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New developments in the multiscale hybrid energy density
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Further developments in the hybrid multiscale energy density method are proposed on the basis of our previous
papers. The key points are as follows. (i) The theoretical method for the determination of the weight parameter in the
energy coupling equation of transition region in multiscale model is given via constructing underdetermined equations. (ii)
By applying the developed mathematical method, the weight parameters have been given and used to treat some problems
in homogeneous charge density systems, which are directly related with multiscale science. (iii) A theoretical algorithm
has also been presented for treating non-homogeneous systems of charge density. The key to the theoretical computational
methods is the decomposition of the electrostatic energy in the total energy of density functional theory for probing the
spanning characteristic at atomic scale, layer by layer, by which the choice of chemical elements and the defect complex
effect can be understood deeply. (iv) The numerical computational program and design have also been presented.
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1. Introduction
The key problem in multiscale science is how to construct

the model and to present the algorithm, both of which are in-
volved in the physical connotation and the computational tech-
nique, as well as the related challenging problems — particu-
larly for complex materials systems, including structural de-
fects and chemical doping. A schematic pattern of multiscale
is shown in Fig. 1.[1]

Fig. 1. Multiscale of length and time.

To exploit the physics spanning multiscale and multilevel,
the development of new approaches is required, which should

overstep the sequential multiscale model that suits the multi-

scale weakly coupling systems,[2–4] while the multiscale cor-

relation in a not-too-weak coupling system must be studied

using the unifying model, based on, for examples, quantum

mechanics (QM) , molecular dynamics (MD), and finite ele-

ments (FM) methods. In order to treat the problem, the hy-

brid scheme is presented to drive progress, some examples

are given in the reference papers.[5–10] One of the characteris-

tics of the hybrid multiscale methods lies in coupling between

quantum mechanics and molecular mechanics, some related

papers have been published,[7–9] which have important scien-

tific significance and application potential.

Considering the multiscale requirement of the physical

connotation and the mathematical treatment method, the hy-

brid energy density method published[11–15] must be devel-

oped further. In the present paper, we first focus on the study

to obtaining the coupling weight parameter in the energy cou-

pling equation of the multiscale transition region. The second

study is to decompose the non-homogeneous charge density

into the lattice sites in the complex physical system according

to the structural characteristics. In order to solve these prob-

lems, new physical thought and new computational method

will be introduced. Then the total energy of the complex phys-

ical system should be expressed in the form of the sum of the

site energies.
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2. Physical basis of the developed multiscale hy-
brid energy density method

2.1. Representation of energy based on the theory of quan-
tum mechanics of solids

The total energy can be expressed as the sum of the band
energy and the electrostatic term, the expressions are written
as follows:[11,16,17]

ET = Eband +Ees[ρ(𝑟)], (1)

Eband = ∑
n

En = ∑
l

El , (2)

Ees[ρ(𝑟)] =
1
2 ∑

l 6=l′

ZlZl′

|Rl−Rl′ |

− 1
2

[∫∫
ρ(𝑟)ρ(𝑟′)

|𝑟−𝑟′|
d3rd3r′+Exc

]
, (3)

El =

EF∫
−∞

E ∑
α

nαl(E)dE, (4)

where ET is total energy of the studied system, Eband is the
band energy, Ees[ρ(𝑟)] is the electrostatic energy, En is the
eigenvalue, El is the structural energy, Z is the atomic number,
Rl is the atom position, ρ(𝑟) is the charge density, Exc is the
exchange–correlation energy, and nαl is the partial density of
state.

Equation (4) is the core formulation in our energy density
method within density functional theory (DFT); the structural
energy El is closely related to the energy of the system studied.

