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Solution of Dirac equation for Eckart potential and trigonometric
Manning Rosen potential using asymptotic iteration method*
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The Dirac equation for Eckart potential and trigonometric Manning Rosen potential with exact spin symmetry is
obtained using an asymptotic iteration method. The combination of the two potentials is substituted into the Dirac equation,
then the variables are separated into radial and angular parts. The Dirac equation is solved by using an asymptotic iteration
method that can reduce the second order differential equation into a differential equation with substitution variables of
hypergeometry type. The relativistic energy is calculated using Matlab 2011. This study is limited to the case of spin
symmetry. With the asymptotic iteration method, the energy spectra of the relativistic equations and equations of orbital
quantum number / can be obtained, where both are interrelated between quantum numbers. The energy spectrum is also
numerically solved using the Matlab software, where the increase in the radial quantum number #; causes the energy to
decrease. The radial part and the angular part of the wave function are defined as hypergeometry functions and visualized
with Matlab 2011. The results show that the disturbance of a combination of the Eckart potential and trigonometric Manning
Rosen potential can change the radial part and the angular part of the wave function.
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1. Introduction

In 1928 Dirac investigated the relativistic wave equation
covariance of the Schrodinger equation and proposed a ma-
trix a, 3, and relativistic energy to the first order I U1 The
Dirac equation describes the motion of a relativistic particle
with spin 1/2, which is widely used to solve the problems of
nuclear physics and high energy physics.?! One of the impor-
tant tasks of relativistic quantum mechanics is to find an ac-
curate and exact solution of the Dirac equation for some non-
central physical potentials, which are a mixture of attractive
scalar potential S(r) and repulsive vector potential V(7). Spin
symmetry occurs when S(r) = V(r) and pseudospin (p-spin)
symmetry occurs when S(r) = —V(r). The Dirac equation
has been intensively investigated since it has important appli-
cations in quantum chemistry and nuclear physics. The Dirac
equation is used to describe the motion of particles governed
by a strong force when the relativistic effects are taken into
account. !

The Dirac equation for the case of exact spin symmetric
occurs when the difference in the magnitude betwen the repul-
sive vector potential and the attractive scalar potential is zero
and the sum of the magnitudes of the repulsive vector potential
and attractive scalar potential is equal to a given potential. The
exact pseudo-spin symmetry occurs when the sum of the mag-
nitude of the repulsive vector potential and the attractive scalar
potential is zero and the difference between the vector poten-
tial and scalar potential is equal to a given potential, which is
central or non-central.[¥!
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Solutions of the Dirac equation for some typical poten-
tials under special cases of spin symmetry and pseudospin
symmetry have been investigated. For spin symmetry x(k +
1) =1(l+1) that gives k =1 = j+1/2 for k > 0 and x =
—(I+1)=—(j+1/2) for k < 0, where x is the eigenvalue of
the spin orbit coupling operator, [ is orbital quantum number,
and j is the total angular momentum quantum number. For
the pseudospin symmetry case, k(k — 1) = I({+ 1) that gives
k=I[+1=j+1/2fork>0and k = —] = —(j+1/2) for
k < 0, where [ is the quantum number of the pseudospin or-
bital. In nuclear physics, spin symmetry and pseudospin sym-
metry concepts have been used to study the aspect of deformed
and super deformation nuclei. The concept of spin symmetry
has been applied to the spectra of meson and antinucleon. !

Some researchers have investigated the Dirac equation by
using a variety of potentials and different methods, such as
the spin symmetry in the antinucleon spectrum and tensor-
type Coulomb potential with spin—orbit number K in a state
of spin symmetry and p-spin symmetry,®! bound states of
the Dirac equation with position-dependent mass for the
Eckart potential,m the exact solution of Klein—-Gordon with
the Poschl-Teller double-ring-shaped Coulomb potential,®!
the exact solution of the Dirac equation for the Coulomb
potential plus NAD potential by using the Nikorov—Uvarov
method, ! the potential Deng—Fan and the Coulomb poten-
tial tensor using the asymptotic iteration method (AIM),!!]
the potential Poschl-Teller plus the Manning Rosen radial
section with the hypergeometry method,!'!! the solution of
Klein—-Gordon equation for Hulthen non-central potential in
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radial part with Romanovski polynomial!'?! and the solution
of the Schrodinger equation with the Hulthen plus Manning—
Rosen potential,['3] the Scarf potential with the new tensor
coupling potential for spin and pseudospin symmetries using

