
Chin. Phys. B Vol. 25, No. 1 (2016) 010305

Passive decoy-state quantum key distribution for the weak coherent
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Passive decoy-state quantum key distribution systems, proven to be more desirable than active ones in some scenarios,
also have the problem of device imperfections like finite-length keys. In this paper, based on the WCP source which
can be used for the passive decoy-state method, we obtain the expressions of single-photon error rates, single-photon
counts, and phase error rates. According to the information of smooth min-entropy, we calculate the key generation rate
under the condition of finite-length key. Key generation rates with different numbers of pulses are compared by numerical
simulations. From the results, it can be seen that the passive decoy-state method can have good results if the total number
of pulses reaches 1010. We also simulate the passive decoy-state method with different probabilities of choosing a pulse for
parameter estimation when the number of pulses is fixed.
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1. Introduction
Quantum key distribution (QKD)[1,2] allows two legiti-

mate parties, Alice and Bob, to establish a common and se-
cret key when the channel is accessible to an eavesdropper,
Eve. Since the best-known Bennett–Brassard 1984 (BB84)
protocol[1] was put forward, QKD has attracted more and more
attention all over the world, due to its unconditional security
based on the fundamental laws of physics: no-cloning theorem
and the uncertainty principle.[3]

QKD has been developed well both theoretically and
experimentally[4–11] in recent years. However, people have
come across all sorts of difficulties in a real situation.[12]

Though an ideal QKD system is unconditional security, in
fact the necessary assumptions that ideal QKD system need
are not easy to be satisfied. These practical factors such as fi-
nite resources and imperfections of setups, will undoubtedly
threaten the security of the real QKD system, and Eve can
take advantage of the leaks to attack the system. To prevent
the attacks, many countermeasures have been applied. One
of them is to employ the decoy-state method[13–17] which in-
troduces two or more decoy states to confuse Eve so that she
cannot distinguish the signal state from the decoy states. An-
other important approach is the notion of device-independent
QKD (DI-QKD).[18–28] What is more, people make works to
characterize the effects of the real imperfect factors on the se-
curity of QKD system in a mathematical way to give a security
proof.[12]

The finite-length key is an important practical factor

which needs to be solved in a real QKD system. Under ideal
conditions, the data transformed between Alice and Bob are
infinite, and QKD can generate the final secure key from the
infinite data. However, in practice, the data above cannot be
infinite. It may cause statistical fluctuations on relating pa-
rameters. When we regard the finite-length keys, we should
reconsider the security bound in the asymptotic regime.

In recent years, many significant advances have been
achieved.[29–32] In 2008, Scarani and Renner[33] creatively
presented the smooth min-entropy theory to obtain the secu-
rity bound for practical BB84 with finite-length keys. Then
Tan and Cai[34,35] studied the passive decoy-state with finite-
length keys and demonstrated its unconditional security. Their
works show that the practical decoy state can reach the asymp-
totic limit, where the resource is large enough but not infinite.
In 2014, Zhou et al.[36] presented a concise and stringent for-
mula to calculate the key generation rate for QKD using SPD-
CSs with finite-length keys.

In this paper, we first briefly introduce the decoy state
protocol. We focus on the passive decoy-state protocol and
the differences from the active decoy-state protocol. Then we
introduce the phase-randomized WCP source used for the pas-
sive decoy-state method. With this source, we describe the
passive decoy-state protocol without considering the finite-
length key.

The rest of this paper is organized as follows. In Sec-
tions 2 and 3, we briefly introduce decoy state protocol and
the WCP source which has been transformed for the passive
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decoy-state method, respectively. Next, in Section 4, we con-
sider the passive decoy-state method with the infinite-length
key. The affect of the finite-length key on the passive decoy-
state method is analyzed in detail in Section 5. The numerical
simulations of this section are shown in Section 6. Finally,
Section 7 concludes the paper with a summary.

