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The Wronskian technique for nonlinear evolution equations∗

Jian-Jun Cheng(成建军)1,† and Hong-Qing Zhang(张鸿庆)2

1School of Mechano-Electronic Engineering, Xidian University, Xi’an 710071, China
2Department of Applied Mathematics, Dalian University of Technology, Dalian 116024, China

(Received 7 March 2015; revised manuscript received 29 August 2015; published online 30 November 2015)

The investigation of the exact traveling wave solutions to the nonlinear evolution equations plays an important role in
the study of nonlinear physical phenomena. To understand the mechanisms of those physical phenomena, it is necessary to
explore their solutions and properties. The Wronskian technique is a powerful tool to construct multi-soliton solutions for
many nonlinear evolution equations possessing Hirota bilinear forms. In the process of utilizing the Wronskian technique,
the main difficulty lies in the construction of a system of linear differential conditions, which is not unique. In this paper,
we give a universal method to construct a system of linear differential conditions.
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1. Introduction
Solitons are ubiquitous, appearing in a great variety of

contexts, for example, nonlinear optics, plasma physics, fluid
dynamics, semiconductors, and many other systems.[1–3] As a
matter of fact, the study of such nonlinear waves has attracted
extensive attention. Finding exact soliton solutions of inte-
grable nonlinear models is particularly interesting. Based on
those exact solutions, we can accurately analyze the properties
of propagating soliton pulses in nonlinear physical systems.
Towards this goal, many powerful methods for construct-
ing exact solutions of nonlinear evolution equations (NLEEs)
have been proposed and developed, which leads to one of
the most excited advances in nonlinear science and theoret-
ical physics. These methods include the inverse scattering
transformation (IST),[4] the Bäcklund transformation (BT),[5]

the Darboux transformation (DT),[6], the Hirota method,[7–14]

and the Wronskian techniques.[15–27] Among these methods,
the Wronskian formulations are commonly used for certain
NLEEs through the dependent variable transformation.

Soliton solutions can be represented in terms of Wron-
skian, which can be realized through the Sato theory,[28,29]

where τ-functions expressed in terms of Wronskian are gov-
erned in common by the Plücker relations. Besides solitons,
many other kinds of solutions can also be expressed in terms
of Wronskian, such as rational solutions, positons, negatons,
complexitons, and mixed solutions. In the process of utilizing
the Wronskian technique, the main difficulty lies in the con-
struction of a system of linear differential conditions, which
are not unique. Is there any successful and universal tool en-
abling one to construct a system of linear differential condi-
tions for nonlinear evolution equations possessing Hirota bi-
linear forms which does not require a deep understanding of

mathematics? For this purpose, based on a system of atom
equations, we investigate a systematic approach of generalized
Wronskian technique to construct a system of linear differen-
tial conditions for nonlinear evolution equations.

In this paper, we give a systematic approach to the con-
struction of a system of linear differential conditions. The or-
ganization of this paper is as follows. In Section 2, by us-
ing atom equations (Plücker-type), we introduce a universal
method to construct a system of Wronskian conditions. Some
applications will be given in Section 3. Finally, we give the
concluding remarks in Section 4.

2. Description of the Wronskian technique
In this section, we introduce the generalized Wron-

skian technique and a system of atom equations (Plücker-type
Young diagram equations), which plays a central role in the
construction of generalized Wronskian solutions of nonlinear
evolution equations.

Our main tool to tackle the sum is the Wronskian. The
Wronskian of a family of functions φ1, φ2, . . . , φN is the deter-
minant of the matrix of their derivatives of order 0 up to N−1.
We use the Wronskian technique in the compact notation in-
troduced by Freeman and Nimmo[17]
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φ
( j)
i =

∂ jφi

∂x j , i = 1, . . . ,N, j = 0, . . . ,N. (2)
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The solutions determined by f = ̂|N−1| are called the Wron-
skian determinant solutions.

