLS-DS method by actual decay signals of an optical feed-

back cavity ring-down (OF-CRD)[16,17] setup.

2. Theory
2.1. Data point selection for the WLS method

If there is no excitation of the multiple cavity mode, the

decay signal of RDC will be monoexponential. After record-

ing and digitalizing, the decay signal S can be given by

Si = Aexp
(
− ti

τ

)
+offseti

= Aexp(−ati)+offseti. (3)

Here, τ is the cavity decay time, a is the reciprocal of τ , i.e.,

a = 1/τ , the subscript i = 1, . . . , N, N is the number of data

points, and then, the natural logarithm of Si is taken as[1]

Yi = ln(Si) =−ati + ln(A)+ ln
[

1+
offseti

Aexp(−ati)

]
. (4)

The effect of offseti is processed by subtracting the mean value

of offset,[1] that is

Zi = ln [Si−mean(offset)]

= −ati + ln(A)+ ln
[

1+
offseti−mean(offset)

Aexp(−ati)

]
. (5)

The last term of Eq. (5) indicates that the effect form of off-

set to data point is very complicated. However, this term can

be simplified according to ln(1+ x)≈ x (when |x| � 1) if this

data point ensures that the corresponding fraction part of the

last term is far less than one. It must be noticed that neither

A nor a in the denominator can be known beforehand, so we

have to give them initial guess values, noted as A0 and a0, as

shown in Eq. (6),

Zi ≈−ati + ln(A)+
offseti−mean(offset)

A0 exp(−a0ti)
. (6)

Equation (6) indicates that a selection of data points is actually

indispensable for the WLS method. These selected data points

approximately suffer an exponential effect caused by the off-

set. If these data points are weighted by exp(−a0ti) (in the

WLS method, this weight will be squared as exp(−2a0ti) af-

ter the linear least algorithm[5,8]), they can suffer an identical

effect from the offset. Thus, the residual of the offset can be

processed as a constant, that is

Zi exp(−a0ti) ≈ [−ati + ln(A)]exp(−a0ti)

+
offseti−mean(offset)

A0
. (7)

Traditionally, this constant is set to be zero to eliminate

the deviation caused in linearization.[1,5] However, we find this

constant can also be set to be a positive value b, provided that

the following inequality holds:∣∣∣∣offseti−mean(offset)+b
A0 exp(−a0ti)

∣∣∣∣≤ k, k� 1. (8)

Thus

Di exp(−a0ti) ≈ [−ati + ln(A)]exp(−a0ti)

+
offseti−mean(offset)+b

A0
, (9)

where Di refers to

Di = ln [Si−mean(offset)+b] . (10)

Here, we can see that b provides us with a reference point by

which we can select proper signal data points for WLS fitting.

In this way, we find a condition of selecting data points, which

can help us truncate the optimal data point interval according

to the decay signal transient itself. It should be noticed that

offseti is unknown beforehand, so we must execute the data

point selection in consideration of the total decay signal, that

is, the data points selection depends on

b
A0 exp(−a0ti)

≤ k, k� 1. (11)

Generally, the selected data points are positive, so we need not

worry about the information loss. In addition, equation (11)

implies an instructive method to determine the value of b (the

value of k must be far less than 1 so it is usually set di-

rectly in advance), which can be derived by simply rearranging

Eq. (11),

b
kA0
≤ exp(−a0t)≤ 1. (12)

Here, we can see that b is not very large unless the signal initial
amplitude A0 is large enough. These data points are rearranged
as Eq. (9) and analyzed by the linear least square algorithm.
Then the final expression of fitted a can be written as
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afit =

K
∑
j=1

W 2
j

K
∑
j=1

[Wjt j (WjD j−b/A0)]−
K
∑
j=1

(
W 2

j t j

) K
∑
j=1

[Wj (WjD j−b/A0)][
K
∑
j=1

(
W 2

j t j

)]2

−
K
∑
j=1

W 2
j

K
∑
j=1

(
W 2

j t2
j

) . (13)

Here, K is the total number of selected data points, Wj corre-
sponds to the weight factor exp(−a0t j), and the subscript fit
means this parameter is a calculated one. In CRD measure-
ment, τfit is more commonly used, which is the reciprocal of
afit.

