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In this paper, we propose a variational integrator for nonlinear Schrödinger equations with variable coefficients. It is
shown that our variational integrator is naturally multi-symplectic. The discrete multi-symplectic structure of the integrator
is presented by a multi-symplectic form formula that can be derived from the discrete Lagrangian boundary function. As
two examples of nonlinear Schrödinger equations with variable coefficients, cubic nonlinear Schrödinger equations and
Gross–Pitaevskii equations are extensively studied by the proposed integrator. Our numerical simulations demonstrate that
the integrator is capable of preserving the mass, momentum, and energy conservation during time evolutions. Convergence
tests are presented to verify that our integrator has second-order accuracy both in time and space.
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1. Introduction
Nonlinear Schrödinger equations have wide applica-

tions in many areas such as quantum mechanics, nonlin-
ear optics,[1] and plasma physics,[2] etc. Extensive efforts
have been devoted to studying the equation theoretically[3]

and numerically,[4–14] due to its broad and important ap-
plications. Many cases of practical interest, such as the
dispersion-managed optical fibers and soliton lasers, certain
inhomogeneous optical fibers, arterial mechanics, and laser-
atom interactions,[15–17] lead to nonlinear Schrödinger equa-
tions with variable coefficients.

In this paper, we consider nonlinear Schrödinger equa-
tions with variable coefficients of the form

iψt +α(t)ψxx +ν(x)ψ +β (t)|ψ|2ψ = 0, (1)

where i =
√
−1, variable coefficients α(t), ν(x), β (t) are

bounded real functions, α(t) is related to the second-order
dispersion coefficient, and ψ(x, t) is a complex-valued wave
function.[18,19]

Most of the real physical processes with negligible dis-
sipation can be cast in suitable Hamiltonian formulation in
phase space with multi-symplectic geometric structure.[20–24]

Such an intrinsic geometry structure is preserved by the so-
lution flow of Eq. (1). By the Legendre transforms,[25] pt =

ψt and px = ψx, equation (1) can be reformulated as multi-
symplectic Hamiltonian equations[20,21]

MZt +K(t)Zx = ∇zS(Z,x, t), (2)

where Z = (ψ, pt , px)T and S(Z,x, t) = H(ψ, pt , px,x, t) with
the momenta of time pt and the momenta of space px.
Here, M and K(t) are antisymmetric matrices on R3 and
H(ψ, pt , px,x, t) is the Hamiltonian function.[26] An intrin-
sic conservative property of Hamiltonian systems, multi-
symplecticity, is presented by

∂ω

∂ t
+

∂κ

∂ t
= 0, (3)

for the differential forms ω(U,V ) = 〈MU,V 〉 and κ(U,V ) =

〈K(t)U,V 〉, where 〈·, ·〉 is the inner product. Here, U(x, t) and
V (x, t) are the solutions of the variational equation of Eq. (2),

M
∂ (dZ)

∂ t
+K(t)

∂ (dZ)
∂x

= DzzS(Z,x, t)dZ,

where DzzS is the second-order derivative of S with respect to
Z, DzzS is a symmetric matrix function.

Alternatively, equation (1) can be reformulated as Euler–
Lagrangian equations

∂L
∂ψ

=
d
dt

∂L
∂ψt

+
d
dx

∂L
∂ψx

, (4)

where L(ψ,ψt ,ψx) is a Lagrangian function. Exact solu-
tion flows of nonlinear Schrödinger equations (1) preserve the
multi-symplectic geometric structures, i.e., multi-symplectic
form formulas (5) in the following proposition.

Proposition 1[23,24] If ψ is a solution of Euler–
Lagrangian equation, and V and W are first variations of ψ ,

∗Project supported by the National Natural Science Foundation of China (Grant No. 11401259) and the Fundamental Research Funds for the Central Universities,
China (Grant No. JUSRR11407).

†Corresponding author. E-mail: cliao@jiangnan.edu.cn
© 2016 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

010205-1

http://dx.doi.org/10.1088/1674-1056/25/1/010205
cliao@jiangnan.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 25, No. 1 (2016) 010205

then for any subset U of the space of independent variables,
the following multi-symplectic form formula holds:∫

∂U
( j1

ψ)∗(ı j1V ı j1W ΩL) = 0, (5)

where ∗ is a pullback operator, j1ψ is the first jet of ψ , and
ΩL is the Lagrangian multi-symplectic form.

In coordinates, j1ψ is given by xµ 7→ (xµ ,ψA(xµ),

∂µ ψA(xµ)). More details on the notations in Eq. (5) are re-
ferred to Refs. [23] and [24] and references therein.