2. Decoy state protocol
In Section 1, we presented the fact that the necessary as-

sumptions an ideal QKD system needs are not easy to sat-
isfy. In the original proposal of the BB84 protocol, a single-
photon source is necessary, but the single-photon source is
still unavailable with current technology. Usually, a weak co-
herent pulse (WCP) source is used instead and many WCP-
based experiments have been done since the first QKD exper-
iment was carried out.[37] However, due to the multiphoton
pulse sent from the WCP source, the QKD system will suffer
from photon-number splitting (PNS) attack.[38,39] To protect
the QKD system from PNS attack, one can use the decoy-
state method which could closely reach the performance of
single-photon sources. Actually, the method that Alice pre-
pares the decoy state actively can be called the active decoy-
state method. Similarly, the active decoy-state method also
suffers from some practical factors. Because of imperfect ex-
periments and channels, it may bring in some side channel
information that Eve can take advantage of having an attack.
For the real active (regular) decoy-state experiments, it is more
difficult to verify the assumption that Eve cannot distinguish
decoy and signal states.[40]

However, the passive decoy-state method[41,42] can re-
duce the side channel information in the decoy-state prepara-
tion procedure. Different from the active decoy-state method
which actively changes the intensity of the laser pulses ran-
domly, the passive decoy-state method only has one intensity
pulse. The key point to distinguish in the passive decoy-state
method is clicking or no clicking for Alice’s detector.

The common point between the passive decoy state and
the active decoy state is that the yields and the error rates of
the same photon-number states of the signal states and the de-
coy states shall be equal to each other, which means[14]

Ym = Y ′m, em = e′m, (1)

where Ym and Y ′m denote the yields of m photons of signal states
and decoy states, respectively, em and e′m denote the error rates
of m photons of signal states and decoy states, respectively.

3. Transformed WCP source used for the pas-
sive decoy-state method
Due to the characters of the WCP source itself, it can-

not be used for the passive decoy-state method directly. Curty

et al.[43,44] have adjusted the WCP source to make it output
two Fock diagonal states, so that it can be used for the pas-
sive decoy-state method. The fundamental setups are shown
in Fig. 1.
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Fig. 1. The WCP sources[43,44] used for passive decoy-state method.

In Fig. 1, ρ and σ denote the coherent states of two phase-
randomized WCP source states, respectively,

ρ = e−µ1
∞

∑
n=0

µn
1

n!
|n〉〈n| , (2)

σ = e−µ2
∞

∑
n=0

µn
2

n!
|n〉〈n| , (3)

with µ1 and µ2 denoting the mean photon numbers of the two
signals, respectively. It should be noted that the WCP source
that Curty et al. changed is phase-randomized WCP. Without
additional explanations, the WCP source mentioned through-
out this paper is the source shown in Fig. 1. We consider the
threshold detector as the photon-detector in Fig. 1. In this sce-
nario, the joint probability of having n photons in output mode
a and m photons in output mode b can be written as[44]

pn,m =
υn+m e−υ

n!m!
1

2π

∫ 2π

0
γ

n(1− γ)m dθ , (4)

where the parameters υ , γ , and ξ are given by

υ = µ1 +µ2,

γ =
µ1t +µ2(1− t)+ξ cosθ

υ
,

ξ = 2
√

µ1µ2(1− t)t, (5)

where t denotes the transmittance of a beam splitter.
Whenever the sender, Alice, does not care about the re-

sult of the measurement in mode b, the probability of having n
photons in mode a can be written as

pt
n =

∞

∑
m=0

pn,m =
υn

n!
1

2π

∫ 2π

0
γ

n e−υγ dθ . (6)

For Alice’s detector, the joint probability of having n pho-
tons in mode a and no click in the threshold detector now has
the form

pc
n = (1−dA)

∞

∑
m=0

(1−ηd)
m pn,m
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= (1− ε)
υn e−ηdυ

n!
1

2π

∫ 2π

0
γ

n e−(1−ηd)υγ dθ , (7)

where the parameter dA denotes dark count and ηd denotes the
detection efficiency of the detector, and then, the probability of
having n photons in mode a and producing a click in Alice’s
threshold detector is

pc
n = pt

n− pc̄
n. (8)

In this paper, we define that c denotes “click” of the de-
tector while c̄ denotes “no click”. We also denote the signals
that cause a click of Alice’s detector as signal states. The ones
that cause no click of Alice’s detector are decoy states.

4. Passive decoy-state method using the WCP
source with infinite-length key
In this section, we discuss the ideal passive decoy-state

method. In the passive decoy-state method, two-mode states
are a prerequisite as shown in Fig. 1. When Alice measures
mode b with a threshold detector described by detection effi-
ciency ηA and dark-count rate dA, the mode a can be divided
into two parts according to the result of the threshold detector:
the “click” events and “no click” events. Here, we denote that
the “click” events are signal states. The “no click” events are
decoy states.