2.2. Construction of the energy coupling expression in
multiscale transition region

A theoretical model is presented for treating the coupling
between the electronic effect of the local region and the clas-
sical influence of the long range environment. The weighting
coupling energy expression in the transition region has been
represented[11,12] by the site energy as follows:

ETR
coupling(QM−MD) = ∑

l∈TR
(ωDFT

l EDFT
l +ω

MD
l EMD

l ), (5)

where TR denotes the transition region, ωl is the coupling
weight on site, EDFT

l is the site energy by DFT, EMD
l is the site

energy by MD, and the equivalence of the physical connota-
tion for EDFT

l and EMD
l is considered.[12] Because the binding

energy is the basis for calculating the site energy EDFT
l by QM

and EMD
l by MD. From this consideration, the expression can

be written as follows:

EDFT
binding = EDFT

T −∑
l

Eatom
l

= Eband +Ees−∑
l

Eatom
l

= ∑
l

EQM
l +∑

l
Ees

l [ρ(𝑟)]−∑
l

Eatom
l , (6)

where EDFT
binding is the binding energy of the studied system ob-

tained by DFT, and Eatom
l is the energy of free atom.

Then we can define an expression as follows:

EDFT
l = EQM

l +Ees
l [ρ(𝑟)]−Eatom

l . (7)

Equation (7) is suited for studying the characteristics of the
site energy in the nonhomogeneous charge density system and
for studying the homogeneous charge density system. The site
energy of the electrostatic term for the homogeneous system
of charge density can be written as Ees

l [ρ(𝑟)] ' Ees[ρ(𝑟)]/N,
where N is the total number of atoms.

2.3. Introducing and evaluating the weighting parameter
(ω) in the transition region

The expression of energy coupling with weighting param-
eters of the entire system is constructed by site energy as fol-
lows:

EEDM
system(QM−TR−MD)

= ∑
l∈QM

EDFT
l + ∑

l∈TR
(ωDFT

l EDFT
l +ω

MD
l EMD

l )+ ∑
l∈MD

EMD
l ,

(8)

where the weighting parameters ωDFT
l and ωMD

l represent the
contributions of the site energies respectively on each atomic
position in the TR region. On the l-th site of the TR region,
ωDFT

l and ωMD
l obey constraint condition ωDFT

l +ωMD
l = 1.

In the present work, in order to obtain ωl (l ∈TR), the im-
provement for evaluating ωl is presented, we will compute ωl

(l ∈ TR) through an underdetermined system of linear equa-
tions.

As shown schematically in Fig. 2, here IQM/TR and
ITR/MM denote the interfaces between different regions, and
the subscripts signify the related regions. The constraint con-
ditions are ωDFT

l (IQM/TR) = 1 (ωMD
l (IQM/TR) = 0) at the in-

terface IQM/TR, and ωDFT
l (ITR/MM) = 0 (ωMD

l (ITR/MM) = 1)
at the interface ITR/MM. These are used to guarantee the con-
sistency of the physical quantities at the interfaces.

ITR/MM

QM region

MM region

TR region

IQM/TR

Fig. 2. Schematic representation of a spatially partitioned system which
contains three regions. There are two interfaces: IQM/TR between re-
gions QM and TR, and ITR/MM between regions TR and MM.

The energy of regions QM and TR EEDM
coupling(QM−TR)

obtained by EDM should be equal to that calculated by using
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the DFT approach. The concrete energy coupling equation is
expressed as

EEDM
coupling(QM−TR)

= ∑
l∈QM

EDFT
l + ∑

l∈TR
(ωDFT

l EDFT
l +ω

MD
l EMD

l ). (9)

In the paper, we assume that ωl (l ∈ TR) is invariant with the
strain ranging from −ε to +ε in the calculated system, corre-
sponding to a constraint equation. We formulate the problem
of solving ωl (l ∈ TR) as underdetermined linear equations of
the system



EDFT
coupling(QM−TR,−ε) = ∑

l∈QM
EDFT

l (−ε)+ ∑
l∈TR

[ωDFT
l EDFT

l (−ε)+ωMD
l EMD

l (−ε)],

EDFT
coupling(QM−TR,−ε +0.01) = ∑

l∈QM
EDFT

l (−ε +0.01)+ ∑
l∈TR

[ωDFT
l EDFT

l (−ε +0.01),+ωMD
l EMD

l (−ε +0.01)],

· · ·
EDFT

coupling(QM−TR,+ε) = ∑
l∈QM

EDFT
l (+ε)+ ∑

l∈TR
[ωDFT

l EDFT
l (+ε)+ωMD

l EMD
l (+ε)].