It follows from the Legendre transforms[25] that the
Hamiltonian equations (2) and the Lagrangian equations (4)
are equivalent, and the multi-symplectic conservation law (3)
is actually the multi-symplectic form formula (5). The read-
ers are referred to Refs. [23] and [24] for detailed differential
geometric connection proofs.

In addition to the geometric multi-symplectic structure,
the nonlinear Schrödinger equation (1) admits the following
global conservation laws.

Proposition 2[18,19] If the wave function ψ is the solu-
tion of Eq. (1), then this wave function satisfies the following
relations:

i) Mass conservation

E1 =
∫
R
|ψ(x, t)|2 dx =

∫
R
|ψ(x,0)|2 dx, t > 0. (6)

ii) Momentum conservation

E2

=
∫
R
(ℜ(ψ(x, t))ℑ(ψx(x, t))−ℜ(ψx(x, t))ℑ(ψ(x, t)))dx

=
∫
R
(ℜ(ψ(x,0))ℑ(ψx(x,0))−ℜ(ψx(x,0))ℑ(ψ(x,0)))dx,

t > 0, (7)

where ℜ and ℑ stand for the real part and the imaginary part,
respectively.

iii) Energy conservation
If α(t) and β (t) are independent of t (i.e., α(t) ≡ α and

β (t)≡ β ) then

E3

=
∫
R

(
α|ψx(x, t)|2−ν(x)|ψ(x, t)|2− β

2
|ψ(x, t)|4

)
dx

=
∫
R

(
α|ψx(x, t)|2−ν(x)|ψ(x,0)|2− β

2
|ψ(x,0)|4

)
dx,

t > 0, (8)

where α and β are constants.
The nonlinear Schrödinger equation has been exten-

sively studied by various numerical methods, such as finite
element methods,[27] finite difference methods,[28] spectral
methods,[29,30] splitting methods,[6,7,18,19,31–33] etc. Among
these numerical methods of different categories, the multi-
symplectic method has attracted special attention for its bet-
ter numerical stability for long-time computations and perfect

performance in preserving the intrinsic properties and conser-
vation laws of nonlinear Schrödinger equations.

As an intrinsic geometric structure of the original system,
the multi-symplectic structure, i.e., multi-symplectic conser-
vation law (3) or multi-symplectic form formula (5) in Propo-
sition 1, is perfectly preserved by multi-symplectic methods.
Thanks to such an advantage, the methods are known for their
better numerical stabilities on long-time computations. Fur-
thermore, multi-symplectic methods preserve the quantities
of conservation laws, e.g., the mass conservation, momentum
conservation, and energy conservation in Proposition 2.

Many works have been devoted to the derivation of multi-
symplectic numerical methods for nonlinear Schrödinger
equations. There are mainly two ways to construct multi-
symplectic schemes. One is based on the Hamiltonian point
of view. Hong et al.[26,34] proposed a numerical scheme for
nonlinear Schrödinger equations with variable coefficients by
means of Preissman integrators. For this scheme, they de-
rived a discrete multi-symplectic structure, i.e., discrete multi-
symplectic conservation law.[21,22] In addition, they developed
the discrete normal conservation law and a global energy tran-
sit formula in temporal direction. Chen et al. studied multi-
symplectic methods for Hamiltonian equations of nonlinear
Schrödinger equations.[35,36] After applying a numerical dis-
cretization to Hamiltonian equations, one needs to re-derive
multi-symplectic conservation law since it is unclear what is
geometrically conserved by this discretization.

Alternatively, the multi-symplectic numerical schemes,
based on the Lagrangian viewpoint and variational
principle,[37,38] lead in a natural way to multi-symplectic inte-
grators and the discrete multi-symplectic structures at the same
time. From the Lagrangian viewpoint, Chen et al.[39,40] have
elaborately studied the variational multi-symplectic integra-
tors for the nonlinear Schrödinger equations. By the discrete
variational principle with the discrete Lagrangian function, the
discrete variational integrator is derived, and the correspond-
ing multi-symplectic form formula, due to Marsden,[23,24] is
also obtained from the variational principle.

In our previous work,[41] we took a new approach to pro-
vide a criterion of multi-symplecticity which can be applied
to any set of PDEs where a Dirichlet-to-Neumann map can be
defined. We defined an analogue of Jacobi’s solution to the
Hamilton–Jacobi equation for field theories, and showed that,
by taking variational derivatives of this functional, an isotropic
submanifold of the space of Cauchy data, described by the so-
called multisymplectic form formula, can be obtained as well.
A similar framework of generating functions for discrete field
theories was presented in the end of the paper.