In Section 3, we have mentioned the parameter pt
n, the

probability of having n photons in mode a. It is divided
into two parts pc

n and pc̄
n. Usually, we describe pt

n as pt
n =

pc
n + pc̄

n.[38] Here, the parameters pc
n and pc̄

n can be written as

pc
n = pt

nPn, pc̄
n = pt

n (1−Pn) , (9)

where Pn is the probability of “click” detection event when
n-photon states are emitted from the WCP source, and Pn =

1− (1−dA)(1−ηA)
n.[41]

According to the passive decoy-state method, the count-
ing rates and the error rates of the n-photon states of the signal
states and the decoy states are

Qn,c = Yn,c pt
nPn, (10)

Qn,c̄ = Y c̄
n pt

n (1− γn) . (11)

From Eqs. (10) and (11), it is easy to find that Qc
n and

Qc̄
n have a relation.[37] In this paper, we use a parameter δn to

represent it, that is

Qn,c = δnQn,c̄, (12)

δn =
Pn

1−Pn
, (13)

where δn is a monotonically increasing function.
The overall gain of Alice’s detector producing a click is

Qc and no click is Qc̄. They can be expressed by

Qc =
∞

∑
n=0

Qn,c = Q0,c +Q1,c +
∞

∑
n=2

Qn,c, (14)

Qc̄ =
∞

∑
n=0

Qn,c̄ = Q0,c̄ +Q1,c̄ +
∞

∑
n=2

Qn,c̄. (15)

In order to calculate the lower bound of Q1,c̄, we elim-

inate
∞

∑
n=2

Qn,c and
∞

∑
n=2

Qn,c̄ elements. Applying equation (12)

and the monotonicity of δn, we can obtain

δ2 (Qc̄−Q0,c̄−Q1,c̄)≤ Qc−Q0,c−Q1,c

= Qc−Q0,c−δ1Q1,c̄, (16)

and then, the lower bound QL
1,c̄ can be obtained[42]

Q1,c̄ ≥ QL
1,c̄ =

δ2 (Qc̄−Q0,c̄)−Qc +Q0,c

δ2−δ1

=
δ2 (Qc̄−Q0,c̄)−δQc̄ +δ0Q0,c̄

δ2−δ1
, (17)

where δ = Qc/Qc̄. Since Q1,c̄ and Q1,c satisfy Eq. (12), we
can obtain the lower bound of Q1,c as

Q1,c = δ1Q1,c̄ ≥ δ1QL
1,c̄ = QL

1,c. (18)

Next, we will calculate the upper bound of error rates of
the signal state and the decoy state. According to the quantum
bit error rate (QBER),

QcEc =
∞

∑
n=0

Qn,cen,c = Q0,ce0,c +Q1,ce1,c +
∞

∑
n=2

Qn,cen,c, (19)

Qc̄Ec̄ =
∞

∑
n=0

Qn,c̄en,c̄ = Q0,c̄e0,c̄ +Q1,c̄e1,c̄ +
∞

∑
n=2

Qn,c̄en,c̄, (20)

we can obtain two upper bounds of e1,c as

e1,c ≤ eU
1,c =

2EcQc−Q0,c

2QL
1,c

, (21)

e1,c ≤ eU
1,c =

2Ec̄Qc̄−Q0,c̄

2QL
1,c̄

, (22)

where e0,c = e0,c̄ = 0.5. The minimum of Eqs. (21) and (22) is
the upper bound eU

1,c,[41]

e1 ≤ eU
1 = min

(
2EcQc−Q0,c

2QL
1,c

,
2Ec̄Qc̄−Q0,c̄

2QL
1,c̄

)
. (23)

Due to Q1,c̄,e1 ≥ 0, a parameter x is introduced, x = Q0,c̄/Qc̄

and its range is

0≤ x≤min(2Ec (δ/δ0 ) ,2Ec̄) . (24)

Finally, taking the parameters above into the GLLP for-
mula, one can obtain the following final key rate:[42]

Rc = q{−Qc f (Ec)H2(Ec)+Qc min(x)