Maya diagrams were first introduced by Sato.[28] In the
language of physics, the diagram for τ represents the vacuum
state in which fermions occupy cells 0,1,2, . . . ,N− 2,N− 1.
So the Wronskian τ = ̂|N−1| is expressed with the vacuum
state

τ =
· · · N−3 N−2 N−1 N N +1 N +2 · · ·
· · · • • • ◦ ◦ ◦ · · · = /0. (3)

There is a one to one correspondence between the Maya
diagram and the Young diagram.[7] Each occupied cell in the
Maya diagram corresponds to a vertical line ↑(•) in the Young
diagram, and the cell corresponding to the horizontal line
→(◦) is empty. By using the correspondence between Maya
diagrams and Young diagrams, the fourth-order Plücker rela-
tion is expressed using Young diagrams as

/0× − × + × = 0. (4)

2.1. Atom equations

Modern science understands the properties of materials
by decomposing them into their constituents, or atoms, and
has managed to create new materials by combining differ-
ent atoms. Fundamental soliton equations and their Bäcklund
transformation formulae possessing Hirota bilinear forms may
be regarded as atom equations for constructing various kinds
of Wronskian conditions. The Hirota bilinear forms are gov-
erned in common by the fourth or fifth order Plücker-type
Young diagram equations (Table 1).

Table 1. The fourth and fifth order Plücker-type Young diagram equations.

Hirota bilinear forms Wronskin conditions Young diagrams

D4
1−4D1D3 +3D2

2

{
φix2 = φixx,

φix3 = φixxx

D4
1−4D1D3

{
φix3 = φixxx,

∑
N
j=1 ai jφ j = φixx

24A

D4
1 +3D2

2

{
φix2 = φixx,

∑
N
j=1 ai jφ j = φixxx

D3
1D2−3D1D4 +2D2D3


φix2 = φixx,

φix3 = φixxx,

φix4 = φixxxx

D3
1D2−3D1D4


φix2 = φixx,

φix4 = φixxxx,

∑
N
j=1 ai jφ j = φixxx

12(B1−B2)

D3
1D2 +2D2D3


φix2 = φixx,

φix3 = φixxx,

∑
N
j=1 ai jφ j = φixxxx

A : /0× − × + × , B1: /0× − × +
× , B2: /0× − × + × .

Lemma 1 When the Wronskian determinant f =
̂|N−1| = /0, the Young diagram equations A = 0, B1 = 0,

B2 = 0 hold.
Proof The fourth and the fifth order Plücker relations are

A = 0 and B1 = 0. We can compute the derivatives of both
sides of the fourth Plücker relation A = 0 with respect to vari-
able x as follows:

/0× − × + × = 0,

( /0× − × + × ) = 0,

( /0) × + /0× ( ) − ( ) × −
×( ) +( ) × + × ( ) = 0,

/0× − × + ×
+ /0× − × + × = 0,

thus we obtain B2 = 0.

2.2. Wronskian conditions

Consider a nonlinear evolution equation

N (u,ux,uy,uz,ut , . . .) = 0, (5)

where u= u(x,y,z, t) is an unknown function and N is a poly-
nomial in u = u(x,y,z, t) and its partial derivatives, in which
the highest order derivatives and nonlinear terms are involved.

Step 1 The following dependent variable transformation

u = a∂
n
∧ ln f (X , t) (6)

permits us to reduce Eq. (5) to a Hirota bilinear equation

N (Dx,Dy,Dz,Dt) f · f = 0, (7)

where a is a constant, ∧ = xn1 yn2zn3tm, n = n1 + n2 + n3 +m,
the operators D are called Hirota’s operators and are defined
by

Dn1
x Dn2

y Dn3
z Dm

t f ·g
= (∂x−∂x′)

n1(∂y−∂y′)
n2(∂z−∂z′)

n3(∂t −∂t ′)
m

× f (X , t) ·g(X ′, t ′)|X=X ′,t=t ′ ,

with X ′ = (x′,y′,z′).
Step 2 Suppose that φi(x,y,z, t), 1 ≤ i ≤ N, has contin-

uous derivatives up to any order, and satisfies the following
linear differential conditions:

φiy = Σ5
j=1k jφi, jx,

φiz = Σ5
j=1l jφi, jx,

φit = Σ5
j=1r jφi, jx,

(8)

then 
Dy→ Σ5

j=1k jD j,

Dz→ Σ5
j=1l jD j,

Dt → Σ5
j=1r jD j.