In this work, we follow this Lagrangian viewpoint
to study the multi-symplectic methods for the nonlinear
Schrödinger equations with variable coefficients (1). One of
main aims of this work is to construct variational integra-
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tors for Eq. (1), and derive discrete multi-symplectic form
formulas by the definition of discrete Lagrangian boundary
function.[41] Equations (1) are a general form of the follow-
ing equations.

(i) Cubic nonlinear Schrödinger equation (cubic NLSE)

iψt +α(t)ψxx +β (t)|ψ|2ψ = 0. (9)

Theoretical investigations of this equation are referred to
Ref. [42] and references therein. For this case, we assume
that the solution ψ exists globally and satisfies

lim
|x|→+∞

|ψ(x, t)|+
∣∣∣∣∂ψ

∂x
(x, t)

∣∣∣∣= 0.

(ii) Gross–Pitaevskii equation (GPE)

iψt +αψxx +ν(x)ψ +β |ψ|2ψ = 0. (10)

The existence of stationary solutions to this equation was stud-
ied in Ref. [43] and the references therein. For this case, we
assume that the solution ψ satisfies

lim
|x|→+∞

|ψ(x, t)|+
∣∣∣∣∂ 2ψ

∂x2 (x, t)
∣∣∣∣= 0.

The numerical conservation behaviors of the proposed multi-
symplectic methods for cubic NLSE (9) and GPE (10) are pre-
sented in Section 3.

2. Variational integrator for nonlinear
Schrödinger equations with variables coef-
ficients
We consider a nonlinear Schrödinger equation with vari-

able coefficients (see Eq. (11))

iψt +α(t)ψxx +ν(x)ψ +β (t)|ψ|2ψ = 0.

This equation can be reformulated as a Euler–Lagrange equa-
tion

∂L
∂ψ

=
d
dt

∂L
∂ψt

+
d
dx

∂L
∂ψx

, (11)

with a Lagrangian function

L(ψ,ψt ,ψx) = −1
2

α(t)ψxψ̄x +
1
4

i(ψψ̄t − ψ̄ψt)

+
1
4

β (t)(ψψ̄)2 +
1
2

ν(x)ψψ̄, (12)

where ψ̄ is the conjugation of ψ .
Assume that we are given the regular quadrangular mesh

in the base space, with mesh lengths ∆x and ∆t. The nodes in
this mesh are denoted by ( j,k) ∈ Z×Z, corresponding to the
points (x j, tk) := ( j∆x,k∆t) in R2. We denote by the value of
the field ψ at the node ( j,k) by ψk

j . If we consider the square
discretization, we denote a square at ( j,k) with four ordered
quaternion (( j,k),( j + 1,k),( j + 1,k+ 1),( j,k+ 1)) by � jk,

and define X� to be the set of all such squares. Then, the dis-
crete jet bundle[23,41] is defined as follows:

J1
�Y : = {(ψk

j ,ψ
k
j+1,ψ

k+1
j+1 ,ψ

k+1
j ) ∈ R4 : (( j,k),( j+1,k),

( j+1,k+1),( j,k+1)) ∈ X�},

which is equal to X�×R4.
Now, the discrete Lagrangian Ld on J1

�Y is a discrete ver-
sion of the Lagrangian functional, which is discretized by a
finite difference method as follows:

Ld(ψ
k
j ,ψ

k
j+1,ψ

k+1
j+1 ,ψ

k+1
j )

= ∆x∆t

(
− 1

2
αk+1/2

ψ
k+1/2
j+1 −ψ

k+1/2
j

∆x

ψ̄
k+1/2
j+1 − ψ̄

k+1/2
j

∆x

+
i
4

(
ψ

k+1/2
j+1/2

ψ̄
k+1
j+1/2− ψ̄k

j+1/2

∆t
− ψ̄

k+1/2
j+1/2

ψ
k+1
j+1/2−ψk

j+1/2

∆t

)
+

1
4

βk+1/2

(
ψ

k+1/2
j+1/2 ψ̄

k+1/2
j+1/2

)2

+
1
2

ν j+1/2ψ
k+1/2
j+1/2 ψ̄

k+1/2
j+1/2

)
,

(13)

where ψ
k+1/2
j =(ψk

j +ψ
k+1
j )/2, ψk

j+1/2 =(ψk
j +ψk

j+1)/2, and

ψ
k+1/2
j+1/2 = (ψk

j +ψk
j+1 +ψ

k+1
j+1 +ψ

k+1
j )/4. Similarly, we give

the definitions of the discrete Lagrangian Ld on the other three
squares adjacent to ψk

j ,

Ld(ψ
k
j−1,ψ

k
j ,ψ

k+1
j ,ψk+1

j−1 )