×{δ0x+QL
1,c[1−H2(eU

1,c)]}}, (25)

Rc̄ = q{−Qc f (Ec)H2(Ec)−Qc̄ f (Ec̄)H2(Ec̄)

+Qc̄ min(x){(1+δ0)x+(1+δ0)QL
1,c̄

× [1−H2(eU
1,c̄)]}}, (26)

R = max{Rc,0}+max{Rc̄,0}, (27)

where H2(x) is the binary Shannon entropy function.
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5. Passive decoy-state method using the WCP
source with finite-length key
Because of the finite-size data sets in real-life condition,

parameters have various fluctuations. In this paper, we mainly
consider the influence of the finite-size data on the single-
photon yield and single-photon error rate. Here, we will use
smooth min-entropy to study the passive decoy-state method
with the finite-length key.

Firstly, we introduce some related definitions.
Compassable security definition[45,46] Assume a QKD

protocol output keys of KA and KB on Alice’s and Bob’s sides,
respectively. It is considered to be ε-secure if it satisfies both
the correctness and the secrecy. Correctness means that the
probability of KA 6= KB will not exceed εcor, i.e.,

P(KA 6= KB)≤ εcor.

Secrecy means that KA and KB satisfy the inequality

1
2
‖ρKE − IK⊗ρE‖1 ≤ εsec,

where K denotes either KA or KB, ρKE is the quantum state
about K and Eve, IK represents the uniform mixture of all pos-
sible values of K, and ρE is the system that Eve owns.

For QKD protocol, correctness can be regarded as the
maximal probability of error-correction failure. Secrecy im-
plies the probability that the final key is equal to the key with-
out Eve is no less than 1− εsec.

Smooth min-entropy[45] Let ε ≥ 0, σB ∈ S(HB), and
ρAB ∈ S≤(HAB). The smooth min-entropy Hε

min(A|B), taken
over a set of state Bε(ρ) that are ε-close to ρAB, is defined as

Hε
min(A|B) =
max

ρ̃AB∈Bε (ρ)
{− log2 min{λ > 0 : ∃σB : ρ̃AB ≤ λ idA⊕σB}},

where

Bε(ρ) := {ρ̃AB ∈ S≤(HAB) : C(ρAB, ρ̃AB)≤ ε},

and idA is the identity operator on A, and C(ρAB, ρ̃AB) :=

[1− (tr |√ρ
√

ρ̃|)2
]
1/2

is a distance measure based on fidelity
and ε is called the smoothing parameter, and Hε

min(A|B) means
the largest amount of information which Eve can obtain.

Chain-rule inequality for the smooth min-entropy[47]

Let ε ≥ 0, ε ′,ε ′′ ≥ 0, and ρABC ∈ S∈(HABC), and then

Hε+ε ′+2ε ′′
min (AB|C)

ρ
≥ Hε ′′

min(A|BC)
ρ
+Hε ′

min(B|C)
ρ
− f (ε),

where
f (ε) = log2

1
1−
√

1− ε2
.

Here, we make E the information that Eve can obtain from the
raw key XA of Alice, prior to the error-verification step. After

the privacy amplification step, the length of the secure key SA

can be expressed by the following lemma.
Lemma 1[48,49] Let εn,nc,nc̄ > 0, and let ρc

nc and ρ c̄
nc̄

be the quantum states of the “click” and “no click” n-photon
events, respectively. They are both permutation-invariant
quantum states, and let ℑ be a positive-operator-value mea-
sure (POVM) on HAB which outputs the yield and quantum
bit error rate, where ρnc+nc̄ ∈ S(H⊗n1+n2

AB ). Let ϒn,c and ϒn,c̄

be the frequency distributions of the measurement events, e.g.,
the yield, when applying the measurements ℑn1 and ℑn2 , re-
spectively. Then, for any elements Yn,c and Yn,c̄ from ϒn,c and
ϒn,c̄ except with probability εn,

1
2
‖Yn,c−Yn,c̄‖ ≤ ξ (εn,nc,nc̄), (28)

with

ξ (εn,nc,nc̄) =

√
(nc +nc̄)(nc +1) ln(1/εn )

8n2
cnc̄

. (29)

Here, we change Eq. (28) for convenience as

Yn,c ≤ Yn,c̄ +2ξ (εn,nc,nc̄), (30)

Yn,c ≥ Yn,c̄−2ξ (εn,nc,nc̄). (31)

Lemma 2 (Secret key based on smooth min-
entropy)[45,50] By applying privacy amplification with two-
universal hashing, a secret key extracted from XA is εsec-secret
if its length ℓ is chosen such that⌊

Hv
min(XA|I′)−2log2

1
2v̄

⌋
,

where v + v̄ ≤ εsec with v and v̄ chosen to be proportional
to εsec/ppass, and Hv

min(XA|I′) quantifies the amount of uncer-
tainty system Eve has on XA.

