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Steady-state linear optical properties and Kerr nonlinear optical
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The linear optical properties and Kerr nonlinear optical response in a four-level loop configuration GaAs/AlGaAs
semiconductor quantum dot are analytically studied with the phonon-assisted transition (PAT). It is shown that the changes
among a single electromagnetically induced transparency (EIT) window, a double EIT window and the amplification of the
probe field in the absorption curves can be controlled by varying the strength of PAT κ . Meanwhile, double switching from
the anomalous dispersion regime to the normal dispersion regime can likely be achieved by increasing the Rabi energy of
the external optical control field. Furthermore, we demonstrate that the group velocity of the probe field can be practically
regulated by varying the PAT and the intensity of the optical control field. In the nonlinear case, it is shown that the large
SPM and XPM can be achieved as linear absorption vanishes simultaneously, and the PAT can suppress both third-order
self-Kerr and the cross-Kerr nonlinear effect of the QD. Our study is much more practical than its atomic counterpart due
to its flexible design and the controllable interference strength, and may provide some new possibilities for technological
applications.
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1. Introduction
In the past decade, a great deal of attention has been paid

to the investigation of quantum optical phenomena based on
quantum coherence and interference in semiconductor quan-
tum dot (SQD) and semiconductor quantum dot molecule
(SQDM), such as, electromagnetically induced transparency
(EIT),[1,2] tunneling-induced transparency (TIT),[3] Autler–
Townes (AT) splitting, Mollow absorption spectrum (MAS)
splitting,[4] and coherent control of the electron tunneling,[5]

owing to their excellent properties such as long dephasing
times, and preservation of atomic-like properties (e.g., dis-
crete energy levels) at high temperatures.[6,7] Furthermore,
their quantum properties, transition energies, dipole moments,
and symmetries can be well manipulated and engineered as
desired by choosing the materials and structure dimensions
or by applying external fields in device design.[8] It turns
out, however, that contrary to their atomic counterparts, QDs
have strong temperature-dependent dephasing of the optical
polarization.[9] Such a decoherence caused by the interaction
of the electrons with the lattice vibrations (phonons) is in-
evitable in a solid state structure, thus presenting a funda-
mental obstacle for its applications in quantum computing.[10]

Numerous experiments, such as recent measurements of pho-
toluminescence of self-assembled quantum dots, reveal re-
markably high probabilities of phonon-assisted transitions
(PATs).[11,12] In addition, controllably varied group velocity
can make possible the device applications such as all-optical
buffers, ultralow group velocity optical modulators, and vari-
able true time delay.[13–16] To design such a device on a semi-
conductor platform is not only of scientific interest but also es-
sential for future system integration.[17] In addition, both the-
oretically and experimentally, the giant third-order nonlinear
susceptibility with reducing linear absorption has been one of
the most extensively studied phenomena, for the third-order
Kerr nonlinearity plays an important role in nonlinear optics
with applications from optical shutters to the generation of op-
tical solitons.[18–23] Therefore, we here investigate the linear
optical properties and Kerr nonlinear optical response of the
probe field affected by PAT in a four-level loop configuration
InGaAs/GaAs semiconductor quantum dot.

2. Theoretical model
We consider a self-assembled SQD structure which in-

teracts with a weak pulsed probe field p and signal field s
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and two continuous-wave (cw) control fields (called control-
a and control-b) as depicted in Fig. 1. The weak probe field
with half the Rabi frequency Ωp = (µ01 ·𝑒p)Ep/(2}) (with the
center frequency ωp and wavenumber kp = ωp/c) acts on the
|0〉 → |1〉 transition. The signal field with half the Rabi fre-
quency Ωs = (µ02 ·𝑒s)Es/(2}) (with the center frequency ωs