In the WLS-DS method, the information loss caused by
zero offset can be expected to be mitigated because there
are fewer or even no negative data points in fitting, mean-
while the deviation of nonzero offset is limited by the data
point selection based on Eq. (8). The data point selection
method stems from the underlying linear approximation con-
dition rather than an empirical value, which is usually adopted
in previous linear least square (LS) fitting, such as t ≈ 3τ .[4,5]

Compared with the previous LS method, the WLS-DS method
only selects those data points which can retain their infor-
mation as much as possible for fitting, so it can theoretically
achieve more accurate results.

2.2. Assessments of the WLS-DS method

An extraction method (even an improved one) should be
assessed by three requirements which are precision, accuracy,
and computation cost.[12,14] A noticeable point is that these re-
quirements are not mutually independent of each other. In fact,
they are all related to the number of data points, N or K here.
We should not ignore this point in the following assessments
and comparisons.

As indicated in Ref. [12], a∆t � 1 and f ∆t ≈ 1, where
f is the reciprocal of the systemic response time tf and ∆t is
the time interval of data acquisition, are required by a CRD
system. As for our CRD system, ∆t is 12.5 ns (80 MS/s sam-
pling) and tf has been measured by Gong and Li[18] that was
less than 20 ns. The typical a of our CRD system is in a range
of (0.5−1)×106 s−1 which corresponds to 1–2 µs cavity de-
cay time. Both of these hardware limitations are met. If we
further assume that σ , the standard deviation value of offset,
is constant, we can make our derivations in the following.

At first, we must notice that A0 and a0 should be re-
garded as independent constants in the WLS-DS method, and
b is a preset parameter. Under these conditions, we can write
the expression of expected precision of afit according to error
propagation[19]

σ
2 (afit) =

K

∑
j=1

(
∂afit

∂D j

)2

σ
2 (D j) . (14)

For concise description, we define three constants as

p1 =
K

∑
j=1

W 2
j , p2 =

K

∑
j=1

W 2
j t j, p3 =

K

∑
j=1

W 2
j t2

j . (15)

Then the partial derivative of D j can be written as

∂afit

∂D j
=

p1W 2
j t j− p2W 2

j

p2
2− p1 p3

, (16)

and σ2 (D j) after data point selection can be approximately
given by

σ
2 (D j)=

σ2

A2 exp(−2at j)
. (17)

Thus, we can obtain the simplified expression of expected pre-
cision

σ
2 (afit) =

(
σ

A

)2 p1

p1 p3− p2
2
. (18)

Take our typical laboratory case for example, where τ is
1.2 µs, A is 1 V, and σ = 4 mV. If we set b = 0.5 mV, and
k = 0.01, the calculated K is 287 and σ(afit) = 1005 s−1 which
corresponds to±1.45 ns precision. We test this result by a sim-
ulation which contains 5000 decay signals, the statistical result
is 1.19975±0.00146 µs. The precision is±1.46 ns, quite close
to the derived value.

To find the relations between σ2(afit) and those method
parameters, such as a, A, ∆t, etc., we let K approach to infin-
ity meanwhile a∆t approaches to zero to obtain the following
equation:

σ
2 (afit) = 8a3

(
σ

A

)2 ∆t
exp(−2a∆t)

. (19)

We can see that σ2(afit) is nearly proportional to a3 and ∆t,
while nearly inversely proportional to A2.

Then, we analyze the expected fitting bias by the method
introduced by Lehmann and Huang.[12] In Eq. (9), if the
second-order term in the Taylor expansion of Di is reserved,
we can obtain

Di ≈ −ati + ln(A)+
offseti−mean(offset)+b

A0 exp(−a0ti)

− 1
2

[
offseti−mean(offset)+b

A0 exp(−a0ti)

]2

. (20)

Actually, the last term on the right-hand side of Eq. (20) is just
the source of bias. The numerator of this term has an ensemble
average value of〈

(offseti−mean(offset)+b)2
〉

=
〈
offset2

〉
+2〈boffset〉+b2. (21)
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As a Gaussian-distributed variable,
〈
offset2