(141 for the q-deformed hyperbolic

Romanovski polynomials,
Poschl-Teller potential and the trigonometric Scarf II non-
central potential by using AIM,!>! eigensolutions of the de-
formed Woods—Saxon potential via AIM,!'®! approximate so-
lutions of the Klein Gordon equation with an improved Man-
ning Rosen potential in D-dimensions using SUSYQM, 7]
and eigen spectra of the Dirac equation for a deformed
Woods—Saxon potential via the similarity transformation.!'®!

In this study, we will solve the Dirac equation for the
Eckart potential plus the trigonometric Manning Rosen poten-
tial in a state of spin symmetry using an asymptotic iteration
method. The asymptotic iteration method is a method of solv-
ing the second-order differential equations.?")

The rest of this paper is organized as follows. The asymp-
totic iteration method will be briefly reviewed in Section 2.
In Section 3, we review the Eckart potential and trigonomet-
ric Manning Rosen potential, give a brief introduction to the
Dirac equation with equal scalar and vector potentials, and
apply the separation of variables in spherical coordinates. In
Section 4, we solve the radial and angular parts of the Dirac
equation by using the modified Eckart potential combined with
trigonometric Manning Rosen potential and obtain the rela-
tivistic energy spectrum and wavefunction via the asymptotic
iteration method. In Section 5, we present graphically some
wavefunctions of the Dirac equation, present several relativis-
tic energy spectra, and discuss some consequences of the re-
sults obtained. Finally, some conclusions are drawn from the

present study in Section 6.

2. Asymptotic iteration method

This method is used to solve differential equation in the
following form:

Y (x) = Ao )y, (x) = 50 (x)ya(x) = 0. (D
Equation (1) can be solved by using iterations of A; and sy,

M(x) =X+ A1 Ao+ sk,
Ske(%) = Sp_1 + k-1 A1,
k=1,23,.... @)

Eigen values can be obtained using the following equation: ']

lk(x)sk,l (x) — )kal (x)sk(x) =0= Ak. (3)
While eigen functions of Eq. (1) can be obtained using!'"!

Ya(x) =Ce T ontdx, “)

where o can be solved by applying the asymptotic iteration k

Sk Sk—1 _ )

— = =0.
)“k A'k—l

Rewriting the second-order differential of Eq. (1) into a gen-
eral form as follows:

PN Nl c+1) ,
70 =22 = )y

The general formula for the exact solution of y, (x) is given by

waxN

1 — bxN+2°

(6

o (x) = (=1)"C' (N +2)"2F) (=n,p+n,0,66" ), (7)

where
(0), = IW7 )
e
T

C’ is the normalized constant, and ,F; is the hipergeometry
function. (2!

3. Dirac equation with equal scalar and vector
Eckart potential combined with trigonomet-
ric Manning Rosen potential

The Dirac equation with scalar potential S(r) and vector
potential V(7) (h =1, ¢ = 1) is given by

{a-p+BM+S(r)y(r) ={E-V(r)iy(r), (1)

where E is the relativistic energy, p is the momentum operator

(p=—iV), a and 3 are matrices in the following forms:
0o
I 0
B= <O h 1) : (13)

where I is the 2 x 2 identity matrix and o is the Pauli
matrix,['*! whose components are expressed as

01=<(1)(1)), azz(?oi>, 03=<(1)_°1).<14>

In the Pauli—Dirac representation, let

_ [ Su(r)
wir) = (2400, (15)
we have
o - pguk(r) = [E=V(r) =M =5(r)|fu(r), (16a)
o-pfu(r)=[E—-V(r)+M+S(r)] gu(r). (16b)
For spin symmetry, equation (16a) becomes
o -pgu(r)=[E =2V (r)—M] fu(r), (17a)
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where

g 'pfnk(r)
[E + M]

Substituting Eq. (17b) into Eq. (16b) yields

—M?|fu(r).  (18)

In spherical coordinates, the Eckart potential combined with

gnk(T) = (17b)

[P? +2(E+M)V(r)|fu(r) = [E?