(10)

Constraint conditions are as follows:
ωDFT

l +ωMD
l = 1,

ωDFT
l (IQM/TR) = 1 (at the interface IQM/TR),

ωDFT
l (ITR/MM) = 0 (at the interface ITR/MM).

(11)

The Monte Carlo method is adopted to solve the underde-
termined linear equations and seek the nonnegative ωl (l ∈
TR). This is a major improvement from the previous EDM
work,[11,12] as instead of using the empirical or the semi-
empirical functions to fit the coupling parameters, we could
get ωl (l ∈ TR) by solving the underdetermined equations for-
mulated by the given constraint conditions.

2.4. Ionic forces and dynamical relaxations

In the EDM, the forces are calculated by differentiating
Eq. (8). For the l-th site in the QM region, the ionic force is
computed as

𝐹QM
l = −

∂Esystem

∂𝑅QM
l

=−
∂
(

∑
QM
l EDFT

l

)
∂𝑅QM

l

−
∂
(
∑

MM
l EMD

l

)
∂𝑅QM

l

−
∂ [∑ TR

l (ωDFT
l EDFT

l +ωMD
l EMD

l )]

∂𝑅QM
l

, (12)

where 𝑅QM
l are the Cartesian coordinates of atom l in the QM

region. By inserting the constraint condition ωDFT
l +ωMD

l = 1
(l ∈ TR) into Eq. (12), we can obtain

𝐹QM
l = −

∂ (∑
QM+TR
l EDFT

l )

∂𝑅QM
l

−
∂ (∑ MM

l EMD
l )

∂𝑅QM
l

+
∂ [∑ TR

l ωMD
l (EDFT

l −EMD
l )]

∂𝑅QM
l

= 𝐹DFT
l −

∂ (∑ MM
l EMD

l )

∂𝑅QM
l

+
∂ [∑ TR

l ωMD
l (EDFT

l −EMD
l )]

∂𝑅QM
l

, (13)

where 𝐹DFT
l is the ionic force on the l-th atom when regions

QM and TR are treated by the DFT method. Equation (13) can
be written as[12]

𝐹QM
l ' 𝐹DFT

l . (14)

The same can be applied to the MM region atoms, by which
we can obtain

𝐹MM
m = 𝐹MD

m −
∂ (∑

QM
l EDFT

l )

∂𝑅MM
m

+
∂ [∑ TR

l ωDFT
l (EMD

l −EDFT
l )]

∂𝑅MM
m

' 𝐹MD
m , (15)

where 𝐹MM
m is the m-th ionic force when regions MM and TR

are treated with the MD method.
In the same way, the ionic force of the n-th site in the TR

region can be computed as

𝐹 TR
n = −

∂ (∑
QM
l EDFT

l )

∂𝑅TR
n

−
∂ (∑ MM

l EMD
l )

∂𝑅TR
n

−
∂ [∑ TR

l (ωDFT
l EDFT

l +ωMD
l EMD

l )]

∂𝑅TR
n

= ω
DFT
n 𝐹DFT

n +ω
MD
n 𝐹MD

n

−
∂ (ωMD

n ∑
QM
l EDFT

l +ωDFT
n ∑

MM
l EMD

l )

∂𝑅TR
n

+
∂ [(∑ TR

l (ωDFT
n −ωDFT

l )(EDFT
l −EMD

l )]

∂𝑅TR
n

' ω
DFT
n 𝐹DFT

n +ω
MD
n 𝐹MD

n . (16)

From Eq. (16), which suits for the homogeneous system of
charge density, we can see that the form of the EDM cal-
culating the ionic force in the TR region is similar to the
well-known linear force mixing method, which belongs to the
force-based multiscale approaches.