= ∆x∆t

(
− 1

2
αk+1/2

ψ
k+1/2
j −ψ

k+1/2
j−1

∆x

ψ̄
k+1/2
j − ψ̄

k+1/2
j−1

∆x

+
i
4

(
ψ

k+1/2
j−1/2

ψ̄
k+1
j−1/2− ψ̄k

j−1/2

∆t
− ψ̄

k+1/2
j−1/2

ψ
k+1
j−1/2−ψk

j−1/2

∆t

)
+

1
4

βk+1/2

(
ψ

k+1/2
j−1/2 ψ̄

k+1/2
j−1/2

)2

+
1
2

ν j−1/2ψ
k+1/2
j−1/2 ψ̄

k+1/2
j−1/2

)
,

(14)

Ld(ψ
k−1
j−1 ,ψ

k−1
j ,ψk

j ,ψ
k
j−1)

= ∆x∆t

(
− 1

2
αk−1/2

ψ
k−1/2
j −ψ

k−1/2
j−1

∆x

ψ̄
k−1/2
j − ψ̄

k−1/2
j−1

∆x

+
i
4

(
ψ

k−1/2
j−1/2

ψ̄k
j−1/2− ψ̄

k−1
j−1/2

∆t
− ψ̄

k−1/2
j−1/2

ψk
j−1/2−ψ

k−1
j−1/2

∆t

)
+

1
4

βk−1/2

(
ψ

k−1/2
j−1/2 ψ̄

k−1/2
j−1/2

)2

+
1
2

ν j−1/2ψ
k−1/2
j−1/2 ψ̄

k−1/2
j−1/2

)
,

(15)

and

Ld(ψ
k−1
j ,ψk−1

j+1 ,ψ
k
j+1,ψ

k
j )

= ∆x∆t

(
− 1

2
αk−1/2

ψ
k−1/2
j+1 −ψ

k−1/2
j

∆x

ψ̄
k−1/2
j+1 − ψ̄

k−1/2
j

∆x

+
i
4

(
ψ

k−1/2
j+1/2

ψ̄k
j+1/2− ψ̄

k−1
j+1/2

∆t
− ψ̄

k−1/2
j+1/2

ψk
j+1/2−ψ

k−1
j+1/2

∆t

)
010205-3



Chin. Phys. B Vol. 25, No. 1 (2016) 010205

+
1
4

βk−1/2

(
ψ

k−1/2
j+1/2 ψ̄

k−1/2
j+1/2

)2

+
1
2

ν j+1/2ψ
k−1/2
j+1/2 ψ̄

k−1/2
j+1/2

)
.

(16)

Given a finite subset U ∈ X� of the space of squares, we
form the discrete action sum as

SU (ψ) := ∑
�∈U

Ld( j1
ψ(�)).

Here, ψ is a discrete field, assigning to every node ( j,k) a field
value ψk

j , and j1ψ is its first jet extension, defined by

( j1
ψ)(�) = (ψ(�1),ψ(�2),ψ(�3),ψ(�4)) ∈ J1

�Y.

We now focus on a particular configuration U , consisting
of four adjacent squares, cf. Fig. 1. The action sum for this U
is explicitly given by

SU (ψ) = Ld(ψ
k
j ,ψ

k
j+1,ψ

k+1
j+1 ,ψ

k+1
j )

+ Ld(ψ
k
j−1,ψ

k
j ,ψ

k+1
j ,ψk+1

j−1 )

+ Ld(ψ
k−1
j−1 ,ψ

k−1
j ,ψk

j ,ψ
k
j−1)

+ Ld(ψ
k−1
j ,ψk−1

j+1 ,ψ
k
j+1,ψ

k
j ). (17)

k
j

k
j↩

k↩
j↩

k⇁
j↩

k↩
j

k⇁
j

k⇁
j⇁

k
j⇁

k↩
j⇁

ψ ψ ψ

ψ
ψ

ψψψ

ψ

Fig. 1. Four adjacent squares with a common vertex ψk
j .