Due to the influence of the finite-length key, the yields
of the signal state and decoy state are no longer equal to each
other, that is

Yn,c 6= Yn,c̄. (32)

However, Lemma 2 provides a relationship between Yn,c and
Yn,c̄ under the condition of finite-length key.

Next, we can calculate the lower bound of the single-
photon counting rates for the decoy state and signal state.

Similar to that in Section 4, we need to eliminate the ele-
ments of n≥ 2 in Eq. (15). According to Eq. (30), the elements
can be expressed by

∞

∑
n=2

Qn,c̄ ≤
∞

∑
n=2

(Yn,c̄ +2ξ (εn,nc,nc̄))pc̄
n. (33)

After being multiplied by δ2, the upper inequality is changed
to

δ2

∞

∑
n=2

Qn,c̄ ≤ δ2

∞

∑
n=2

(Yn,c +2ξ (εn,nc,nc̄))pc
n
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=
∞

∑
n=2

(Qn,c +2pc
nξ (εn,nc,nc̄)), (34)

and then, replacing ∑
∞
n=2 Qn,c and ∑

∞
n=2 Qn,c̄ by Qc−Q0,c−

Q1,c and Qc̄−Q0,c̄−Q1,c̄ respectively, inequality (34) can be
written by

δ2(Qc̄−Q0,c̄−Q1,c̄)

≤ Qc−Q0,c−Q1,c +2
∞

∑
n=2

pc
nξ (εn,nc,nc̄)

≤ Qc− (Y0,c̄−2ξ (ε0,0c,0c̄))pc
0

−(Y1,c̄−2ξ (ε1,1c,1c̄))pc
1 +2

∞

∑
n=2

pc
nξ (εn,nc,nc̄)

= Qc−Q0,c−δ1Q1,c̄ +2
∞

∑
n=0

pc
nξ (εn,nc,nc̄). (35)

Now, we can obtain the lower bound of Q1,c̄ as

Q1,c̄ ≥ QL
1,c̄

=

δ2(Qc̄−Q0,c̄)−Qc +Q0,c−2
∞

∑
n=2

pc
nξ (εn,nc,nc̄)

δ2−δ1
. (36)

Comparing inequality (36) with inequality (17) in Section 4,
we find that ∑

∞
n=0 pc

nξ (εn,nc,nc̄) should be considered. It
means that in the condition of a finite-length key, the essence
of the decoy state cannot be satisfied which will affect QL

1,c̄. By
introducing the parameters ppe and N, QL

1,c̄ can be expressed
by

Q1,c̄

Qc̄
≥ [(δ2−δ )− (δ2−δ0)x−χ]

δ2−δ1
, (37)

where N denotes the number of total pulses emitted from the
WCP source and ppe is the probability of choosing a pulse as
the sample bits used for parameter estimation. In the QKD
protocol, the signal pulses that Bob receives can be divided
into two parts. One part can generate the raw keys, another
part is used for parameter estimation, ppe is the selection prob-
ability and χ is

χ =
1

Qc̄

√
ln(1/εpe )

2N ppe

∞

∑
n=0

√
δn pt

n. (38)

In the ideal condition, N is infinite, nc and nc̄ of ξ (εn,nc,nc̄)

are nc = N ppe pc
n and nc̄ = N ppe pc̄

n, respectively.
Similarly, we can obtain the lower bound of Q1,c accord-

ing to inequalities (30), (37) and Eq. (14) as

Q1,c ≥ QL
1,c =

δ1Qc̄[(δ2−δ )− (δ2−δ0)x−χ]

δ2−δ1

−

√
δ1 pt

1 ln(1/εpe )

2N ppe
. (39)

Next, we will recalculate the upper bounds of e1,c and
e1,c̄.

