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Stationary entanglement between two nanomechanical oscillators
induced by Coulomb interaction∗
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We propose a scheme for entangling two nanomechanical oscillators by Coulomb interaction in an optomechanical
system. We find that the steady-state entanglement of two charged nanomechanical oscillators can be obtained when
the coupling between them is stronger than a critical value which relies on the detuning. Remarkably, the degree of
entanglement can be controlled by the Coulomb interaction and the frequencies of the two charged oscillators.
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1. Introduction

Cavity optomechanics has sparked the interest of a vast
scientific community over the past few years due to its dis-
tinct applications, such as the high-sensitivity detection of tiny
mass, force, and displacement.[1–4] In a typical optomechani-
cal system, a movable mirror couples the cavity field by the
radiation pressure, and this coupling can lead to many re-
markable effects, for example, the optomechanically induced
transparency (OMIT),[5–11] the quantum ground state cooling
of the nanomechanical oscillators,[12,13] the entanglement be-
tween cavity modes and/or mechanical modes,[14–23] and the
squeezed states of light or mechanical modes.[24–26]

Entanglement is one of the most striking properties of
quantum mechanics and has become a significant resource
for quantum information processing. Although quantum me-
chanics has been proven to be highly successful in explain-
ing physics at microscopic and subatomic scales, its validity
at macroscopic scales is still debated. Over recent decades,
thanks to the theoretical study and technological progress, it
has now been possible to obtain entanglement in mesoscopic
and even macroscopic systems. In addition to the theoreti-
cal proposals[14–17] that predict entanglement between a me-
chanical oscillator and a cavity field, the recent experimental
realization[18] of entanglement between the motion of a me-
chanical oscillator and a propagating microwave in an elec-
tromechanical circuit makes optomechanical system a promis-
ing platform for generating macroscopic entanglement. More-
over, entanglement between mechanical oscillators can also

be obtained by use of the squeezed input optical field,[27–29]

the cascaded cavity coupling,[30] and the conditional quantum
measurements.[31,32] In fact, entangled optomechanical sys-
tems have potential profitable application in realizing quan-
tum communication networks, in which the mechanical modes
play the vital role of local nodes where quantum information
can be stored and retrieved, and optical modes carry the infor-
mation between the nodes. This allows the implementation of
CV quantum teleportation,[33,34] quantum telecloning,[35] and
entanglement swapping.[36]

In this work, we investigate the entanglement in an op-
tomechanical cavity coupled to an external nanomechanical
oscillator (NMO) via Coulomb interaction. Using logarithmic
negatively as an entanglement measure, we show that the two
charged NMOs are entangled in the steady state through in-
troducing the Coulomb coupling. The generated NMO–NMO
entanglement is strongly dependent on the Coulomb coupling
strength and the frequencies of the two charged mirrors. In
addition, we also show the robustness of the entanglement to
temperature at different pump power.

Different from the conventional optomechanical sys-
tems[37,38] where the entanglement between two movable me-
chanical oscillators is generated by the inner cavity modes or
induced by the external atoms, the entanglement between the
two charged NMOs in our scheme is created by Coulomb in-
teraction. Moreover, compared with the conventional meth-
ods, the Coulomb coupling has important advantages, for ex-
ample, the range of the interaction distance is from nanome-
ter to meter,[39,40] the strength can be controlled by the bias
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voltage,[41] and it can also be applied to couple different kinds
of charged objects at different frequencies.[42]

The rest of this paper is organized as follows. In Sec-
tion 2, we present the model under study and the analytical ex-
pressions of the optomechanical system, and derive the quan-
tum Langevin equations and the steady state of the system. In
Section 3, we quantify the entanglement properties of the two
charged NMOs by using the logarithmic negativity. Finally we
draw our conclusions in Section 4.

2. Model and solution
As sketched in Fig. 1, our system consists of a high-

quality Fabry–Pérot cavity containing a fixed mirror and a
movable mirror NMO1. NMO1 is charged by the bias gate
voltage V1 and subject to the Coulomb force due to another
charged NMO2 with the bias gate voltage −V2. The optome-
chanical cavity of the length L is driven by one strong pump
field εp from the left side of the cavity. The output field is rep-
resented by εout, q1 and q2 represent the small displacements
of NMO1 and NMO2 from their equilibrium positions, with r0

the equilibrium distance between the two NMOs. Then, the
Hamiltonian in the rotating frame at frequency of the pump
field ωp can be given by