By keeping the values of the field on the boundary fixed,
and taking variations with respect to ψk

j , we obtain the follow-
ing discrete Euler–Lagrange equations:[23,24,41]

D1Ld(ψ
k
j ,ψ

k
j+1,ψ

k+1
j+1 ,ψ

k+1
j )

+ D2Ld(ψ
k
j−1,ψ

k
j ,ψ

k+1
j ,ψk+1

j−1 )

+ D3Ld(ψ
k−1
j−1 ,ψ

k−1
j ,ψk

j ,ψ
k
j−1)

+ D4Ld(ψ
k−1
j ,ψk−1

j+1 ,ψ
k
j+1,ψ

k
j ) = 0, (18)

where Di means the derivative with respect to the i-th variable.
For nonlinear Schrödinger equations with variable coef-

ficients (1) and the discrete Lagrangian Ld (Eqs. (13)–(16)),
the discrete Euler–Lagrange equations (18) result in a second-
order scheme

i
2

(
ψ

k+1
j+1/2−ψ

k−1
j+1/2

2∆t
+

ψ
k+1
j−1/2−ψ

k−1
j−1/2

2∆t

)

+
αk+1/2

2

ψ
k+1/2
j+1 −2ψ

k+1/2
j +ψ

k+1/2
j−1

(∆x)2

+
αk−1/2

2

ψ
k−1/2
j+1 −2ψ

k−1/2
j +ψ

k−1/2
j−1

(∆x)2

+
1
4

(
ν j+1/2ψ

k+1/2
j+1/2 +ν j−1/2ψ

k+1/2
j−1/2

+ ν j−1/2ψ
k−1/2
j−1/2 +ν j+1/2ψ

k−1/2
j+1/2

)
+

1
4

(
βk+1/2|ψ

k+1/2
j+1/2 |

2
ψ

k+1/2
j+1/2 +βk+1/2|ψ

k+1/2
j−1/2 |

2
ψ

k+1/2
j−1/2

+ βk−1/2|ψ
k−1/2
j−1/2 |

2
ψ

k−1/2
j−1/2 +βk−1/2|ψ

k−1/2
j+1/2 |

2
ψ

k−1/2
j+1/2

)
= 0. (19)

We discuss the convergence order of the proposed varia-
tional integrator (19). By the Taylor expansion, we have

i
2

(
ψ

k+1
j+1/2−ψ

k−1
j+1/2

2∆t
+

ψ
k+1
j−1/2−ψ

k−1
j−1/2

2∆t

)
= iψt

k
j +O((∆x)2 +(∆t)2),

αk+1/2

2

ψ
k+1/2
j+1 −2ψ

k+1/2
j +ψ

k+1/2
j−1

(∆x)2

+
αk−1/2

2

ψ
k−1/2
j+1 −2ψ

k−1/2
j +ψ

k−1/2
j−1

(∆x)2

= αkψxx
k
j +O((∆x)2 +(∆t)2),

1
4

(
ν j+1/2ψ

k+1/2
j+1/2 +ν j−1/2ψ

k+1/2
j−1/2

+ ν j−1/2ψ
k−1/2
j−1/2 +ν j+1/2ψ

k−1/2
j+1/2

)
= ν jψ

k
j +O((∆x)2 +(∆t)2),

1
4
(
βk+1/2|ψ

k+1/2
j+1/2 |

2
ψ

k+1/2
j+1/2 +βk+1/2|ψ

k+1/2
j−1/2 |

2
ψ

k+1/2
j−1/2

+ βk−1/2|ψ
k−1/2
j−1/2 |

2
ψ

k−1/2
j−1/2 +βk−1/2|ψ

k−1/2
j+1/2 |

2
ψ

k−1/2
j+1/2

)
= βk|ψk

j |2ψ
k
j +O((∆x)2 +(∆t)2).

From these equations, we can readily observe that the vari-
ational integrator (Eq. (19)) has truncation error O((∆x)2 +

(∆t)2). To validate this conclusion, we investigate the numer-
ical convergence order in numerical experiments.

We have mentioned in the Introduction section that,
the advantages of deriving the multi-symplectic numerical
schemes from discrete variational principle are that they are
naturally multi-symplectic and the discrete multi-symplectic
structures are also generated in the variational principle. It
is meaningful to show the multi-symplectic structure of this
discrete variational integrator using the definition of boundary
Lagrangian.

Because of the square discretization, we here focus on
four adjacent squares around ψk

j , and denote this area by U .
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For the sake of simplicity, we denote the values of the field on
the boundary by ψ∂U , i.e.,

ψ∂U := (ψk
j+1,ψ

k+1
j+1 ,ψ

k+1
j ,ψk+1

j−1 ,ψ
k
j−1,ψ

k−1
j−1 ,ψ

k−1
j ,ψk−1

j+1 ).