trigonometric Manning Rosen potential is defined as

_
4sinh? (aur)

N 1 (v(v— 1)

r2 \ sin(6)

Substitute Eq. (19) into Eq. (18) and simplify the resulting
equation, and let

fnk(r) = fnk (r767¢) =

then we will have

(5 (°5) a0 30)
+ sml()aa(; )—i— <4$inhV20(ar) —Vjcoth(ar)

7 (G ~weac) )6

0)
X R(r)P (6) (9)
= (E*=M*)R(r)P(6) ®(9). 1)

V(r0) = —Vjcoth(ar)

—2qcot(9)> . (19)

R(r)P(6) @(9), (20)

Separating the variables in Eq. (21), we obtain

1 0 IR(r) Vo
R(r) or <r2 or ) ~(E+M) r <4sinh2 (ar)

-V coth(ar)) +(E2 =M P =1(+1), (22a)
1 dP(0)
P(0)sin(0) 96 (S‘“(e) 26 )
B 1 I’ (¢)
®(9)sin>(6) 9¢>
v(v—1)
- (E+M)< ~— —chot(e)) =—I(I+1), (22b)
sin” (
1 2?’e(9) _
Equation (22c¢) is well known with its solution
1 .
- im¢ _
D, me , m=0,£1,+2, ... (23)

The Dirac spin may be written according to the upper f,c(7)
and lower g, (r) components as follows:

Fnr<r)Y1 0
C(fw)\ [ T Ym(8:9)
"’(’“)‘<gm<<r>>‘ HENI @4

where F;,,(r) is the Dirac spin component, G, (r) is the Dirac
pseudospin component, Yém (0,¢) and Yim (0,9) are the spin
and pseudospin spherical harmonics, [ is the orbital quantum
number, [ is the quantum number of the pseudo orbital, and m
is the projection of the angular momentum on the z axis.

By substituting Eq. (24) to Eq. (11), we can immediately
obtain two coupled ordinary differential equations for radial
parts of Dirac eigen functions as follows:

(cfr + 1:) F,.(r)=(M+E —A(r))Gp,(r), (25a)

(d_K>Gm() (M—E+X(r)F,(r). (25b)

dr r

Eliminating F, () and G, (r) in Egs. (25a) and (25b), we
obtain the second-order differential equation for F, (r) and
Gy, (r) components of the Dirac wavefunction as follows:

(- 50

e aio ((ar 7))

= [(M+E—A(r))(M—E+X(r)|F,(r), (26)
d? -1
(dr 5 6,00

e (25 0)
= [(M+E—A(r)) (M —E+ZX(r))| Gy, (r), (27

where

=V(r)+S(r),
k(k+1)=1(+1),

K(k—1)=I(l+1),

Kk is the quantum number of the spin orbital, / is the orbital
quantum number, and [ the quantum number of the pseudospin
orbital.

4. Analytical solution of radial and angular
parts of the Dirac equation

4.1. Solution of the radial part

In the case of exact spin symmetry dA(r)/dr = 0 and
A(r) = C = const, equation (26) becomes

(dz KD s E—C)M-E+E(r ))) e (1)
= 0. (28)

We assume that X(r) is the Eckart potensial, which is defined
as

Vo

- ycoth(ar), 29
4sinh? (or) (ar) 29)
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and we use

1 o2

r2 4sinh? (ar)

1%

as the centrifugal term. The radial Dirac equation takes the
following form:

d2§,:_2(r) - 4555‘(; )+ 2B, coth (ar) F, (1)
= @PEF, (1), (30)
where
As=k(k+1)+Vo(M+E—-C), 31
E;:(M+E—C)(M—E). .

o2

By substituting variable coth (ar) = 1 — 2z into Eq. (30), we

have
d%F,, (r) dF,,(r)
7(1—z) 522 +(1-22) 72
Ay —Bs+E. (Bs—E) B
- {4+ e }Fn,(r)—o. (34)
By substituting
Eoy(r) = (2)° (1=2)" £, (2). (35)

into Eq. (34), we have the second-order differential equation
in the following form:

{z(26 +2y+2)— (26 +1)}

(==
N {(6+y)(cz (+1 7_+Z)1> —A @), G6)

where —B, + E; = 482 and B, — E, = 47>
By comparing this equation with Eq. (1), we can write
Ao(z) and so(z) values. By means of Eq. (2), we can calculate
lk(z) and Sk(Z)
~ {z(26+2y+2)—-(26+1)}
ho@) = z(1—2) ’
{6+ (6+ry+1)—A/4}
Z(1—2) ’
) @26+1)  (2y+1)
A(z) = { 2 + (-2 }
N {{(5“’) (6+r+1)—Ay/4}
Z
{(6+1(+r+1) —As/4}]
(1-2)
2
n {_(25+1) n (27+1)} ’
z (1-2)

(37a)

s0(z) = (37b)

(37¢)

[ {G+y)(+y+1)—Ay/4}
S1 (Z) = 2
{(6+7>(6+y+1>—As/4}}
(1-2)°
n [{(5+y) (0+y+1)—As/4}
Z
n {(5+V)(5+7+1)As/4}}
(1-2)
25+1) (2y+1)
X{‘ : +<vw>}

(37d)

Combining these results with the quantization condition given
by Eq. (3) yields

Soll—slﬁo=0—>802<6+'y+l>2, (38a)
st —soA =0— ¢ = <5+'}’+2>2, (38b)
o3 —s3A, =0 — & = (6+'}/+3)2, (38¢)
where g, = Ag/4.
When the above expressions are generalized into
&, = (8+7+m)%, (39)

the eigenvalues turn into

A
Eg——BS—< ZS

By substituting Egs. (31)—(33) into Eq. (40), we obtain energy

2
—n,—1> ,n,=0,1,2... (40)

eigenvalue E as follows:

2
(M+EOCCZ)(ME)BS<\/§W1> , (41

where n, is the radial quantum number (n, =0,1,2...), l is or-

bital quantum number which is obtained from the angular part
solution. The radial wavefunction can be obtained by using
Egs. (6)—(8), and Eq. (10), and we have

c=8-1, N=—1, t=v, b=1,

SO
2e+N+3
=TT 9541
N+2 +h
(2c+1)b+2t
S M Y. O, 32
P= "IN 2)b i

From Eq. (6), we have
far(2) = (1) C'(1)" (28 +1)
X 2F1 (=n,20 +2y+n,,26 +1,2).  (42)

By substituting Eq. (42) into Eq. (35), we have radial wave-
function

Fy(2) = (0 (1= (=1)"" G, (1) (28 + 1)
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x 2Fy (_nra25+2y+nh25+17z)a (43)

where z = [1 — coth (ar)]/2, so

Fy, (r)
_ (1—co;h(0¢r))'5 (1+coth(ar)>y
X

2
(=1)" G, ()™ (26 +1)

1 —coth (&
x oF) <n,,25+2}/+n,,25+ 1,C°(r)> . (44)

2

where C,, is the radial normalization constant, ,F; is the hy-
pergeometry function, and (28 + 1), is a Pochamer symbol.

4.2. Solution of the angular part

For the angular part in Eq. (22b), it can be obtained by us-
ing AIM to find the orbital quantum number. By multiplying
Eq. (22b) with P(0)/sin(0), we have

2 (sni0)27)

- {(E+M)sin(9) (V(V_l)

sin’0

2qc0t(9)>

—l(1+1)sin(9)+m2}P(9):o. (45)

sin 0
Equation (45) must be simplified by using parameter

*7@1(9) co =1i(l1—
P= S (8)’ t(0) =i(1-2z),

and the simplified equation is

z(l—z)azgz;(z)+(l—2z)

+ {v’ (v/ — 1) —
(2qi (E+M) - (1+1/2)?)
4(z—1)

90y (2)
0z

(—Zqi (E+M)+(1+ 1/2)2)
4z

}Qn[ (z) =0. (46)
By using
0 (2)=(2)°(1-2)"qn (2), (47)

and simplying it, equation (46) can be transformed to a hyper-
geometry differential equation:

2(1=2) gy (2) +{(26 +1) =2z(8 + v+ 1)} qp, (2)

+ (V=1 =B+ (S+1+1)}an (2) =0, 48)
where
B —qi(E+M)  (1+1/2)
S_i\/ 2 T
and
L qi(E+M) (1+1/2)
yi\/ 2 4

with [/ being the orbital quantum number.