and wavenumber ks = ωs/c) acts on the |0〉 → |2〉 transition.
The two strong control fields with half the Rabi frequency
Ωa = (µ13 ·𝑒a)Ea/(2}) and Ωb = (µ23 ·𝑒b)Eb/(2}) (with the
center frequencies ωa and ωb respectively) act on the |1〉→ |3〉
and |2〉 → |3〉transitions, respectively. Here, µi j (i, j = 1−4)
and 𝑒p(s,a,b) are the dipole moments of the |i〉 → | j〉 tran-
sitions and the polarization unit vectors of the optical field,
respectively. The electric field vector of the system can be
written as Ep(s,a,b). According to previous reports,[23,24] this
structure under consideration consists of GaAs/AlxGa1−xAs
component with 15 periods of 17.5-nm GaAs layer and 25-nm
Al0.3Ga0.7 barriers, grown by molecular beam epitaxy. The
GaAs layer samples can be held at 6 K in a helium flow cryo-
stat. The samples are etched to remove the GaAs substrate
layer and allow transmission. In Fig. 1, the ground state |0〉,
one-excited states |1〉 and |2〉, and biexcition state |3〉 resemble
a four-level loop configuration. It should be noted that states
|1〉 and |2〉 result from fine-structure splitting of one-exciton
state, which can be tuned by many methods in experiment.
However, owing to this fine-structure splitting being about tens
of µeV, it is necessary to consider the phonon-assisted transi-
tion (PAT) between the two exciton states in the process.

|3>

|2>

|1>

|0>

Ωa
Ωb

Ωs
Ωp

κ

Fig. 1. (color online) Energy-level arrangement of GaAs/AlGaAs QD
under study.

By adopting the standard approach,[25] the interaction of
the structure with fields can be described by the Schrödinger

equation in the interaction picture as

i
∂ |ψ〉

∂ t
= H |ψ〉 , (1)

where the Hamiltonian H reads

H = ∆p |1〉〈1|+
(
∆p +∆a

)
|3〉〈3|+

(
∆p +∆a−∆b

)
|2〉〈2|

−
(
Ωp |1〉〈0|+Ωa |3〉〈1|+Ωb |3〉〈2|

+Ωs |2〉〈0|+ iκ |2〉〈1|+H.c.
)
,

and κ denotes the strength of PAT, H.c. being the Hermi-

tian conjugate terms, ∆p = ω10 − ωp, ∆a = ω31 − ωa, and

∆b = ω32−ωb being the one-photon detunings denoting the

frequency differences between the center frequency and the

intersubband transitions ωi j (i, j = 1–4) of the levels |i〉↔ | j〉,
respectively. Under the rotating-wave and electro-dipole ap-

proximations, the evolution equations for the slowly varying

probability amplitudes A j of the four levels can be read as

∂A0

∂ t
= iΩpA1 + iΩsA2, (2a)

∂A1

∂ t
=−d1A1 + iΩpA0 + iΩaA3−κA2, (2b)

∂A2

∂ t
=−d2A2 + iΩsA0 + iΩbA3−κA1, (2c)

∂A3

∂ t
=−d3A3 + iΩaA1 + iΩbA2, (2d)

where A j is the probability of the level | j〉 ( j = 1− 4), d1 =

i∆p + γ1, d2 = i∆s + γ2, and d3 = i(∆p +∆c)+ γ3, γ1(2,3) =

γ1(2,3)l + γ1(2,3)d depict the corresponding total decay rate of

level | j〉, where γ1(2,3)l is the population decay rate of level

|1(2,3)〉 mainly due to longitudinal-optical phonon emission

events at low temperature, and γ1(2,3)d is the dephasing de-

cay rates of quantum coherence of the |i〉 ↔ | j〉 transitions,

determined by electron–electron scattering, phonon scattering

processes, and the elastic interface roughness.

In the limit of weak probe field and signal field, almost all

electrons will remain in the ground state and we may use the

steady state approximation. Under this approximation, we can

obtain straightforwardly the solutions of Eq. (2) as follows:

A1 = i
(ΩpΩb−ΩsΩa)(|Ωb|2 +d2d3)+d3Ωs(d2Ωa−κΩb)

(d2Ωa−κΩb)(ΩaΩb +d3κ)− (κΩa−d1Ωb)(|Ωb|2 +d2d3)
A0 = iD1A0, (3a)

A2 = i
(ΩaΩb +d3κ)(ΩsΩa−ΩpΩb)+d3Ωs(d1Ωb−κΩa)