〉
= σ2. Thus, we

can deduce the ensemble average value of the last term on the
right-hand side of Eq. (20), which is denoted as

erri =

〈
1
2

[
offseti−mean(offset)+b

A0 exp(−a0ti)

]2
〉

=
1
2

σ2+b2

A2
0 exp(−2a0ti)

. (22)

Combining Eq. (22) with Eq. (13), we can write the expected
bias

∆afit = 〈afit〉−a=
p1

K
∑
j=1

(
W 2

j t jerr j

)
− p2

K
∑
j=1

(
W 2

j err j

)
p1 p3− p2

2
. (23)

If we assume that there is no initial guess error, i.e., A0 = A
and a0 = a, equation (23) can be simplified into

∆afit =
σ2+b2

4A2
(K−1)K p1∆t−2K p2

p1 p3− p2
2

. (24)

Because ∆afit is positive, the fitted τ of the WLS-DS method
is always smaller than the real value.

Based on Eqs. (18) and (24), we can calculate the fitting
precision and fitting accuracy of τfit, which are noted as σ(τfit)

and ∆τfit, correspondingly. To test the above derivations, we
made a simulation where τ is 1.2 µs, A is 1 V, and σ = 4 mV.
We fix k to be 0.01 and let b range from 0.1 mV to 1 mV.
The statistical results of five thousand decay signals are illus-
trated in Fig. 1. We can see that the derivations are basically in
agreement with the simulations. We can also find that the fit-
ting precision and fitting accuracy have contrary dependences
on b, which means the WLS-DS method cannot achieve high
precision nor find accuracy simultaneously. Hence, we make
another comparison as shown in Fig. 2 to determine whether
the performances of the WLS-DS method can meet the actual
measurements.
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τ
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Fig. 1. Comparisons between derivations and simulations of expected
precision and accuracy. When b = 0.2 mV (corresponding to K = 375),
the precision of the WLS-DS method is better than that of the NLSF
method with 5000 data points (the solid black line in Fig. 1) which are
calculated according to the derivation of Ref. [12].
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Fig. 2. Comparisons of the WLS-DS method with the NLSF and the
LRS methods. In panel (a), the NLSF and the LRS methods are both
executed by using the selected data points of the WLS-DS method.
The derivation of NLSF precision in panel (a) has been achieved by
Ref. [12]. However, for the LRS method, its precision and accuracy
are too complicated to give closed forms,[12] so our presentation of the
LRS method is based on simulations. Y -axes in panels (a) and (b) are in
different ranges, which indicates ∆τfit is smaller than σ(τfit).

The comparisons of performances are given in Fig. 2. The
accuracies of NLSF and LRS methods are obtained by simu-
lations which contain 5000 decay signals in each case. The
largest relative bias of the WLS-DS method is less than 0.06%,
whereas the smallest relative bias is about 0.015%, which is
still worse than those of the NLSF and LRS methods. Al-
though the WLS-DS method shows a slightly worse accuracy
than those of the other two methods, it achieves quite fine pre-
cision in very few data points. For example, in the typical case
of our lab, the NLSF method needs 2243 data points to achieve
the precision of±1.45 ns, which is calculated according to the
derivation in Ref. [12], while the LRS needs about 880 data
points to achieve its best precision which is only±1.72 ns (ob-
tained by simulation). Besides, we should notice that for the
fitting result, its bias is always less than its dispersion, which
is a measure of precision. So we think that the accuracy of the
WLS-DS method is acceptable if we choose proper b. Gener-
ally, b can be as large as possible to obtain fine accuracy.

Finally, the computation cost of the WLS-DS method
is also considered. It seems that more than 10 multiplica-
tions and 7 additions per data point are needed at a glance
of Eq. (13). However, we must notice that A0 and b are both
preset; meanwhile the series W and t can also be known be-
fore the fitting. Therefore, most calculations can be simplified
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by the summation formula of the geometric series except these
two terms which contain D j. For clearer presentation, we give
the following equivalent form of Eq. (13):

afit =

p1

(
K
∑
j=1

W 2
j t jD j−

b
A0

p4

)
− p2

(
K
∑
j=1

W 2
j D j−

b
A0

p5

)
p2

2− p1 p3
.