The flowchart of the EDM is shown in Fig. 3, illustrating
the overall process of how the EDM works.
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DFT MD

an underdetermined system of linear equations

( , - ) (- ) [ (- ) (- )]coupling                                                              i    l           l                                l          l

l∈QM                              l∈TR

l∈QM                                    l∈TR

l∈QM                                               l∈TR

ε ε ω ε ω ε− = + +∑ ∑

( , - 0.01) (- 0.01) [ (- 0.01) (- 0.01)]coupling                                                                                  l l l l l
ε ε ω ε ω ε− + = + + + + +∑ ∑

M

( , ) ( ) [ ( ) ( )]DFT DFT DFT DFT MD MD
ε ε ω ε ω ε− + = + + + + +∑ ∑

and constraint condition 1DFT MD
l l

ω ω+ =

initial calculation model of system

coupling weighting parameter 
l

ω of each site in TR

DFT MD

l l l l l
ω ω= +

TR DFT MD

max
F

converged

equilibrium structure

QM

l
F

MM

l
F

site energy DFT

l QM TR−

( )
QM     DFT

l         l
E QM              E=∑

not converged

site energy DFT

l
QM TR MD− −

(MM) MD MD

l l
E E=∑

F F F

E QM TR                E  E E

E QM TR                    E E E

E          QM   TR                            E E E

DFT

DFT DFT DFT DFT

DFT DFT DFT MD

MD MD

MD

coupling                                                                            l                                    l             l                                   l            l 

E     (                         )E     (                )

Fig. 3. Overall flowchart of the EDM.

3. Applications of EDM
3.1. Model and calculation method

The EDM is performed in a model that measures 35.2 Å
× 35.2 Å × 105.6 Å with 12000 atoms in total. The x, y, and
z axes correspond to [010], [001], and [100], respectively, and
the periodic boundary conditions are applied in the x and y di-
rections as shown in Fig. 4. There are 60 (100) layers in the z
direction in total. The atoms in each (100) plane have the same
z coordinate and are equivalent to each other, so they share the
same site energy and weighting parameter in the following cal-
culations. The QM region includes the outermost seven (100)
layers of the surface area (quantum mechanics area). And be-
cause of the equivalence of all the atoms in the same layer, the
size of the QM region could be reduced to a 1× 1× 3 super-
cell, which measures 3.52 Å × 3.52 Å × 10.56 Å with 14 Ni
atoms.

Next, we will determine the critical dimension of the
TR region. The dimension of the TR region should be large
enough so that EDFT

l∈QM will not be affected by the atoms in
the MM region and likewise EMD

l∈MM will not be influenced by
the surface area belonging to the QM region either. Besides,
both the QM and TR regions are dealt with in DFT simula-
tion, which demands a large TR region to avoid the influence
of the interface TR/MM on region QM. However, as the size
of the TR region increases, the DFT calculations can become
computationally expensive. In this vein, we need to choose
the proper magnitude of region TR to balance the desired ac-
curacy and efficiency. We vary the size of the TR region as n
layers in the z direction, in which n ranges from 2 to 32, with
an interval of 2. In the above 16 different models, the position
of the interface of TR/MM is at the 9th, 11th, 13th, . . . , 39th
layer, respectively.
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MM region

y []

z []

x []

interface TR/MMinterface QM/TR

TR regionQM region

Fig. 4. Schematic diagram of the QM, TR (n = 18), and MM regions.