(9)
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Step 3 Substituting Eq. (9) into Eq. (7), collecting to-
gether all terms with the same order of operators D, and equat-
ing each coefficient of the resulting polynomial (order 6= 4,5)
to zero yields a set of algebraic equations for k j, l j,r j. Then
equation (7) becomes

[H4(D1,D2,D3,D4,D5)+H5(D1,D2,D3,D4,D5)] f · f = 0,

(10)

where

H4(D1,D2,D3,D4,D5)

= α(k j, l j,r j)D4
1 +β (k j, l j,r j)D1D3

+ γ(k j, l j,r j)D2
2, (11)

H5(D1,D2,D3,D4,D5)

= ξ (k j, l j,r j)D3
1D2 +η(k j, l j,r j)D1D4

+ µ(k j, l j,r j)D2D3. (12)

Step 4 Suppose that the Hirota bilinear forms are gov-
erned in common by the fourth or fifth order Plücker-type
Young diagram equations (Table 1).

Case 1 If the Hirota bilinear forms are

P4 = D4
1−4D1D3 +3D2

2,

P5 = D3
1D2−3D1D4 +2D2D3,

from Step 3, we obtain

β (k j, l j,r j) =−4α(k j, l j,r j),

γ(k j, l j,r j) = 3α(k j, l j,r j),

η(k j, l j,r j) =−3ξ (k j, l j,r j),

µ(k j, l j,r j) = 2ξ (k j, l j,r j).

(13)

Case 2 If the Hirota bilinear forms are

P4 = D4
1−4D1D3,

where ∑
N
j=1 ai jφ j = φixx (i = 1, . . . ,N). Then back to Step 3,

collecting together all terms with the same order of operators
D and equating each coefficient of the resulting polynomial
(order 6= 4 and not including D2 and D4) to zero yield a set of
algebraic equations for k j, l j,r j. We obtain

β (k j, l j,r j) =−4α(k j, l j,r j). (14)

Case 3 If the Hirota bilinear forms are

P4 = D4
1 +3D2

2,

P5 = D3
1D2−3D1D4,

where ∑
N
j=1 ai jφ j = φixxx (i = 1, . . . ,N). Then back to Step 3,

collecting together all terms with the same order of operators
D and equating each coefficient of the resulting polynomial

(order 6= 4,5 and not including D3) to zero yields a set of al-
gebraic equations for k j, l j,r j. We obtain γ(k j, l j,r j) = 3α(k j, l j,r j),

η(k j, l j,r j) =−3ξ (k j, l j,r j).
(15)

Case 4 If the Hirota bilinear forms are

P4 = D4
1−4D1D3 +3D2

2,

P5 = D3
1D2 +2D2D3,

where ∑
N
j=1 ai jφ j = φixxxx (i = 1, . . . ,N). Then back to Step 3,

collecting together all terms with the same order of operators
D and equating each coefficient of the resulting polynomial
(order 6= 4,5 and not including D4) to zero yields a set of alge-
braic equations for k j, l j,r j. We obtain

β (k j, l j,r j) =−4α(k j, l j,r j),

γ(k j, l j,r j) = 3α(k j, l j,r j),

µ(k j, l j,r j) = 2ξ (k j, l j,r j).

(16)

Case 5 If the Hirota bilinear forms are

P4 = D4
1−4D1D3 +3D2

2,

P5 = D3
1D2−3D1D4 +2D2D3,

where ∑
N
j=1 ai jφ j = φixxxxx (i = 1, . . . ,N). Then back to Step

3, collecting together all terms with the same order of opera-
tors D and equating each coefficient of the resulting polyno-
mial (order 6= 4,5 and not including D5) to zero yields a set
of algebraic equations for k j, l j,r j. We obtain α,β ,γ,ξ ,η ,µ

satisfying Eq. (13).
Step 5 Solving Case 1 to Case 5 and substituting it into

Eq. (8), we can obtain φi satisfying the linear differential con-
ditions (called the Wronskian conditions). If Cases 1 to 5 have
no solution, then equation (7) does not have a Wronskian de-
terminant solution (based on the fourth or fifth order Plücker-
type Young diagram equations).

Step 6 By solving the Wronskian conditions, we obtain
the Wronskian determinant solutions

u = a∂
n
∧ lnWr(X , t).