H = h̄∆cc†c+
h̄ω1

2
(p2

1 +q2
1)+

h̄ω2

2
(p2

2 +q2
2)

− h̄gc†cq1 + h̄λq1q2 + ih̄εp(c†− c), (1)

where the first term is for the single-mode cavity field with
frequency ωc and annihilation (creation) operator c (c†), and
∆c = ωc − ωp is the detuning of the pump field from the
bare cavity. The second (third) term describes the vibra-
tion of the charged NMO1 (NMO2) with frequency ω1 (ω2),
effective mass m1 (m2), position operator q1 (q2) and mo-
mentum operator p1 (p2).[43] The fourth term describes the
coupling between NMO1 and the cavity field with the cou-
pling strength g = (ωc/L)

√
h̄/mω1, where L is the cavity

length. The fifth term presents the Coulomb coupling between
the charged NMO1 and NMO2 with the Coulomb coupling
strength λ = (C1V1C2V2)/(2π h̄ε0r3

0),
[41,42] where the NMO1

and NMO2 take the charges Q1 =C1V1 and Q2 =−C2V2, with
C1(C2) and V1(−V2) being the capacitance and the voltage of
the bias gate, respectively. The last term in Eq. (1) describes
the interactions between the cavity field with the input field.
The strong pump field possesses the frequency ωp and the am-
plitude εp =

√
2κP/ωp, where P is the power of the pump

field and κ is the cavity decay rate.
Considering photon losses from the cavity and the Brow-

nian noise from the environment, we may describe the dynam-
ics of the system governed by Eq. (1) using the following non-
linear quantum Langevin equations:[43]

q̇1 = ω1 p1,

ṗ1 = −ω1q1− γ1 p1 +gc†c−λq2 +ξ1,

q̇2 = ω2 p2,

ṗ2 = −ω2q2− γ2 p2−λq1 +ξ2,

ċ = −(κ + i∆c)c+ igcq1 + εp +
√

2κcin,

where γ1 (γ2) is the decay rate for NMO1 (NMO2). The quan-
tum Brownian noise ξ1 (ξ2) comes from the coupling be-
tween NMO1 (NMO2) and its own environment with corre-
lation function[44]

〈ξ (t)ξ ′(t)〉 ' γm(2n̄+1)δ(t− t ′),

where n̄ = [exp(h̄ωm/kBT )− 1]−1 is the mean number of
thermal excitation with kB being the Boltzmann constant, cin

is the input vacuum noise operator with nonzero correlation
function[44]

〈cin(t)c
†
in(t)〉= δ (t− t ′).

fixed mirror

εout

εp, ωp

L

q1 q2

 NR1↼Q1↽  NR2↼Q2↽

r0

V1C1 ↩V2C2

Fig. 1. (color online) Schematic diagram of the system.

From the Langevin equations above, we can obtain the
steady-state mean-values as

p1s = 0,

p2s = 0,

q1s =
g |cs|2

ω1−
λ 2

ω2

,

q2s =
−λ

ω2
q1s,

cs =
εp

κ + i∆
,

where ∆ = ∆c−gq1s is the effective cavity detuning.
We can rewrite each Heisenberg operator as its steady-

state mean-value plus an additional fluctuation operator with
zero-mean value, c = cs + δc, qi = qis + δqi, pi = pis + δpi

(i = 1,2). For generating optomechanical entanglement the
input power is usually very large, which means |cs| � 1, so
we can ignore some small quantity and get the linearized
Langevin equations

˙δq1 = ω1δp1,
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δṗ1 = −ω1δq1− γ1δp1 +G(δc+δc†)−λδq2 +ξ1,

δq̇2 = ω2δp2,

δ ṗ2 = −ω2δq2− γ2δp2−λδq1 +ξ2,

δċ = −(κ + i∆)δc+ iGδq1 +
√

2κcin, (2)

where G = gcs is the effective coupling strength.

3. Entanglement
In this section, we study the NMO–NMO entanglement

and analyze how the degree of entanglement depends on the
Coulomb interaction and the frequencies of the two charged
NMOs. We also investigate the robustness of the entanglement
against temperature.