Along the line of Ref. [41], the discrete boundary Lagrangian
L∂U is given by

L∂U (ψ∂U ) : = ext
ψk

j

[
Ld(ψ

k
j ,ψ

k
j+1,ψ

k+1
j+1 ,ψ

k+1
j )

+ Ld(ψ
k
j−1,ψ

k
j ,ψ

k+1
j ,ψk+1

j−1 )

+ Ld(ψ
k−1
j−1 ,ψ

k−1
j ,ψk

j ,ψ
k
j−1)

+ Ld(ψ
k−1
j ,ψk−1

j+1 ,ψ
k
j+1,ψ

k
j )
]
, (20)

where the extremum is taken over all ψk
j . Alternatively, L∂U

can be defined by solving the discrete Euler–Lagrange equa-
tions (18) for ψk

j given the values of ψ∂U as boundary data and
substituting this value into the action sum (17).

We now derive the discrete multi-symplectic form for-
mula by taking twice the exterior derivative of the boundary
Lagrangian L∂U . By taking the exterior derivative of both
sides of Eq. (20) and using the definition of discrete Poincaré–
Cartan[23] forms, we obtain

dL∂U =
4

∑
n=1

4

∑
l=1

Θ
n
L(�

(l)), (21)

where discrete Cartan forms Θ 1
L , Θ 2

L , Θ 3
L , and Θ 4

L are defined
by

Θ
1
L(ψ

k
j ,ψ

k+1
j+1 ,ψ

k
j+1,ψ

k+1
j )

:= D1Ld(ψ
k
j ,ψ

k+1
j+1 ,ψ

k
j+1,ψ

k+1
j )dψ

k
j ,

and similarly for Θ 2
L , Θ 3

L , and Θ 4
L . We can rewrite the discrete

Euler–Lagrange equations (18) in terms of the discrete Cartan
forms as

Θ
1
L(�

(1))+Θ
2
L(�

(2))+Θ
3
L(�

(3))+Θ
4
L(�

(4)) = 0. (22)

Using the discrete Euler–Lagrange equations (22), we can
rewrite Eq. (21) as

dL∂U =
4

∑
n=1

4

∑
l=1,l 6=n

Θ
n
L(�

(l)),

and by taking another exterior derivative of both sides. Using
that d2L∂U ≡ 0, we finally get the discrete multisymplectic
form formula with the following form:[41]

4

∑
n=1

4

∑
l=1;l 6=n

Ω
n
L(∆

(l)) = 0, (23)

where discrete Poincaré–Cartan forms Ω n
L = −dΘ n

L for n =

1,2,3,4. This is the discrete version of Eq. (5) in Proposi-
tion 1. Numerical solutions of variational integrators (19) pre-
serve the discrete multi-symplectic structure (23).

3. Numerical tests and simulations
3.1. Example 1: Cubic nonlinear Schrödinger equation

We consider a cubic nonlinear Schrödinger equation (cu-
bic NLSE) (9) with parameters α(t) = cos(t)/2, β (t) =

cos(t)/(sin(t)+3), and ν(x) = 0. The exact solution of this
equation is given by[18]

ψp(x, t) =
1√

sin(t)+3
sech

( x
sin(t)+3

)
exp
( i(x2−1)

2(sin(t)+3)

)
.

We use the multi-symplectic variational integrator (19) to
solve this problem over [−40,40].

3.1.1. Convergence order tests

To investigate the numerical convergence of the proposed
scheme (19), we conduct a series of numerical tests with vary-
ing mesh sizes. We take ∆t = 0.1∆x to solve the cubic non-
linear Schrödinger equation (9), and compute errors at time
t = 1 with different mesh sizes ∆x. In this test, we consider the
l∞-error and l2-error that are defined by

l∞-error = max
j
|ψk

j −ψp(x j, tk)|, (24)

l2-error =
√

∆x∑
j
|ψk

j −ψp(x j, tk)|2. (25)

The convergence order is calculated using the formula[44]

Convergence order≈ ln(Error(∆x1)/Error(∆x2))

ln(∆x1/∆x2)
. (26)

The l∞-error and l2-error at time t = 1 and the computed
convergence orders are listed in Table 1. It is clear that the
error decreases as the mesh size goes to zero, indicating the
convergence of our numerical scheme. Moreover, the numer-
ical orders clearly exhibit second-order convergence when the
mesh size decreases with fixing ∆t = 0.1∆x.

Table 1. The errors and convergence orders of the variational integrator
(19) for the cubic NLSE (9) at time t = 1 with ∆t = 0.1∆x.