(ΩaΩb +d3κ)(d2Ωa−κΩb)− (κΩa−d1Ωb)(|Ωb|2 +d2d3)
A0 = iD2A0, (3b)

A3 =−
ΩaD1 +ΩbD2

d3
A0 = D3A0. (3c)
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Considering the conservation condition |A0|2+ |A1|2+ |A2|2+
|A3|2 = 1, we obtain

|A0|=
[
1+ |A1|2 + |A2|2 + |A3|2

]−1/2
. (4)

Consequently, the expressions of the electric susceptibilities
of the probe and the signal fields are

χp =
Nµ01

ε0Ep
A1A∗0 = χ

(1)
p +χ

(3,s)
p

∣∣Ep
∣∣2 +χ

(3,c)
p |Es|2 + · · · , (5)

χs =
Nµ02

ε0Es
A2A∗0 = χ

(1)
s +χ

(3,s)
s |Es|2 +χ

(3,c)
s

∣∣Ep
∣∣2 + · · · , (6)

respectively. Here, N and ε0 are the electron density and di-
electric coefficient in a vacuum, respectively; χ

(1)
p,s , χ

(3,s)
p,s , and

χ
(3,c)
p,s denote the linear susceptibility, the third-order self-Kerr

and the cross-Kerr nonlinear susceptibility of the probe and
the signal field, respectively. One can obtain

χ
(1)
p =

N |µ01|2

2}ε0

i(d2d3 +Ω 2
b )

|Ωa|2 d2 + |Ωb|2 d1 +d1d2d3−2κΩaΩb−κ2d3
, (7a)

χ
(3)
ps = −i

N |µ01|4

8}3ε0

Dp

|d3|2 D |D|2
[(|d3|2 +Ω

2
a )D

2
p +(|d3|2 +Ω

2
b )D

2
c−ΩaΩb[DpD∗c +D∗pDc]], (7b)

χ
(3)
pc = i

N |µ01|2 |µ02|2

8}3ε0

1

D |D|2 |d3|2
{−Dp[(|d3|2 + |Ωa|2) |Dc|2 +(|d3|2 + |Ωb|2) |Ds|2−ΩaΩb(DcD∗s +D∗cDs)]

+2Dc[−(|d3|2 +Ω
2
a )(DpD∗c +D∗pDc)− (|d3|2 +Ω

2
b )(DcD∗s +D∗cDs)+ΩaΩb[DpD∗s +2D2

c +DsD∗p]}, (7c)

χ
(1)
s =

N |µ02|2

2}ε0

i(d1d3 + |Ωa|2)
|Ωa|2 d2 + |Ωb|2 d1 +d1d2d3−2κΩaΩb−κ2d3

, (7d)

χ
(3)
ss = −i

N |µ02|4

8}3ε0

Ds

|d3|2 D |D|2
[(|d3|2 + |Ωa|2)Dc +(|d3|2 + |Ωb|2)Ds−ΩaΩb(DcD∗s +DsD∗c)], (7e)

χ
(3)
sc = i

N |µ01|2 |µ02|2

8}2ε0

1

D |D|2 |d3|2
{−Ds[(|d3|2 + |Ωa|2)|Dp|2 +(|d3|2 + |Ωb|2)|Dc|2−ΩaΩb(DpD∗c +DcD∗p)]

+2Dc[(−|d3|2−|Ωa|2)(DpD∗c +DcD∗p)+(−|d3|2−|Ωb|2)(DsD∗c +DcD∗s )+ΩaΩb(DpD∗s +DsD∗p +2 |Dc|2)]}. (7f)

3. Steady-state linear absorption–dispersion
properties and giant Kerr nonlinearities
We first examine the linear absorption–dispersion proper-

ties of the system, which are the major contributors to pulse
spreading and attenuation. Considering the control-a being
resonant with the transition ∆c = 0 and ∆p =∆s, equations (7a)
and (8a) represent a linear dispersion relation. In fact, the
imaginary part Im(χ

(1)
p,s ) and the real part Re(χ(1)

p,s ) of this sus-
ceptibility characterize the linear absorption coefficient of the
probe field and linear refractive index, respectively. According
to the definition in Ref. [26], if Im(χ

(1)
p,s )< 0, the probe (signal)

field will be amplified. On the contrary, if Im(χ
(1)
p,s ) > 0, the

probe (signal) field will be absorbed. The decrease in Re(χ(1)
p,s )

with detuning corresponds to normal dispersion, while the in-
crease in Re(χ(1)

p,s ) with detuning corresponds to anomalous
dispersion. In order to obtain the dependence of the linear
dispersion properties, each of the absorption (amplification)
and dispersion responses can be regarded as a function of the
strength of PAT and the cw control field.