Equation (48) is the hypergeometry differential equation,
so we must transform it into an AIM type by dividing Eq. (48)
with z(1 —z), then we have

{z(26 +2y+2)— (26 +1)} ,

G (2) = — dn, (2)
7(1—2)
{6+y(6+y+1)—V(/ -1}
+ (=2 qn, (7). (49)
From Eq. (49), we have
M:{z(26+2}/+2)—(26+1)}’ (50)
z(1—2)
R (G ICR A ) S
7(l—2)

To have this eigen value of the equation, further iterations A;
and sy, where k is the stated iteration, by using Eq. (3), the
energy eigen value can be obtained, by using software Matlab,

yield g = (8 +y+1)7,

yield £ = (6 +7+2)7,
yield & = (8 +y+3)%,

Ay =soA — 514 =0,
Ay =514 — A =0,
A3 = 55A3 — s34, =0,

Aka
where
1
&, =V (V—-1)=E+M)v(v—1)+m — T

When the above expressions are generalized
&y = (5 +Y+nl)2'

Energy eigen value can be obtained by using the generalized
Ay, which yields

_ 4 <\/(E+M)v(v—1)+m2—1/4—n,

2
> B (\/(E+M)v(vfl)+m2*1/4*”1)2

2(E+M)? 1

where [ is the orbital quantum number and #; is the angular quantum number.
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Angular wavefunction can be obtained by using Eqs. (6)—
(8), and (10), and we have

c=86—1, N=—1, t=vy, b=1,

SO
2+ N+3
B b Y S
N+2 +h
(2c+1)b+2t
e )0 a5 1oy,
P="N+2)p T

From Egq. (7), we have
qn (z) = (=1)"C"(1)" (26 +1)
X oF1 (=n,26 +2y+n;,26+1,2).  (53)
Substituting Eq. (53) into Eq. (47) yields
0 (2) = (2)° (1=2)! (=1)" Gy, (1)" (28 +1)
X 2Fy (—n;,28 +2y+n;,26 + 1,z2),

where z = [1 +1icot(0)]/2, so the angular part wavefunction
can be obtained as follows:

On (6)

_ (1+120t(9)>6<1—130t(9))7

 (=1)" Gy (1) (285 +1)

2

with C;,, being the angular normalization constant.

1+1icot(6
% oF) (n1,25+2}/+n1,25+1,+100()), (54)

5. Result and discussion

In this section, we discuss several results obtained in the
previous section. From the energy eigen value in Eq. (41) and
the orbital quantum number in Eq. (52), by using Matlab, we
have the numeric solution of the energy eigen value, and the
results are listed in Table 1 with parameters v =0.25, o« = 0.5,
Vo=04,V,=0.6,and M =5 fm~!.
taken due to the spin symmetric limit. Table 1 shows that the

The positive value is

increases of values ¢ and n, in the same quantum state cause
the energy eigenvalue to decrease.

Table 1. Energy eigenvalues corresponding to several states of a particle
under the influence of the Eckart potential and trigonometric Manning
Rosen potential.

wom o m Eyyn,,,/fm~!
g=02fm~! ¢g=01fm™' ¢=0.04fm™!

1 0 4.9733 4.9921 4.9989
1 1 o0 4.9491 4.9845 4.9984
1 1 1 4.9405 49831 4.9981
1 2 0 49148 4.9753 4.9976
2 0 0 4.9362 49816 4.9968
2 1 0 4.8998 4.9689 4.9962
2 1 1 4.8878 4.9568 4.9954
2 2 0 4.8531 49531 4.9949

Table 2 lists the energy eigen values with different values
of potential constant V and V;, which are plotted in Fig. 1 for
different values of V and V;. Figure 1 shows that the increases
of potential constant Vj and V| cause the energy to decrease.

Table 2. Energy eigenvalues (in fm’l) with M =5, C=5;v=0.25;
g =0.2; a = 0.5, for a particle under the influences of the Eckart po-
tential and the trigonometric Manning Rosen potential V and V.

noM Vo W Ey E E, E; E,4
2 0 0 49579 49014 48287 47348  4.5837
2 1 1 49976 49701 49136 4,8202  4,7105
2 2 2 50131 49999 49535 48484  4,7379

4.6}

0 1 2 3 4
n,

Fig. 1. (color online) Energy eigenvalues for different values of V) and V.