(25)

Here,

p4 =
K

∑
j=1

Wjt j, p5 =
K

∑
j=1

Wj. (26)

We can see that the required number of floating point calcu-
lations is on the order of 3K multiplications (the W 2 and W K

are just regarded as calculations of exponential function) and
2K additions. In fact, the main computation cost is taken in
the logarithmic calculation of D j. As far as we know, the most
efficient equivalent series of a logarithm is[20]

ln(x) = 2arctanh
(

x−1
x+1

)
= 2

∞

∑
i=0

1
2i+1

(
x−1
x+1

)2i+1

, x > 0. (27)

Here, x > 0 can be ensured by the data point selection proce-
dure. We find that this serial converges very fast only when
x ≈ 1. However, the discussed x, i.e., the amplitude of data
point, may be very small in fact, so we recommend the fol-
lowing function for the logarithm calculation:[20]

ln(x) = ln(eyx)− y = 2
∞

∑
i=0

[
1

2i+1

(
eyx−1
eyx+1

)2i+1
]
− y. (28)

This expansion stops when∣∣∣∣∣
(

eyx−1
eyx+1

)2i+1
∣∣∣∣∣< 0.01. (29)

Here, e is the base of the natural logarithm, and y is a certain
number to make eyx≈ 1. In addition, taking the former simu-
lation for example, the logarithms of data points are calculated
according to Eq. (28) and a logarithm function package. If the
amplitude of data point Si is in a range of (0.8–1), y is set to
be zero; while if Si is in a range of (0.2–0.8), y is set to be one;
otherwise y is set to be two. If e is set to be 2.718282, the WLS
fitting based on Eq. (28) gives 1.19990±0.00137 µs. Whereas
the WLS fitting based on the logarithm function package gives
1.19986±0.00137 µs. The relative difference is less than
0.005% meanwhile the computation cost is less than 15 K.
Thus, we think that the computation of the WLS-DS method
can be limited in 20 K floating point calculations if we use an
efficient enough code.

The computation costs of the NLSF and the LRS methods
have been derived by Lehmann and Huang.[12] They found
that at least 6 floating point calculations (3 additions and 3
multiplications) are needed for a single data point in the NLSF
extraction, and at least 13 floating point calculations (8 addi-
tions and 5 multiplications) are needed for a single data point
when using the LRS method. However, these two methods
need more data points to achieve a fine fitting performance.
In the typical case of our laboratory, the computation costs
of these three methods to achieve the precision of 1005 s−1

(±1.45 ns) are presented in Table 1.

Table 1. Comparisons of computation cost among NLSF, the LRS, and the
WLS-DS methods.

NLSF method LRS method WLS-DS methods

Number of data points 2243 ≈ 880 287
Total computation cost at least: 2243·6 ≈ 880 ·13 ≤ 287 ·20

We can see the computation cost of the WLS-DS method
is lower than those of the NLSF and LRS methods.

Let b approach to zero, we can achieve the common WLS
fitting. Combining former derivations and the tendency of
the WLS-DS method in Fig. 2, we can deduce that the WLS
method has a little better precision but a much more obvious
bias. Furthermore, its computation cost is also higher than that
of the WLS-DS method.

3. Experiments and results
Our experimental OF-CRD setup is presented in Fig. 3.

A CW F–P diode laser (Power Technologies, IQ1A07) of
1060 nm was adopted as a light source. Its output signal was
modulated by a 100-Hz square wave generated by a waveform
generator (Spectrum, M2i.6021). A folded cavity composed
of three mirrors (M1, M2, and M3) with a high reflectivity
coating was used as the RDC. M1 and M2 are two identical
plano-concave mirrors each with a curvature radius of 1 m,
and M3 is a plane mirror. By properly modulating the inten-
sity of retro-reflected light from the RDC, the optical feed-
back could achieve line-width narrowing and frequency lock-
ing to the semiconductor laser,[16,17] so the coupling between
the laser beam of the light source and the RDC could be easier
to achieve. At the fall step of the square wave, the light source
was switched off suddenly and the RDC decay transient began
from a certain initial amplitude. The output signal of the RDC
was focused on an InGaAs PD (Thorlabs, PDA400) by the
lens L1. A data acquisition (DAQ) card (Spectrum, M2i.3010,
80MSample/s, 12 bit) was employed to acquire the data from
PD. The acquisition started at the fall step of the square wave at
the time when the decay transient began and then transferred
the data to the PC for subsequent analyses. In this setup, an
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He–Ne laser and two plano mirrors M4 and M5 were used for

conveniently aligning the system.