The DFT calculations are applied to both QM and TR

regions with periodic boundary conditions in the x and y di-

rections and a 12 Å vacuum layer in the z direction, as shown

in Fig. 4. The DFT calculations are carried out with the plane-

wave based Vienna ab initio simulation package (VASP)[18,19]

with the projector augmented wave pseudopotentials.[20,21]

The Perdew–Burke–Ernzerhof generalized gradient approxi-

mation (PBE-GGA)[22] is employed. Plane waves have been

included up to a cutoff energy of 350.5 eV for Ni. The k-

point sampling is set up according to the Monkhorst–Pack

scheme[23] with a 25× 25× 1 k mesh. The rest of the model

belongs to region MM. The MM calculations are performed

using the EAM potentials of Ni developed by Du et al.[24]

3.2. Correlation of the difference between EDFT
l∈QM and

EMD
l∈QM with the surface effect

In the TR region, atoms in the same (100) layer

share the same site energy and weighting parameter ωl .∣∣∣EDFT
l∈QM−EMD

l∈QM

∣∣∣ is calculated in the above 16 models, and

the results are shown in Fig. 5. We can see that the behav-

ior of
∣∣∣EDFT

l∈QM−EMD
l∈QM

∣∣∣ of the 1st layer on the boundary tends

to be smooth when n ≥ 18, which indicates that an 18-layer-

measurement TR region can reflect the multiscale coupling

characteristics. The size of the QM and TR regions needs to

contain the 3.52 Å× 3.52 Å× 42.24 Å with 50 atoms in total.

0 5 10 15 20 25 30 35

1.55

1.60

1.65

1.70

1.75

n/

n

1st layer

 |
E
l
2

Q
M
↩
E
l
2

Q
M
|/

e
V

D
F
T

M
D

Fig. 5. The calculated
∣∣∣EDFT

l∈QM−EMD
l∈QM

∣∣∣ of the 1st layer in the 16 mod-
els, in which the number of layers n of the TR region ranges from 2 to
32.

3.3. EDFT
l and EMD

l of the QM and TR regions

The EDFT
l and EMD

l of each atomic site are calculated with
n = 18. The results shown in Fig. 6 indicate that EDFT

l varies
drastically in the topmost surface atomic layers and this be-
havior decays for about 11 layers into the bulk region. EMD

l

shows that the influence of the surface is only within the first
three layers. So the site energy can be viewed as an energetic
characteristic of the lattice structure and could represent the
interesting quantum effect of the atomic site. The site energy
and ionic force calculated by the DFT method at the interface
TR/MM may be influenced by the vacuum layer; however, ac-
cording to the boundary conditions brought up earlier, ωDFT

l is
zero at the interface TR/MM, which means that the inaccurate
DFT site energy EDFT

l and force 𝐹DFT
n shall have no contri-

butions to the binding energy and the ionic force according to
Eqs. (9) and (16).
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Fig. 6. EDFT
l and EMD

l of the QM and TR regions along the z [100]
direction with n = 18.

3.4. The weighting parameters

Based on the solution of the underdetermined equation,
the weighting parameters are plotted in Fig. 7. The number of
each (100) layer in the TR region is denoted in Fig. 4. The
weighting parameters could represent the contributions of the
two different methods at each atomic site in the TR region.
The results show that for the first 14 layers in the TR region,
the quantum mechanical effect plays a dominant role, while

for the last four layers, this effect decays and the influence of
the molecular dynamical simulation prevails.

0 4 8 12 16 20

0

0.2

0.4

0.6

0.8

1.0

Label of the atomic layers along [100]

ω
l

ωDFT
l

ωMD
l

Fig. 7. ωl of the atomic sites of each (100) layer in the TR region.

3.5. Distribution of charge density in the Ni system by DFT

The charge density of the EDM relaxed structure is cal-
culated, and the results are plotted in Fig. 8. The plane here
corresponding to the xz plane of the model is shown in Fig. 4.
This data manifests that the quantum effect of the surface grad-
ually vanishes from QM to TR region. This set of ωl (l ∈ TR)
must be used in Eq. (16) to represent 𝐹DFT

l and 𝐹MD
l ; then the

final ionic forces in the TR region can be given.