Figure 2 shows the plots of linear absorption (amplifi-
cation) of the probe field Ωp versus detuning ∆p for differ-
ent values of PAT strength κ and control fields Ωa,b. We
here consider the realistic parameters for a typical SQD[27]

under coherent laser excitation, such as N = 4× 1018 cm−3,
µ01 = µ02 = 3.34×10−26 C ·cm, ∆c = 0, γ1 = γ2 = 0.054 meV,
and γ3 = 0.108 meV. From Fig. 2(a), we observe that in the
absence of PAT and Ωa = Ωb = 1.5 meV, the absorption
profile splits into two separate peaks, which is also called
the Autler–Townes absorption doublet [i.e., the case of form-
ing the EIT transparency window (TW)]. The suppression
of the probe field absorption is caused by the quantum de-
structive interference effect, which drives the coupling control
fields and then renders the population in level |1〉 into dark
states. Similar variation tendencies of linear absorption pro-
files are observed with larger PAT strength (e.g., κ = 0.4 meV
and κ = 0.8 meV). As the PAT coefficient κ increases, the
width of the TW becomes narrower and the amplitude of the
Autler–Townes absorption doublet decreases gradually. When
Ωa = 1.5 meV and Ωb = 1.0 meV, and in the absence of
PAT [i.e., κ = 0, see the solid curve in Fig. 2(b)], an ab-
sorption valley appears at the central frequency (∆p = 0).
This implies that the amplification of the probe field can
be achieved in a small range around ∆p = 0. When κ in-
creases to 0.4 meV, a small peak at the center of the Autler–
Townes absorption doublet appears [see the dashed curve in
Fig. 2(b)]. This means that a double EIT is formed. More-
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over, with increasing κ (e.g., κ = 0.8 meV), the central peak
decreases to zero and the amplitude of the Autler–Townes ab-
sorption doublet decreases continuously [see the doted curve
in Fig. 2(b)]. In order to contrast, the absorption curve in
the case of Ωa = 1.0 meV, Ωb = 1.5 meV is depicted in
Fig. 2(c). An approximately symmetrical three-absorption-
peak configuration arises and this illustrates that there appears
a near-perfect double EIT phenomenon in the absence of PAT
and Ωa = 1.0 meV and Ωb = 1.5 meV. When κ increases to
0.4 meV, the middle absorption peak becomes a valley and
its depth decreases with the increase of the strength of PAT.
This illustrates that there appears a transformation between a
near-perfect double EIT and amplification phenomenon in the
presence of PAT in an appropriate range of the control field.
In Fig. 2(c), we should notice that the amplification of the
probe field (attributed to the four-wave mixing (FWM) effect
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Fig. 2. (color online) Absorption (amplification) spectra of the probe
field versus the detuning ∆p with different Rabi energy of the control
fields Ωa and Ωb: (a) Ωa = Ωb = 1.5 meV, (b) Ωa = 1.0 meV and
Ωb = 1.5 meV, (c) Ωa = 1.5 meV and Ωb = 1.0 meV. Other parame-
ters used are shown in the text.

caused by the control fields and the signal field) can be sup-
pressed by increasing the strength of PAT, for the large strength
of PAT may disrupt the efficient feedback coherent four-wave
mixing path. The same concept we demonstrate here can
also be applied to a clod atomic system.[28,29] However, the
medium studied in our work may be much more practical than
in previous studies due to its flexible design and the control-
lable interference strength and the controlled transition ener-
gies, dipoles, and symmetries at will.