Due to e1,c 6= e1,c̄, we can obtain two sample upper
bounds of e1,c and e1,c̄ from Eqs. (19) and (20), respectively,

e1,c ≤
QcEc−Q0,ce0,c

Q1,c
, (40)

e1,c̄ ≤
Qc̄Ec̄−Q0,c̄e0,c̄

Q1,c̄
. (41)

Substituting elements Q1,c and Q1,c̄, we can obtain

e1,c ≤
QcEc−Q0,ce0,c

Q1,c
≤

2QcEc−δ0Q0,c̄ +

√
δ0 pt

0 ln(1/εpe )

2N ppe

2
{

δ1Qc̄[(δ2−δ )− (δ2−δ0)x−χ]

δ2−δ1
−2

√
δ1 pt

1 ln(1/εpe )

2N ppe

} = eU
1,c, (42)

e1,c̄ =
Qc̄Ec̄−Q0,c̄e0,c̄

Q1,c̄
≤ (2Ec̄− x)(δ2−δ1)

2δ1Qc̄[(δ2−δ )− (δ2−δ0)x−χ]
= eU

1,c̄, (43)

where e0,c = e0,c̄ = 1/2.
To calculate the final key generation rate, Lemma 2 is usu-

ally used to obtain the length of the secret key firstly. In this
paper, we set

ℓc =

⌊
Hv

min(XA|E ′)−2log2
1
2v̄

⌋
, (44)

which considers the key generated from the signal state. Ref-
erence [50] gives the expression of the length of the secret key
in this situation as follows:

nc
0 +nc

1[1−H2(ec
p)]−λ

c
EC−6log2

10
εsec
− log2

2
εcor

, (45)

where

nc
0 ≥ N

(
Qc̄δ0x−

√
δ0 pt

0 ln(1/εpe )

2N ppe

)
,

nc
1 ≥ N

{
δ1[(δ2−δ )− (δ2−δ0)x−χ]

δ2−δ1
−

√
δ1 pt

1 ln(1/εpe )

2N ppe

}
,

λ
c
EC = NQc f (Ec)H2(Ec),

(46)

and ec
p denotes the phase error rate of the signal state in QKD.
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The phase error rate ep is given by

ep =
(n+ l)ê( j+2)− leob( j+2)

n
≡ e(eob( j)), (47)

where

ê( j) =
eob( j)+2ϖ +2

√
ϖ{eob( j)[1− eob( j)]+ϖ}
1+4ϖ

,

eob( j) =
j
l
,

ϖ =
w2n

4l(n+ l−1)
,√

n+ l
n

√
w2 +2π

2
eβ

Φ(w)≤ ε2
sec

16
,

β =
1
6n

+
1
12

,

Φ(w) =
1√
2π

∫
∞

w
e−x2/2 dx. (48)

and ec
p = e(eU

1,c).
Combined with the lower bounds of Q1,c, Q1,c̄ and the

upper bounds of e1,c, e1,c̄, equation (45) can be expressed by

ℓc = min(x)
{

N(1− ppe)

[
Qc̄δ0x−

√
δ0 pt

0 ln(1/εpe)

2N ppe

+

[
δ1Qc̄((δ2−δ )− (δ2−δ0)x−χ)

δ2−δ1

−
√

δ1 pt
1 ln(1/εpe)

2N ppe(Qc̄)2

]
[1−H2(ec

p)]

]}
−(1− ppe)λ

c
EC−6log2

10
εsec
− log2

2
εsec

,

(0≤ x≤min{2Ecδ/δ0,2Ec̄ }). (49)

According to the definition of the key generation rate, it is
the fraction of the length of secret key and the number of total
pulses, i.e., R = ℓ/N. One can obtain the final key generation
rate as

R1 = min(x)
{
(1− ppe)

[
Qc̄δ0x−

√
δ0 pt

0 ln(1/εpe )

2N ppe

+

[
δ1Qc̄((δ2−δ )− (δ2−δ0)x−χ)

δ2−δ1

−

√
δ1 pt

1 ln(1/εpe )

2N ppe

]
[1−H2(ec

p)]

]}
−(1− ppe)Qc f (Ec)H2(Ec)−

6
N

log2
10
εsec
− 1

N
log2

2
εsec

,

(0≤ x≤min{2Ecδ/δ0,2Ec̄}). (50)

However, it has been noted that the decoy state also has
contributions to the key generation rate in the passive decoy-
state method, so equation (44) is not suitable here. Recently,
reference [36] considered the key generation rate of the decoy
state of the passive decoy-state method and gave the length of

the secret key in this situation as

ℓc+c̄ =

⌊
Hv

min(X
c
AX c̄

A|IcI c̄)−2log2
1
2v̄

⌋
, (51)

where X c̄
A is the raw key extracted from the decoy states and I c̄

is the information that Eve can get from X c̄
A.