In order to investigate the optomechanical entanglement,
it is more convenient to use the quadratures operators defined
by δX = (δc+ δc†)/

√
2 and δY = (δc− δc†)/i

√
2, and the

corresponding Hermitian input noise operators Xin = (cin +

c†
in)/
√

2 and Yin = (cin− c†
in)/i
√

2. Then equation (2) can be
rewritten as the matrix form

𝑢̇=𝐴𝑢(t)+𝑛(t), (3)

in which the transposes of the column vectors 𝑢(t) and 𝑛(t)
can be expressed as

𝑢T(t) = (δq1(t),δp1(t),δq2(t),δp2(t),δX(t),δY (t)),

𝑛T(t) = (0,ξ1(t),0,ξ2(t),
√

2κX in(t),
√

2κY in(t)), (4)

and the matrix 𝐴 is

𝐴=


0 ω1 0 0 0 0
−ω1 −γ1 −λ 0 Gm 0

0 0 0 ω2 0 0
−λ 0 −ω2 −γ2 0 0
0 0 0 0 −κ ∆

Gm 0 0 0 −∆ −κ

 ,

where the effective optomechanical coupling Gm =
√

2gcs.

When the system is stable, it reaches a unique steady state, in-
dependently of the initial condition. Since the quantum noises
ξ1(2) and cin are zero-mean quantum Gaussian noises and the
dynamics is linearized, the quantum steady state for the fluc-
tuations is a zero-mean bipartite Gaussian state.

The solution of Eq. (3) can be expressed as

𝑢(t) =𝑀(t)𝑢(0)+
∫ t

0
dt ′𝑀(t ′)𝑛(t− t ′), (5)

where 𝑀(t) = exp(𝐴t). The system is stable only
if the real parts of all the eigenvalues of matrix 𝐴

are negative, which can be derived by applying the
Routh–Hurwitz criterion.[45] We will choose the parame-
ters so that the system is subsequently in a steady state.
We define Vi j = 〈ui(∞)u j(∞) + u j(∞)ui(∞)〉/2, which is

a 6 × 6 correlation matrix (CM).[46–48] Here, 𝑢T(∞) =

(δq1(∞),δp1(∞),δq2(∞),δp2(∞),δX(∞),δY (∞)) is the vec-
tor of the fluctuations operators at the steady state. When the
system is stable (t→ ∞), we obtain

Vi j = ∑
k,l

∫
∞

0
dt
∫

∞

0
dt ′Mik(t)M jl(t ′)Φkl(t− t ′), (6)

where Φkl(t − t ′) = (〈nk(t)nl(t ′) + nl(t ′)nk(t)〉)/2 is the
steady-state noise CM. When the stability conditions are sat-
isfied, the steady-state CM satisfies a Lyapunov equation

𝐴𝑉 +𝑉 𝐴T =−𝐷, (7)

where 𝐷 = diag[0,γ1(2n̄1 + 1),0,γ2(2n̄2 + 1),κ,κ] and n̄ j =

[exp(h̄ω j/kBT )− 1]−1( j = 1,2) is the mean thermal excita-
tion number. We can straightforwardly have the solution of
the CM with Eq. (7). However, the explicit expression is too
complicated and will not be reported here.

Now, we examine the NMO–NMO entanglement of this
optomechanical system. For this purpose, we consider the en-
tanglement of the bipartite subsystems that can be traced over
the remaining degrees of freedom. This bipartite entanglement
will be quantified by using the logarithmic negativity

EN = max[0,−ln2η
−], (8)

where η− ≡ 2−1/2[Σ(𝑉bp)−
√

Σ(𝑉bp)2−4det(𝑉bp)]
1/2 is the

lowest symplectic eigenvalue of the partial transpose of the
4× 4 CM, Vbp, associated with the selected bipartition, ob-
tained by disregarding the rows and columns of the uninterest-
ing mode,

𝑉bp =

(
𝐵 𝐶
𝐶T 𝐵′

)
, (9)

and Σ(𝑉bp)≡ det𝐵+det𝐵′−2det𝐶.
For simplicity, we choose all the parameters of the two

charged NMOs to be the same, i.e., ω1 = ω2 = ωm, γ1 =

γ2 = γm. In order to obtain a significant amount of entan-
glement, we have made a careful analysis in a wide param-
eter range and found the system parameters, as shown in Ta-
ble 1, which are very close to that of performed optomechan-
ical experiments.[49,50] We numerically display the entangle-
ment of the two movable mirrors in Figs. 2–4.