We study the effect of PAT on the linear dispersion of the
system and show in Fig. 3 the variations of real part Re(χ(1)

p )

of the susceptibility of the probe field with detuning ∆p for
different values of PAT strength κ and control field Ωa,b. The
parameters used are the same as those in Fig. 2. From Fig. 3(a)
it follows that the dispersion curve is in the normal dispersion
regime around the resonance point when Ωa is equal to Ωb.
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Fig. 3. (color online) Dispersion responses of the probe field versus the
detuning ∆p for different Rabi energies of the control fields Ωa and Ωb:
(a) Ωa = Ωb = 1.5 meV, (b) Ωa = 1.5 meV and Ωb = 1.0 meV, (c)
Ωa = 1.0 meV and Ωb = 1.5 meV. Other parameters used are the same
as those in Fig. 2.
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The analogous phenomenon appears when Ωa = 1.5 meV and
Ωb = 1.0 meV as shown in Fig. 3(b). Interestingly, the dis-
persion curves become more gentle with the increase of the
strength of PAT around the resonance point.

This demonstrates that the group velocity of the probe
field slows down with the increase of κ . When Ωa = 1.0 meV
and Ωb = 1.5 meV, the dispersion curve change has changed
from a normal dispersion regime to an anomalous dispersion
regime and the group velocity of the probe field changes from
a positive to a negative value. The result illustrates that it
is possible to obtain double switching, in which switching
from the normal dispersion regime to the anomalous disper-
sion regime occurs.

In order to explore the coupling effect of PAT and the
external control optical fields on the propagation properties of
the probe field, we show in Fig. 4 the variations of group veloc-
ity with the strength of the PAT for different values of external
control optical field Ωa.
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Fig. 4. Variations of group velocity reduction factor of the probe field ver-
sus the PAT coefficient κ for different values of Rabi energies of the control
fields Ωa and Ωb: (a) Ωa = 2.0 meV and Ωb = 1.5 meV, (b) Ωa = 1.0 meV
and Ωb = 1.5 meV, (c) Ωa = Ωb = 1.5 meV, (d) Ωa = Ωb = 1.0 meV. Other
parameters used are the same as those in Fig. 2.

As is well known, the group-velocity of a light can be de-
fined as vg = c/[n+ω(dn/dω)] with n being the refractive
index of the optical material, and the group velocity reduction
factor (GVRF) is defined as c/vg = 1+2π Re χ

(
ωp
)

ωp=ω10
+

2πω10 Re
(

dχ/dωp
)

ωp=ω10
. For the stronger control field Ωa

than Ωb (e.g., Ωa = 2.0 meV), one can see from Fig. 4(a)
that with κ increasing, the GVRF is nearly inversely propor-
tional to the strength of PAT κ . Under the condition of weak
control field Ωa (e.g., Ωa = 1.0 meV), the GVRF (group ve-
locity) is negative while it is nearly directly proportional to κ

as shown in Fig. 4(b). This occurrence is referred to as “fast
light”, implying that the peak of a pulse travels in a direction
opposite to that of phase velocity and to that of the energy
flow.[30] It is because the system is in the anomalous (normal)
dispersion and ∂ Re(χ(1)

p )/∂∆p > 0 (∂ Re(χ(1)
p )/∂∆p < 0),

when Ωa < Ωb (Ωa > Ωb). The results are qualitative agree-
ment with those in Fig. 3. When Ωa is equal to Ωb (e.g.,
Ωa = Ωb = 1.5 meV) as shown in Fig. 4(c), the GVRF first
increases and then decreases, with a maximum factor existing
at κ ≈ 0.6 meV. In the case of Ωa = Ωb = 1.0 meV, the max-
imum factor appears at κ ≈ 0.4 meV, which is smaller than
that of Ωa = Ωb = 1.5 meV [see Fig. 4(d)]. From Figs. 4(c)
and 4(d), we can conclude that with control field increasing,
the maximum GVRF decreases and deviates to the larger side
of the PAT κ .
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Fig. 5. (color online) Variations of the third-order self-Kerr and the
cross-Kerr nonlinear susceptibility of the probe with ∆p for different
strengths of PAT: (a) κ = 0.4 meV, (b) κ = 0.8 meV. Other parameters
used are the same as those in Fig. 2.