The final secret key can be said to be εsec-secret if its
length ℓc+c̄ is chosen by

ℓc+c̄ ≥ nc
0 +nc̄

0 +nc
1[1−H2(ec

p)]+nc̄
1[1−H2(ec̄

p)]

−λ
c
EC−λ

c̄
EC−12log2

15
εsec
− log2

16
εcor
−1, (52)

where λ c̄
EC = NQc̄ f (Ec̄)H2(Ec̄).

Now, combined with the lower bounds of the single-
photon counting rate and the upper bounds of the error rate
that have been calculated above, one can obtain the length of
the final secret key as

ℓc+c̄ = min(x)
{

N(1− ppe)Qc̄

[(
δ0x+ x−

√
δ0 pt

0 ln(1/εpe)

2N ppe

)

+

(
δ1

Q1,c̄

Qc̄
−
√

δ1 pt
1 ln(1/εpe)

2N ppe(Qc̄)
2

)
[1−H2(ec

p)]

+
Q1,c̄

Qc̄
[1−H2(ec̄

p)]

]}
−N(1− ppe)Qc fECH2(Ec)−N(1− ppe)Qc̄ fECH2(Ec̄)

−12log2
15
εsec
− log2

4
εsec
−1,

(0≤ x≤min{2Ecδ/δ0,2Ec̄ }), (53)

where ec̄
p = e(eU

1,c̄), n and l can be taken from NQ1,c̄(1− ppe)

and NQ1,c̄ ppe.
According to the definition of the key generation rate, the

final key generation rate under this condition is

R2 = (1− ppe)min(x)
{

Qc̄x(δ0 +1)−

√
δ0 pt

0 ln(1/εpe)

2N ppe

+

[
δ1Qc̄((δ2−δ )− (δ2−δ0)x−χ)

δ2−δ1

−

√
δ1 pt

1 ln(1/εpe)

2N ppe

]
[1−H2(ec

p)]

+
Qc̄[(δ2−δ )− (δ2−δ0)x−χ]

δ2−δ1
[1−H2(ec̄

p)]

}
−(1− ppe)(Qc f (Ec)H2(Ec)−Qc̄ f (Ec̄)H2(Ec̄))

− 12
N

log2
15
εsec
− 1

N
log2

4
εcor
− 1

N
,

(0≤ x≤min{2Ecδ/δ0,2Ec̄ }), (54)

where

Qt = 1− (1−Y0)e−ηsysω I0,ηsysξ , (55)

Qc̄ = Pc̄− (1−dA)(1−Y0)e(ηd−ηsys)ω−ηdυ I0,(ηd−ηsys)ξ , (56)

Qc = Qt −Qc̄, (57)

Et = (e0− ed)Y0/Qt + ed, (58)
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Ec̄ = (e0− ed)Y0Pc̄/Qc̄ + ed, (59)

Ec = Et −Ec̄, (60)

and Ia,b represents the modified Bessel function of the first
kind.

Finally, the length of the final secret key is

R = max{R1,R2}. (61)

6. Numerical simulations
In this section, we will take some numerical simulations

to show how the finite-length key influences the final key gen-
eration rate of the passive decoy-state method. In the scenario
we considered, the yields Yn can be expressed by

Yn = 1− (1−Y0)(1−ηsys)
n, (62)

where ηsys denotes the overall transmittance of the system. It
can be written as

ηsys = ηcηBob, (63)

where ηBob denotes the overall transmittance of Bob’s de-
tection apparatus and ηc is the transmittance of the quantum
channel. It can be calculated by ηc = 10−αd/10, where d rep-
resents the transmission distance measured in km for the given
QKD schemes and α denotes the loss coefficient of the chan-
nel (e.g., an optical fiber ) measured in dB/km.