Table 1. The parameters used in our numerical calculations which are
based on the experiment conditions.[49,50]

Paramter Symbol Value
Mechanical mass m 5 ng
Mechanical frequency ωm/2π 100 MHz
Mechanical damping rate γm/2π 100 Hz
Cavity length L 1 mm
Cavity-field wavelength λ0 810 nm
Optical damping rate κ 88.1 MHz
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In Fig. 2, we plot the logarithmic negativity EN versus
the normalized detuning ∆/ωm at temperature T = 4 mK and
driving power P = 50 mW for three values of the Coulomb
coupling strength λ = 0.3ωm (solid line), λ = 0.5ωm (dashed
line), and λ = 0.9ωm (dashed-dotted line). It can be clearly
seen that the NMO–NMO entanglement is enhanced with
the increase of the coupling parameter λ . In the case of
λ = 0.3ωm, the optimal entanglement remains near ∆/ωm = 1
and for λ = 0.9ωm it is shifted towards lower detuning value
around ∆/ωm = 0.5. More importantly, with increasing the
NMO–NMO coupling, the range of the entanglement between
the two NMOs can be broadened, i.e., from ∆/ωm ∈ [0.6,1.4]
(solid line) to ∆/ωm ∈ [0.2,1.6] (dashed-dotted line). The
broader the effective detuning, the more easily it is realized in
experiments. From Fig. 2, we can find that the main reason for
formation of entanglement between the two nanomechanical
oscillators is the existence of Coulomb coupling. The numeri-
cal results also show that it is not possible to entangle the two
NMOs if there is not the Coulomb coupling.
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E
N
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Fig. 2. (color online) Plot of the logarithmic negativity as a function of
the normalized detuning ∆/ωm.
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Fig. 3. (color online) Plot of the logarithmic negativity as a function of
the NMO–NMO coupling strength λ/ωm.

To further explore the effect of NMO–NMO coupling
strength on the entanglement of the two charged NMOs, we
plot in Fig. 3 the logarithmic negativity EN versus λ/ωm at

temperature T = 4 mK and driving power P = 50 mW. It is
obvious that the two oscillators are unentangled below a crit-
ical coupling strength λc and the NMO–NMO entanglement
increases nearly linearly with λ in the range λ ∈ [λc,0.95ωm].
We find the critical coupling strength λc1 = 0.03ωm for the
case of ∆ = ωm (dashed line), and λc2 = 0.43ωm for ∆ =

0.5ωm (solid line). More interestingly, the increase rate in the
case of ∆ = ωm is smaller than that in the case of ∆ = 0.5ωm.

Figure 4 shows the robustness of the entanglement against
the environmental temperature with fixed Coulomb coupling
strength λ = 0.6ωm and detuning ∆ = ωm while varying the
power of the driving laser. We find that the robustness of
NMO–NMO entanglement with respect to the environment
temperature is enhanced when we increase the laser power.
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Fig. 4. (color online) Plot of the logarithmic negativity versus the envi-
ronment temperature.
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Fig. 5. (color online) Plot of the logarithmic negativity as a function of
the normalized detuning ∆/ωm when the frequencies of two oscillators
are different.

In practice, it is hard to achieve two identical NMOs in
experiments. For this reason, we plot in Fig. 5 the numeri-
cal simulation of the NMO–NMO entanglement when the two
charged NMOs have different frequencies (ω1 6= ω2), where
we set T = 4 mK, P = 50 mW, and λ = 0.6ωm. In or-
der to make a comparison, we also plot EN when ω1 = ω2

(solid curve). This figure shows that the maximal entangle-
ment between the two charged NMOs is obtained when the
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frequency of NMO2 is smaller than the frequency of NMO1,
i.e., ω2 = 0.8ω1 (dash-dotted curve). When ω2 = 1.2ω1, the
maximal entanglement is decreased and the optimal entangle-
ment is shifted towards higher detuning value (dashed curve).
The above discussion implies that we can control the value of
NMO–NMO entanglement and the optimal entanglement oc-
currence through adjusting the Coulomb interaction and fre-
quencies of the two charged NMOs.

4. Conclusion
In conclusion, we have analyzed the NMO–NMO en-

tanglement in an optomechanical system with two charged
NMOs. We show that due to the Coulomb interaction be-
tween the two NMOs, they can be entangled. We also find
that the generated entanglement can be controlled by adjust-
ing the Coulomb coupling strength and the frequencies of the
two charged NMOs: i) The entanglement between the two
charged NMOs is enhanced with increasing the Coulomb cou-
pling strength λ . ii) The degree of NMO–NMO entanglement
is increased when the frequency of NMO2 is smaller than
the frequency of NMO1 (ω2 > ω1), and is decreased when
ω2 < ω1. iii) The points for the optimal entanglement will be
shifted to the left for ω2 < ω1 and to the right for ω2 > ω1.
Besides, we show that increasing the driving power leads to
much more robust entanglement against temperature.
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