Following the study of the steady-state linear absorption–
dispersion properties, one focuses on the Kerr nonlinear in the
QD system. In Section 2, we have derived the third-order self-
Kerr and the cross-Kerr nonlinear susceptibilities of the probe
and the signal field. Moreover, χ

(3)
p(s)s and χ

(3)
p(s)c are associated

with the self-phase modulation (SPM) and cross-phase mod-
ulation XPM effects, respectively. Third-order optical nonlin-
earities described by χ(3) have been demonstrated both theo-
retically and experimentally.[31–33] Because of the symmetry
of the system, in Fig. 5, we only perform a numerical calcu-
lation of the third-order nonlinear susceptibility of the probe
field in Eq. (7). The system parameters used are the same as
those in Fig. 2(a). From Fig. 5(a), it follows that for a weak
PAT strength (κ = 0.4 meV), nonlinear absorption is weak
while the strengths of third-order self-Kerr and the cross-Kerr
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nonlinear effect are remarkable in the EIT transparency win-
dow as shown in Fig. 2(a). This suggests that the large SPM
and XPM can be achieved as linear absorption vanishes si-
multaneously. This interesting result is produced by coupling
the nonlinear susceptibilities associated with XPM and SPM,
which is the behavior of a quantum interference between the
two different excitation channels: cross-coupling channel and
back-coupling channel.[34] In addition, one can readily check
that the strengths of third-order self-Kerr and the cross-Kerr
nonlinear effect will be suppressed when the strength of the
PAT increases to 0.8 meV [see the dotted and dash dotted
curves in Fig. 5(b)]. This can be understood as the fact that
the strength of PAT is strong so that it can make the back-
coupling channel give rise to a destructive interference path
way, resulting in the suppressions of XPM and SPM.

4. Conclusions
In this paper, by solving analytically the steady-state

Schrödinger equations we demonstrate the optical absorption
properties and Kerr nonlinear optical response which can be
controlled by the PAT and external optical control field in a
loop configuration of a semiconductor QD nanostructure. The
results show that in the linear case, when the two external
optical control fields are equal, the system exhibits a single
TIT window due to the quantum destructive interference ef-
fect driven by the control field, and the width of transparency
window decreases with PAT strength κ increasing. In par-
ticular, the GVRF shows parabolic changes and preserves a
maximum value with increasing PAT strength κ , with the con-
trol field increasing, the maximum GVRF decreases and de-
viates to the large side of the PAT strength κ . Interestingly,
when Ωa = 1.5 meV and Ωb = 1.0 meV, the changes among
a single EIT window, a double EIT window and amplifica-
tions in the absorption curves can be controlled by varying
κ . Meanwhile, the dispersion curves are in normal dispersion
regimes. Finally, a near-perfect double EIT appears under the
condition of the PAT absenting, however, the amplification of
the probe field can be achieved in the presence of PAT when
Ωa = 1.0 meV and Ωb = 1.5 meV. The dispersion curves
are changed to anomalous dispersion regimes around the reso-
nance point, and we show that the group velocity of the probe
field becomes negative (the “fast light” may be achieved in our
system), when Ωa < Ωb. In the nonlinear case, it is shown that
the nonlinear absorption is weak while the strengths of third-
order self-Kerr and the cross-Kerr nonlinear effect are remark-
able in the EIT transparency window. In other words, the large
SPM and XPM can be achieved as linear absorption vanishes
simultaneously. In addition, we find that the PAT can suppress
both the third-order self-Kerr effect and the cross-Kerr nonlin-
ear effect of the QD. The same concept we demonstrate here
can also be applied to a four-level atomic system. However,

unlike the cold atomic systems with specific four-level atoms,
the conduction subband energy varies with the bias voltage in
QD. When we adjust the energy level at different bias voltages,
different nonlinear phase shifts can be obtained by such a gi-
ant Kerr nonlinearity. Thus our proposed QD structures could
be provided as a flexible device to realize voltage-controllable,
solid-based phase modulators at low light powers, and a new
and effective regulation measure to modulate the optical ef-
fect related to quantum coherence and interference can be pro-
posed.
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