By varying parameters corresponding to values of & and
7, some of the radial wavefunctions are listed in Table 3. Ra-
dial wavefunctions for a particle under the influences of the
Eckart potential and the trigonometric Manning Rosen poten-
tial are affected by potential constants Vy and Vi, and by pa-
rameter g as well. The parameter ¢ has a dimension of in-
versed distance in space, which describes the effect range of
the trigonometric Manning Rosen potential in space. If g is en-
larged, it physically means that the potential range is smaller
in a space. Table 3 and figure 2 show that the variation of n,
for the radial wavefunction induces the distribution of particles
to move away from or approach to the core of the atom. From
Fig. 2 it follows that amplitude n, = 1 < n, = 2, which means
that at n, = 2, the distribution of particles moves away from
the nucleus compared with the case of smaller n,. This indi-
cates that the higher the value of n, is, the greater the distance
of the particle from the core is.

For the angular solution of the wavefunction in Eq. (54),
we compare two spinor wavefunctions with the same angular
quantum number n; = 4 but different values of @ and § which
corespond to parameters Vp and V; in Fig. 3. The plots are
displayed in two and three dimensions together with the wave
function. In Figs. 3(a) and 3(b), a < B; in Figs. 3(c) and 3(d),
o > fB. For the same value of n;, the sum of waves does not
change.
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Table 3. Energy eigenvalues (in fm’l) withM=5,C=5n=2,m=2,v=0.25Vy=2,V, =2,4g=0.2, a =0.5, for a particle under the influences
of the Eckart potential and the trigonometric Manning Rosen potential variation n,..

nr En, Fnr
_ 5 Y
0 50131 (1 CO;h(W)) (1+00;h(ar)>
_ 4 Y _
o (op) (o (1) ()
1 —coth(ar) 1 +coth (ar)\? (26 +4y7+5) (1 —coth(ar) (48 +4y+6) (28 +2y+4) (l—coth(ar))2
2 49535 < 5 ) ( 5 G+ -5 5 254251 2) :
6
n,=2
5 * 4TLT:1
; "=
4 x ]
= 3 ]
=
1Y ]
1f % ]
0 "‘\\-—.
1.5 2.0 2.5 3.0

r

Fig. 2. (color online) Radial wavefunction from Table 3 for different values of n,.

0.5 .
(®) (<) (@)

Fig. 3. (color online) (a), (b) Two-dimensional and (c), (d) three-dimensional representations of the anglar wave function for a state n; = 4. In panels (a)
and (b), O(8) = 1.57638(1.5865 + 16.793(—1 +cos(8)) +42.105(—1 +cos(8))? +36.695(—1 +cos(8))? + 10.215(—1 +cos(6))*)2(1 — cos(8))*2 (1 +
COS(G))HG'

s

in panels (c) and (d), (0) = 1.57638(6.7983 +39.2793(—1 + cos(8)) + 67.9901(—1 -+ cos(6))? +45.3199(—1 4 cos(6))* + 10.2495(—1 +
c0s(6))*)?(1 —cos(8))"*#(1 +cos(8))*?".

Fig. 4. (color online) (a), (c) Polar diagrams and (d), (f) three-dimensional anguler wavefunctions with n; = 0 (a), (d), 1 (b), (e), and 2 (c), (f).
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6. Conclusions

In this paper, we study the Dirac equation for particle
spin-1/2 in the Eckart potential combined with the trigono-
metric Manning Rosen potential in condition that the scalar
potential equals the vector potential. The radial part of the
spinor wavefunction is obtained approximately from Eq. (44)
and the angular part from Eq. (54). The results show that the
disturbances of the Eckart and trigonometric Manning Rosen
potentials change the radial part and the angular part of the
wavefunction. The energy eigenvalue can be obtained via the
asymptotic iteration method in Eq. (41) and the equation of
orbital quantum number / as expressed in Eq. (52), where both
are interrelated between quantum numbers. The energy spec-
trum is also numerically solved using Matlab software, show-
ing that the increase of the radial quantum number n, causes
the energy to decrease.
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