Mesh size l∞-error Order l2-error Order

∆x = 0.2 1.3498×10−2 – 6.3775×10−2 –

∆x = 0.1 3.3410×10−3 2.0144 1.7205×10−2 1.8902

∆x = 0.05 8.3168×10−4 2.0061 4.3155×10−3 1.9952

∆x = 0.025 2.0786×10−4 2.0004 1.0778×10−3 2.0014

Figure 2 is the lg–lg plot of N(N = 80/dx) versus the l∞-
error of variational integrator (19) for cubic NLSE (9). The
number N varies from 200 to 900. The discrete points in the
figure are close to the line with slope −2, showing that the or-
der of accuracy of scheme (19) is second order for the cubic
NLSE.
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Fig. 2. (color online) Lg–lg plot of N versus l∞-error of integrator (19) for
cubic NLSE (9).

3.1.2. Numerical simulations

The multi-symplectic variational integrator (19) is em-
ployed to compute the solution from t = 0 to t = 40 in
[−40,40] using ∆t = 0.1 and ∆x = 0.1. Figure 3 shows the
numerical waveform of the solution. From the figure, one can
observe that the multi-symplectic variational integrator (19)
displays the numerical properties of the periodic solitary-wave
clearly and precisely. In Fig. 4, we show the l∞-error of numer-
ical solution. The figure displays that the numerical solution
has a good approximation to the exact solution.

Now, we test the numerical conservation property of
multi-symplectic variational integrator (19) for the mass con-
servation law (6) and momentum conservation law (7) of cubic
NLSE. The discrete version of mass conservation law (6) can
be written as

Massk
j = ∆x∑

J

(
|ψk

j |2
)
, (27)

and the discrete version of momentum conservation law (7)

Momentumk
j−1/2 = ∆x∑

J

(
ℜ(ψk

j−1/2)ℑ

(
ψk

j −ψk
j−1

∆x

)

−ℜ

(
ψk

j −ψk
j−1

∆x

)
ℑ(ψk

j−1/2)

)
, (28)

where ℜ means the real part and ℑ is the imaginary part.
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Fig. 3. (color online) Numerical waveform of cubic NLSE by scheme (19)
with ∆t = 0.1 and ∆x = 0.1.

The numerical conservation performances of Eqs. (27)
and (28) by the proposed variational integrator (19) are shown
in Figs. 5 and 6 respectively. l∞-error of mass conservation
and momentum conservation with step ∆t = 0.1 and ∆x = 0.1
are displayed in the two figures. We find that multi-symplectic
variational integrator (19) preserves the mass conservation law
and momentum conservation law pretty well with very small
periodic oscillations.

0 5 10 15 20 25 30 35 40

0

0.002

0.004

0.006

0.008

0.010

0.012

t

l
∞

-
e
r
r
o
r

Fig. 4. (color online) The l∞-error of integrator (19) for cubic NLSE with
∆t = 0.1 and ∆x = 0.1.
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Fig. 5. (color online) Error of mass conservation law in integrator (19) for
cubic NLSE.
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Fig. 6. (color online) Error of momentum conservation law in integrator
(19) for cubic NLSE.
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3.2. Example 2: Gross–Pitaevskii equation

For Gross–Pitaevskii equation (GPE) in one dimension,
we can consider Eq. (1) with parameters α(t) = 1/2, β (t) =
−1, and ν(x) = −cos2(x). For this equation, the exact
solution[18,19] is given by

ψ(x, t) = sin(x)exp(−3it/2).

We solved this equation by the proposed multi-symplectic
variational integrator (19) with homogeneous boundary con-
ditions over [−π,π].

3.2.1. Convergence order tests

To verify that the proposed scheme (19) has the expected
convergence order in time and space, we first test the dis-
cretization error in space. We choose a very small time step
∆t = 0.001 such that the error from the time discretization
is negligible compared to the spatial discretization error, and
solve the GPE using the proposed method with various spatial
mesh sizes ∆x.

Table 2 lists the numerical l∞-error and l2-error, respec-
tively, at time t = 1 for various spatial mesh sizes ∆x. The con-
vergence orders in space computed by formula (26) are also
listed in Table 2.

We also test the discretization error in time. Table 3 shows
the numerical l∞-error and l2-error at t = 1 with a very small
space step size ∆x = 2π/4096 for different time steps ∆t. The
convergence order in time is computed and shown in this table.

Table 2. The convergence rate in time in the integrator (19) for GPE at
time t = 1 with ∆t = 0.001.

Space step l∞-error Order l2-error Order

∆x = 2π/16 1.3610×10−2 – 2.5968×10−2 –

∆x = 2π/32 3.2186×10−3 2.0802 6.6742×10−3 1.9606

∆x = 2π/64 8.1004×10−4 1.9904 1.6804×10−3 1.9898

∆x = 2π/128 2.0271×10−4 1.9986 4.2000×10−4 2.0003

∆x = 2π/256 5.0305×10−5 2.0106 1.0415×10−4 2.0117

Table 3. The convergence rate in time in the integrator (19) for GPE at
time t = 1 with ∆x = 2π/4096.