QM region TR region

6.000

3.900

1.800

-0.300

-2.400
D

e
n
si

ty
/
1
0

-
1
 e
Sa

.u
.-

3

Fig. 8. The charge density on the (100) plane of the EDM relaxed structure. Positive (negative) values denote charge accumulation
(depletion).

4. Development of the theoretical computational
method for the non-homogeneity of charge
density in a complex system
The key to the development of this theoretical algorithm

lies in the decomposition of the electrostatic energy of the sys-
tem into each atomic site, which can be predicted to realize the
spanning scale correlation at the atomic scale layer-by-layer
with the site energy;[11,13] then the information relevant to the
choice of chemical elements and the control of defects may be
provided for the problem of the electron behavior on atomic
scale in the multiscale problems.

4.1. Decomposition of electrostatic energy of a system

The Kohn–Sham equation based on local spin density ap-
proximation (LSDA) can be represented as[

−1
2

∇
2 +Vne(𝑟)+Vee(𝑟)+V σ

xc(𝑟)

]
Ψiσ (𝑟)

= εiσΨiσ (𝑟), (17)

ρ(𝑟) = ∑
σ

N

∑
i=1

ηiσ |Ψiσ (𝑟)|2, (18)

ρσ (𝑟) =
N

∑
i=1

ηiσ |Ψiσ (𝑟)|2, (19)

Vne(𝑟) = ∑
l

−Zl

|𝑟−Rl |
, (20)

Vee(𝑟) =
∫

ρ(𝑟′)

|𝑟−𝑟′|
d3r′, (21)

V σ
xc =

δExc [ρ,ξ ]

δρσ

, (22)

Exc [ρ,ξ ] =
∫

ρ(𝑟)εxc(ρ,ξ )d3r

= ∑
σ

∫
ρσ (𝑟)εxc(ρ,ξ )d3r, (23)

ξ =
ρ+−ρ−
ρ++ρ−

=
ρ+−ρ−

ρ
, (24)

013105-6



Chin. Phys. B Vol. 25, No. 1 (2016) 013105

where ∇2 is the Laplace operator, Vne(𝑟) is the nucleus–
electron potential, Vee(𝑟) is the electron–electron Coulomb
potential, V σ

xc is the exchange–correlation potential, Ψiσ (𝑟) is
the wave function, ρ(𝑟) is the charge density, εxc(ρ,ξ ) is the
exchange–correlation potential of free electron gas, ηiσ is the
molecular orbital occupation number, and σ labels the electron
spin (σ =+,−).

The ground state energy of the system is given by using
Born–Oppenheimer approximation within the framework of
density functional theory

Etot[ρ(𝑟)] = Ts[ρ(𝑟)]+
1
2

Eee[ρ(𝑟)]+Ene[ρ(𝑟)]

+Exc[ρ(𝑟)]+Enn

= ∑
σ

N

∑
i

ηiσ εiσ −
1
2

∫
ρ(𝑟)Vee(𝑟)d3r

+∑
σ

∫
ρσ (𝑟)εxc(ρ,ξ )d3r

−∑
σ

∫
ρσ (𝑟)V σ

xc(𝑟)d3r+
1
2 ∑

l 6=l′

ZlZl′

|Rl−Rl′ |
, (25)

Ees[ρ(𝑟)] = −
1
2

∫
ρ(𝑟)Vee(𝑟)d3r+∑

σ

∫
ρσ (𝑟)εxc(ρ,ξ )d3r

−∑
σ

∫
ρσ (𝑟)V σ

xc(𝑟)d3r+
1
2 ∑

l 6=l′

ZlZl′

|Rl−Rl′ |
, (26)

Eee[ρ(𝑟)] =
∫

ρ(𝑟)Vee(𝑟)d𝑟 =
∫∫

ρ(𝑟)ρ(𝑟′)

|𝑟−𝑟′|
d3rd3r′, (27)

Ene[ρ(𝑟)] =
∫

ρ(𝑟)Vne(𝑟)d𝑟

=
∫

ρ(𝑟)

(
∑

l

−Zl

|𝑟−Rl |

)
d3r, (28)

Enn =
1
2 ∑

l 6=l′

ZlZl′

|Rl−Rl′ |
, (29)

where Ts[ρ(𝑟)] is the kinetic term, which can be obtained from
the Kohn–Sham equation based on local spin density approx-
imation, Eee[ρ(𝑟)] is the electron–electron Coulomb energy,
Ene[ρ(𝑟)] is the electron–nucleus attraction energy, Exc[ρ(𝑟)]

is the exchange–correlation energy, and Enn is the nucleus–
nucleus repulsion energy.