The parameters pt
n, pc̄

n, and pc
n are calculated by Eqs. (6)–

(8), respectively. We set µ1 = 0.5 and µ2 = 0.0001. In this
paper, εsec and εcor are 10−10 and 10−12, respectively. The
other parameter values in detail are listed in Table 1.[50]

Table 1. Experimental QKD parameters.

α/dB·km−1 ηBob ed Y0 ηd dA f (Ec), f (Ec̄)

0.2 0.1 0.005 1.7×10−6 0.5 3.2×10−6 1.16

Figure 2 shows the relationship between the key genera-
tion rate R and the transmission distance d when the number
N (N = 10i, i = 7,8,9,10,∞) of the total pulses from the WCP
source is fixed by different values. From Fig. 2, we can di-
rectly see that R becomes smaller with the increase of d. When
the transmission distance d is fixed, the key generation rate R
is getting larger with the increase of N. Meanwhile, when N is
very small (e.g., N = 107), the declining rate is fast. It would
generate few keys if d ≥ 55 km. The curve of N = 1010 is
getting close to the ideal situation; it indicates that the number
of total pulses from the WCP source can really influence the
QKD system. When the number of total pulses is larger than
1010, the passive decoy-state QKD with the WCP source can
implement well. However, by comparing these results with the
results in Ref. [50], it can be seen that the passive decoy-state

method is weaker than the active one both in the key genera-
tion rate and the extra transmission distance.

Figure 3 shows the relationship between the key genera-
tion rate R and the number of total pulses N when the trans-
mission distances are different. We can find that the passive
decoy-state method can generate keys when N is 2× 107,
3.5× 107, 7× 107 with 60 km, 70 km, and 80 km. When R
is fixed, it needs more pulses with d becoming larger.

Finally, we analyse the relationship between R and d with
different ppe which means the probability of choosing a pulse
as the sample bits used for parameter estimation when N is
fixed. Figure 4 is an example whose N = 109. When the trans-
mission distance is 60 km, it is easy to find that the lines of
ppe = 0.5 and ppe > 0.5 are coincident which means that the
key generation rates of ppe = 0.5 and ppe > 0.5 are almost
equal. According to the definition of ppe, the more pulses will
be used to generate the key if it is getting smaller. Then, the
QKD system can get more secure key bits. Hence, consider-
ing a compromised scheme, we take ppe = 0.5 as an optimal
reference value.

0 20 40 60 80 100 120 140
10-8

10-7

10-6

10-5

10-4

10-3

10-2

d/km

R

i/

i/

i/
i/

i/∞

Fig. 2. (color online) Key generation rate R versus transmission distance
d with different N (N = 10i, i = 7,8,9,10,∞).

0 0.5 1.0 1.5 2.0 

N/108

d=60 km d=70 km d=80 m

10-8

10-7

10-6

10-5

10-4

10-3

R

Fig. 3. (color online) Key generation rate R versus N with different d.
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0 40 80 120

ppe=0.01

ppe=0.1

ppe=0.5

ppe=0.9

10-8

10-9

10-7

10-6

10-5

10-4

10-3

10-2
R

d/km

Fig. 4. (color online) Key generation rate R versus transmission distance
d with different ppe.

7. Conclusions
In summary, we introduce the decoy state method and

analyze the phase-randomized WCP source that can be used
in passive decoy-state protocol. Then, we study the passive
decoy-state method using the WCP source with an infinite-
length key. After recalculating the phase error rate, counting
rate, and error rate of the single photon state, we obtain the
length of the secret key considering both the signal state and
the decoy state in the passive decoy-state method. According
to the results of numerical simulations, we find that the finite-
length key influences the real QKD system. It can affect the
key generation rate and the transmission distance. The key
generation rate and the extreme transmission distance become
larger with the increase of the number of total pulses. When
the number is larger than 1010, the passive decoy-state QKD
with the WCP source will perform well. Meanwhile, we study
the relationship between the key generation rate and the proba-
bility of choosing a pulse as the sample bits used for parameter
estimation. It can help us to select the optimal value to make
sure that the passive decoy-state method in this paper will be
implemented best. Our work can help QKD experimentalists
to improve the performance and provide references about how
to choose the data-size.
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