Time step l∞-error Order l2-error Order

∆t = 0.1 8.1833×10−3 – 1.5290×10−2 –

∆t = 0.05 2.0425×10−3 2.0023 3.8194×10−3 2.0012

∆t = 0.025 5.1047×10−4 2.0004 9.5473×10−3 2.0002

∆t = 0.0125 1.2751×10−4 2.0012 2.3849×10−4 2.0012

∆t = 0.00625 3.1778×10−5 2.0045 5.9388×10−5 2.0057

From Tables 2 and 3, one can observe that the numerical
scheme (19) indeed has the expected order, i.e., second order
in space and second order in time for GPE. The error decreases
quickly when the mesh refines.

The lg–lg plot of N(N = 2π/dx) versus the l∞-error for
GPE is displayed in Fig. 7. The number N varies from 20 to
170. The discrete points in Fig. 7 are close to the line with

slope−2, showing that the order of accuracy of the variational
integrator (19) is second-order for the GPE.
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Fig. 7. (color online) Lg–lg plot of N versus l∞-error of integrator (19) for
GPE.

3.2.2. Numerical simulations

The proposed multi-symplectic variational integrator (19)
is used to solve GPE problem from t = 0 to t = 20 in [−π,π]

using ∆t = 0.01 and ∆x = 2π/64. Figure 8 shows the numer-
ical waveform of this problem. One can observe the multi-
symplectic variational integrator (19) displays the waveform
of GPE very well. In Fig. 9, we show the l∞-error of numeri-
cal solutions.
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Fig. 8. (color online) Numerical waveform of GPE by integrator (19) with
∆t = 0.01 and ∆x = 2π/64.
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Fig. 9. (color online) The l∞-error of scheme (19) for GPE with ∆t = 0.01
and ∆x = 2π/64.
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The exact solution of GPE preserves mass, momentum,
and energy conservation laws. The discrete version of mass
and momentum conservation law are defined as Eqs. (27) and
(28). The discrete version of energy conservation law (8) is
written as

Energyk
j−1/2

= ∆x∑
j

(
α

∣∣∣∣∣ψk
j −ψk

j−1

∆x

∣∣∣∣∣
2

−Vj−1/2|ψk
j−1/2|

2

− β

2
|ψk

j−1/2|
4
)
. (29)

The numerical performance of proposed scheme (19) for
mass conservation (27), momentum conservation (28), and
energy conservation (29) of GPE are shown in Figs. 10–12.
l∞-error of mass conservation, momentum conservation, and
every conservation with step ∆t = 0.01 and ∆x = 2π/64 are
displayed in those three figures. Form the figures, one can
observe that the multi-symplectic variational integrator (19)
displays a good numerical behavior in preserving those three
conservation laws. It preserves mass and energy conservation
law pretty well with very small periodic oscillations.

0 2 4 6 8 10 12 14 16 18 20
-1

0

1

2

3

4

5

6

7

8

9

t

E
r
r
o
r
 
o
f 
m

a
s
s
 
c
o
n
s
e
r
v
a
t
io

n
 
la

w
/
1
0

-
4

Fig. 10. (color online) Error of mass conservation law in integrator (19)
for GPE.
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Fig. 11. (color online) Error of momentum conservation law in integrator
(19) for GPE.
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Fig. 12. (color online) Error of energy conservation law in integrator (19)
for GPE.

4. Conclusions
We have proposed a second-order multi-symplectic vari-

ational integrator for nonlinear Schrödinger equations with
variable coefficients. The natural multi-symplecticity is pre-
sented by a discrete multi-symplectic form formula, which
is derived from the discrete Lagrangian boundary function.
Cubic nonlinear Schrödinger equations and Gross–Pitaevskii
equations have been extensively studied by the proposed in-
tegrator, as two examples of nonlinear Schrödinger equations
with variable coefficients. Our numerical simulations demon-
strate that the integrator is capable of preserving the mass,
momentum, and energy conservation during time evolutions.
Convergence tests are presented to verify the second-order ac-
curacy both in time and space.

The multi-symplecticity variational integrator is efficient
for solving nonlinear Schrödinger equations with variable co-
efficients. It leads to a good numerical performance in preserv-
ing intrinsic properties and conservation laws. We are going
to study the second nonlinear Schrödinger equations and the
coupled nonlinear Schrödinger equations for future work, try
to extend the theory of variational error analysis to the setting
of discrete field theories, and prove the convergence of the in-
tegrator.
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