Based on the analytic expression of the total energy of the
computational system and the design of the numerical calcu-
lation program, we introduce a new parameter and define

Vnew(𝑟) =Vee(𝑟)+Vne(𝑟). (30)

Then the total energy of the system can be rewritten as

Etot[ρ(𝑟)] = ∑
σ

N

∑
i

ηiσ εiσ −
1
2

∫
ρ(𝑟)Vnew(𝑟)d3r

+ ∑
σ

∫
ρσ (𝑟)εxc(ρ,ξ )d3r

−∑
σ

∫
ρσ (𝑟)V σ

xc(𝑟)d3r

+
1
2

∫
ρ(𝑟)Vne(𝑟)d3r+

1
2 ∑

l 6=l′

ZlZl′

|Rl−Rl′ |

= ∑
σ

N

∑
i

ηiσ εiσ −
1
2

Enew[ρ(𝑟)]+Exc[ρ(𝑟)]

−∑
σ

∫
ρσ (𝑟)V σ

xc(𝑟)d3r

+
1
2

Ene[ρ(𝑟)]+Enn, (31)

Enew[ρ(𝑟)] = Eee[ρ(𝑟)]+Ene[ρ(𝑟)]. (32)

Equation (31) can be expressed as the sum of the band energy
(Eband) and the electrostatic energy (Ees[ρ(𝑟)]).[16] Then the
total energy of the calculated system can be expressed as

Etot[ρ(𝑟)] = Eband +Ees[ρ(𝑟)], (33)

where

Eband = ∑
σ

N

∑
i

ηiσ εiσ = ∑
l

El , (34)

Ees[ρ(𝑟)]

= −1
2

Enew[ρ(𝑟)]+Exc[ρ(𝑟)]

−∑
σ

∫
ρσ (𝑟)V σ

xc(𝑟)d3r+
1
2

Ene[ρ(𝑟)]+Enn, (35)

El =

EF∫
−∞

E ∑
α

nαl(E)dE. (36)

Considering Eq. (34), the total energy can be presented as

Etot[ρ(𝑟)] = Eband +Ees[ρ(𝑟)] = ∑
l

El+Ees[ρ(𝑟)]. (37)

Based on the discrete variational method,[25] we can ex-
press an arbitrary 3D integration of multi-center function in
the form of a weight summation of 3D quasi-random points∫

ρ(𝑟) f (𝑟)d3r = ∑
i

ρ(ri) f (ri)ω(ri), (38)

where i is the discrete variational point, f (𝑟) is the multi-
center function, and ω(ri) is the integration weight.

In order to realize the decomposition of the electrostatic
energy of the system into each atomic site, it is necessary to
partition 3D quasi-random points on each atomic region ac-
cording to a Wigner–Seitz-like cell, and then correspondingly,
the Coulomb energy and exchange–correlation energy will be
partitioned on each atomic site, so that the total energy of the
system can be written as

Etot[ρ(𝑟)]

= Eband +Ees[ρ(𝑟)]
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= ∑
l

El−
1
2

∫
ρ(𝑟)Vee(𝑟)d3r+∑

σ

∫
ρσ (𝑟)εxc(ρ,ξ )d3r

−∑
σ

∫
ρσ (𝑟)V σ

xc(𝑟)d3r+Enn

= ∑
l

El +∑
l

Ees
l [ρ(𝑟)]. (39)