3. Applications
3.1. Kadomtsev–Petviashvili equation

The Kadomtsev–Petviashvili (KP) equation[7] reads

(ut +uxxx +6uux)x +uyy = 0. (17)

Under the variable transformation t →−4t,y→±
√

3y, it be-
comes

(uxxx +6uux−4ut)x +3uyy = 0. (18)

Notice that equation (18) has the Hirota bilinear equation

(D4
x−4DxDt +3D2

y) f · f = 0, (19)

010506-3



Chin. Phys. B Vol. 25, No. 1 (2016) 010506

under the Cole Hopf transformation u = 2(ln f )xx. The
KdV equation is a 1+1-dimensional equation describing shal-
low water waves. The KP equation was introduced to dis-
cuss the stability of these waves to perpendicular horizontal
perturbations.[30]

Sato[28] first discovered that the KP equation is the most
fundamental among the many soliton equations. Sato discov-
ered that the polynomial solutions of the bilinear KP equation
are equivalent to the characteristic polynomials of the general
linear group. Later, he found that the KP equation is equiva-
lent to the motion of a point in a Grassmanian manifold and
its bilinear equation is nothing but a Plücker relation. Also,
Satsuma had discovered before Sato that the soliton solutions
of the KdV equation could be expressed in terms of wronskian
determinants. Later, in 1983, Freeman and Nimmo[17] found
that the KP bilinear equation could be rewritten as a determi-
nantal identity if one expresses its soliton solutions in terms of
wronskians.

In Refs. [7] and [17], the N-soltion solution to Eq. (19)
is expressed in terms of Wronskian. When φi satisfies the
following linear differential equations (called the Wronskian
conditions):

φiy = φixx, φit = φixxx, (20)

then the Wronskian determinant τ defined by Eq. (1) is the
solution of Eq. (19).

In this section, based on the universal method in Subsec-
tion 2.2, we give three generalized Wronskian conditions as
follows.

Theorem 1 If φi(x,y, t), 1 ≤ i ≤ N, has continuous
derivatives up to any order, and satisfies the following linear
differential conditions:

φiy = lφix±φixx,

φit =
3l2

4
φix±

3l
2

φixx +φixxx, (21)

φiy = lφix + rφixx,

φit =
3l2

4
φix +µφixx +φixxx,

N

∑
j=1

ai jφ j = φixx, (22)

φiy = lφix±φixx + rφixxx,

φit =
3l2

4
φix±

3l
2

φixx + sφixxx,

N

∑
j=1

ai jφ j = φixxx, (23)

then the Wronskian determinant f defined by Eq. (1) is the
solution of Eq. (19).

These new Wronskian conditions (21) are more general
than each of the (20) conditions, since we find that any func-
tion φi, which can solve one of the (20) conditions satisfies

(21) conditions, but the reverse is not true. The Wronskian
conditions (22) and (23) are new Wronskian conditions.

From the Wronskian condition (21),

u = 2(lnWr(φ1,φ2, . . . ,φN))xx (24)

is called the N-Wronskian solution of Eq. (19), where

φi = ci,1 eξi + ci,2 eηi , (25)

ξi = pix+(l pi± p2
i )y+

(
3l2

4
pi±

3l
2

p2
i + p3

i

)
t +ξi0,

ηi = qix+(lqi±q2
i )y+

(
3l2

4
qi±

3l
2

q2
i +q3

i

)
t +ηi0,

and ci,1,ci,2, l, pi,qi,ξi0,ηi0 are arbitrary constants. So the N-
Wronskian solution

u = 2(lnWr(φ1,φ2, . . . ,φN))xx (26)

is called the N-soliton solution, where (−1)ici,1ci,2 < 0, i =
1,2, . . . ,N.

Based on the soliton solutions, we plot figures to describe
the propagation of the soliton waves. Figure 1 shows one soli-
ton splitting into two solitons given by expression (26). Fig-
ure 2 shows one soliton splitting into two solitons at y = 0 and
x = 0 given by expression (26).