DAQ
arbitrary waveform 

generator

PD

He-Ne

CW F-P

M4

M3

M2

M5 M1 L1

attenuator

Fig. 3. Schematic setup of the OF-CRD system. The dot lines are light
paths, and the solid lines are signal paths.

Two groups of 50 decay signals were recorded and an-

alyzed by the NLSF method (the LM algorithm was applied

here), the common WLS method, and the WLS-DS method

respectively. Here, the NLSF method was chosen as the stan-

dard because the LM algorithm has been regarded as the de-

facto standard in the CRD technique.[9] The theoretical value

of the decay time constant is dependent on the incident angle

of M3, so it is hard to know beforehand, but it can be approx-

imately determined to be 1.2 µs according to our former ex-

periments. Therefore, the initial guess τ was set to be 1.2 µs,

A0 was set to be a maximum of the decay signal, and offset

was calculated beforehand by averaging the tails of several de-

cay signals. Each original decay signal was truncated so only

4000 data points were contained. The mean value of the initial

amplitude of decay signals was 0.938 V; statistics indicated

that the background offset was 0.019±0.004 V. According to

the former simulations, we deduced that the WLS-DS method

could give almost the same precision as the NLSF algorithm;

meanwhile the accuracy was also comparable. The fitting re-

sults are shown in Fig. 4 and statistic results are noted in the

legend of each figure.

As detailed in Fig. 4, data point selection is very helpful
for the accuracy of the WLS method. For the WLS-DS method
and the NLSF algorithm, both of their statistical results and
trends of curves accord with each other very well, especially
in the case of b = 1 mV and k = 0.01. Although a theoreti-
cal bias of the WLS-DS method exists as shown in Fig. 2(b),
it is not very serious in actual applications. However, for the
common WLS method, the difference in statistical result was
obvious and the deviation of the curve trend was distinguish-
able, the only satisfactory point was that it achieved the same
fitting precision. The comparison of computation cost is pre-
sented in Table 2, from which we can find that the computation
cost of the WLS-DS method is quite low.
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Fig. 4. Fitting results of experiment. There are two notes in this fig-
ure. Note that the + means that the results of this curve are obtained
by the WLS-DS method with b = 0.5 mV and k = 0.01 (blue lines).
Note * means that the results of this curve are obtained by the WLS-
DS method with b = 1 mV and k = 0.01 (green lines). The WLS fit is
corresponding to the common WLS method which uses the total decay
signal to fit. (a) Group 1, (b) group 2.

Table 2. Comparisons of data point number for cavity decay time extraction.

NLSF WLS WLS-DS+ WLS-DS∗

Number of data points 4000 4000 mean value: 259.5 mean value: 193.0

Comparable fitting performance with the NLSF algorithm
was obtained for the WLS-DS method. Furthermore, former
derivations and simulations prove that the WLS-DS method
takes a lower computation cost in fact. With this obvious im-
provement, the WLS-DS method, one of the advanced linear
fitting methods, can be a potential high accuracy and fine pre-
cision decay time extraction method in the CRD technique.

4. Conclusions
In this paper, a WLS-DS method of extracting the cavity

decay time is introduced by deducing the calculation proce-
dures of the WLS method. With a theoretical data point selec-
tion procedure contained, it can mitigate the effect brought by
the system noise and the instrumental offset to achieve a high
accuracy result. After comparing with the NLSF algorithm
and LRS method by derivations and simulations, we find that
this method can obtain the same or even better precision and
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comparable accuracy in lower computation cost. The WLS-
DS method can be a convenient and useful data processing
approach in the CRD technique; furthermore, with its advan-
tage of low computation cost, it could play a more important
role in the real-time CRD system.
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