4.2. Numerical computational method for the decomposi-
tion of electrostatic energy

We adopt an efficient 3D integration method called Dio-
phantine method proposed by Ellis[26,27] to calculate the elec-
trostatic energy, where the integration of the electrostatic en-
ergy density within each Wigner–Seitz-like cell determines
the part partitioned to each atom. The idea of the Diophan-
tine method is using a weight summation of 3D quasi-random
points to calculate the integration of the multi-center function.
Considering the intense (smooth) variation of the electrostatic
energy in the region close to (away from) the nucleus, espe-
cially the singularity at the nucleus, the 3D sample points are
mostly concentrated in the region close to the nucleus. A dis-
tribution function D(r), which is the linear combination of
Fermi-like function dv(r) centered in nucleus, is constructed
to ensure the above consideration

D(r) = ∑
v

tvdv(r), (40)

dv(r) =
Av

4πr2 {1+ exp[βν(r−Rv
0)]}, (41)

where tν is a weight parameter of nucleus v, and ∑ν tν = 1;
the Fermi decay factor βν in general is chosen as 1.0, Rν

0 is
the Fermi radius, and Aν is a normalization constant and de-
termined by

∫
dν(r)d3r = 1.

The integration weight ω(ri) (in Eq. (38)) of sample point
i can be properly adopted as

ω(ri) = [ND(ri)]
−1, (42)

where N is the total number of sample points. Based on the
above analysis, the electrostatic energy can be expressed as

Ees = ∑
i∈WSl

Ees
l [ρ(𝑟i)]ω(𝑟i). (43)

In our work, the numerical calculated program of the elec-
trostatic energy of the system is presented; the computational
flow is laid out in Fig. 9. The algorithm of the decomposition
of the electrostatic energy will be applied to study the elec-
tronic structure of superalloys.

 

effective Broyden charge density mixing 

ρi(r)=ρ
i-1

(r)+(1-α)ρout
(r) 

merge the energy spectrum to determine EF 

N=∑α∑i
)(

1

1

Fi
E

e
−+

αεβ
∫Pα

(r)Φi
α

(r)2
dr 

new charge density 

ρ(r)=∑
α
∑i )(

1

1

Fi
E

e
−+

αεβ
P
α

(r)Φi

α

(r)2 

ρα(r)=∑i )(
1

1

Fi
E

e
−+

αεβ
P
α

(r)Φi
α

(r)2 

project total Hamiltonian to each subsystem 

{Hij
α

}= {< φ
i
α  T+V new (r)+ Vxc (r) φj

α >}  

tackle the eigenvalue problem of subsystem 

{H
α

C
α

= εα Cα

} 

initialize charge density of subsystem ρ
α

(r) 

 

total charge density of the whole system 

ρ(r)=∑αρ
α(r) 

 

single electronic effective potential 

Veff (r)= Vnew (r)+ Vxc(r) 

stop 
Yes 

convergence?  
No 

Fig. 9. DV-DAC major flow chart. Here, Hα
i j is the matrix element

of Hamiltonian of subsystem, φ α
i is the basis function of subsystem,

Hα is the Hamiltonian of subsystem, Cα is the combination coeffi-
cient of basis function in subsystem, εα

i is the eigenvalue of subsys-
tem, β = 1/κBT , κB is the Boltzmann constant, and α in expression
ρ i(𝑟) = ρ i−1(𝑟)+(1−α)ρout(𝑟) is the mixing coefficient.

5. Summary
The development of theoretical computational methods

has been proposed for treating the non-homogeneity of charge
density systems with multi-alloying elements and a defect
complex. We constructed the underdetermined equations for
solving the weight parameters in the transition region of the
energy coupling equation of the multiscale model and success-
fully used the equations to study the system of the homoge-
neous distribution of charge density. The theoretical algorithm

013105-8
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for decomposing the electrostatic energy in the total energy of
DFT into site energy has been proposed. The numerical com-
putational program has been written.
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