3.2. B-type Kadomtsev–Petviashvili equation

The B-type Kadomtsev–Petviashvili (BKP)[31,32] equa-
tion reads∫

uyt dx−uxxy−3
(

u
∫

uy dx
)

x
+3ux = 0. (27)

Notice that equation (27) has the Hirota bilinear equation

(D3
xDy−DyDt −3D2

x) f · f = 0, (28)

under the Cole Hopf transformation u = 2(ln f )xx. When spe-
cialized to t = x, this reduces to the model equation for the
shallow water wave.[31]

The BKP hierarchy (KP hierarchy of B-type) was intro-
duced by Date, Jimbo, Kashiwara, and Miwa[33,34] in 1981.
In 2003, Chen et al.[35] constructed the symmetries and alge-
braic structures for isospectral and nonisospectral BKP sys-
tems associated with the linear problem of Sato theory. The
Pfaffian solutions to the BKP equation were presented by
Hirota.[7] However, to the best of our knowledge, the Wron-
skian solutions to the BKP equation have not been given, and
in Ref. [36], authors thought that the BKP equation only has
Pfaffian solutions.

In this section, based on the universal method in Subsec-
tion 2.2, we give generalized Wronskian conditions.

Theorem 2 If φi(x,y, t), 1 ≤ i ≤ N, has continuous
derivatives up to any order, and satisfies the following linear
differential conditions:

φiy = lφix + rφixx,
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φit =−
3
l

φix + γφixx +4φixxx,

N

∑
j=1

ai jφ j = φixx, (29)

then the Wronskian determinant f defined by Eq. (1) is the
solution of Eq. (28).

The isospectral BKP equation is the second member on
the BKP hierarchy. In Ref. [37], based on the universal method
in Subsection 2.2, we give three generalized Wronskian con-
ditions.
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Fig. 1. (color online) One soliton splitting into two solitons expressed by
Eq. (26) with c1,1 = 1, c1,2 = 2, c2,1 = 1, c2,2 = −2, l = 2, p1 = p2 = 1,
q1 = 2, q2 = 3, ξ10 = ξ20 = 1, η10 = η20 = 2: (a) t = −1, (b) t = 0, (c)
t = 0.5, (d) t = 1.
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Fig. 2. (color online) One soliton splitting into two solitons at (a) y = 0
and (b) x = 0 given by Eq. (26) with c1,1 = 1, c1,2 = 2, c2,1 = 1, c2,2 =−2,
l = 2, p1 = p2 = 1, q1 = 2, q2 = 3, ξ10 = ξ20 = 1, and η10 = η20 = 2.

4. Conclusion
The Wronskian technique is a powerful tool to construct

multi-soliton solutions for many nonlinear evolution equations
possessing Hirota bilinear forms. In the process of utilizing
the Wronskian technique, the main difficulty lies in the con-
struction of a system of linear differential conditions, which
is not unique. In this paper, we give a universal method to
construct a system of linear differential conditions. Based
on the method, we establish three generalized linear differ-
ential conditions of Wronskian solutions for the Kadomtsev–
Petviashvili equation. We also establish the generalized linear
differential conditions of Wronskian solutions for the B-type
Kadomtsev–Petviashvili and isospectral B-type Kadomtsev–
Petviashvili equations. We show that the Wronskian technique
together with the Hirota method is sufficient to seek the ex-
act solutions of nonlinear evolution equations in mathematics
physics. Similar to many other systematical works on Wron-
skian solutions,[19,21] the complexiton solutions to KP, BKP,
and IBKP equations can also be considered.

Generally speaking, the KP hierarchy only has Wron-
skian determinant solutions, and the BKP hierarchy only has
Pfaffian solutions, but we have established Wronskian solu-
tions for the BKP equation (the first member on the BKP hi-
erarchy) and the IBKP equation (the second member on the
BKP hierarchy). So the BKP and IBKP equations have not
only Pfaffian solutions but also Wronskian determinant solu-
tions. This property is completely different from that of the KP
equation, which only has Wronskian determinant solutions.

It is known that some other solving methods, such as the
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G′/G-expansion method[38] and the exp-function method,[39]

in principle, can generate all kinds of elementary function so-
lutions, including soliton solutions. Hence it is interesting
to explore the relation between the solutions obtained by the
Wronskian technique and by other methods. We hope that
more new exact solutions to nonlinear evolution equations can
be obtained by using the Wronskian technique.
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