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A new six-component super soliton hierarchy is obtained based on matrix Lie super algebras. Super trace identity is
used to furnish the super Hamiltonian structures for the resulting nonlinear super integrable hierarchy. After that, the self-
consistent sources of the new six-component super soliton hierarchy are presented. Furthermore, we establish the infinitely
many conservation laws for the integrable super soliton hierarchy.
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1. Introduction

In recent years, with the development of integrable sys-
tems, super integrable systems have attracted a great deal of
attention. Since 1986, Chowdhury and Roy have already con-
sidered the super trace identity.[1] Hu presented the super trace
identity in 1997, but he did not give its rigorous proof.[2] Later,
Ma gave a systematic proof of the super trace identity and
the expression of its constant γ .[3] For application, the super
Hamiltonian structures of the super AKNS hierarchy and the
super Dirac hierarchy have been obtained. Afterwards, su-
per C-KdV hierarchy[4] and super Boussinesq hierarchy[5] as
well as their super Hamiltonian structures are presented. The
Bargmann symmetry constraint and binary nonlinearization of
the super Dirac systems were given in Ref. [6].

Soliton equations with self-consistent sources have been
paid considerable attention in recent years. The study on
this topic has important physical applications. For exam-
ple, the nonlinear Schrödinger equation with self-consistent
sources is relevant to some problems of plasma physics and
solid state physics. There are many methods to obtain ex-
act solutions of soliton equations with self-consistent sources,
such as the Darboux transformation method[7] and the inverse
scattering transform method.[8] There are also some results
to consider hierarchies with self-consistent sources.[9,10] Very
recently, self-consistent sources for the super Broer–Kaup–
Kupershmidt equation hierarchy was presented in Ref. [11].

The conservation laws play an important role in dis-
cussing the integrability for soliton hierarchy. An infinite num-
ber of conservation laws for the KdV equation was first dis-
covered by Miura, Gardner, and Kruscal in 1968,[12] then lots

of methods have been developed to find them. This may be
mainly due to the contributions of Wadati et al.[13] Many pa-
pers dealing with symmetries and conservation laws were pre-
sented. The direct construction method of multipliers for the
conservation laws was presented in Ref. [14].

In this paper, starting from a Lie super algebra, a 3× 3
matrix super spectral problem is designed. With the help of
variational identity, we get a new six-component super soli-
ton hierarchy and its super Hamiltonian structures. In Sec-
tion 4, the self-consistent sources of the new six-component
super soliton hierarchy are obtained. In Section 5, we present
the conservation laws for the new super soliton hierarchy.

2. A new six-component super soliton hierarchy
A soliton hierarchy is based on the spectral problem[15](

ϕ1
ϕ2

)
x
=

1
2

(
λ−1 u1 +u2

u1−u2 −λ−1

)(
ϕ1
ϕ2

)
, (1)

and a super extension of the soliton hierarchy can be con-
structed by the matrix super spectral[16] ϕ1

ϕ2

ϕ3


x

=
1
2

 λ−1 u1 +u2 u3

u1−u2 −λ−1 u4

u4 −u3 0


 ϕ1

ϕ2

ϕ3

 , (2)

where u3, u4, and ϕ3 are fermion fields. It reduces to the sys-
tem (1) as u3 = u4 = 0.

Based on the Lie super algebra G,

e1 =
1
2

 1 0 0
0 −1 0
0 0 0

 , e2 =
1
2

 0 1 0
1 0 0
0 0 0

 ,
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e3 =
1
2

 0 1 0
−1 0 0
0 0 0

 , e4 =
1
2

 0 0 1
0 0 0
0 −1 0

 ,

e5 =
1
2

 0 0 0
0 0 1
1 0 0

 , (3)

where e1, e2, e3 are even and e4, e5 are odd, that is along with
the communicative operation

[e1,e2] = 2e2, [e1,e3] =−2e3,

[e2,e3] = e1, [e1,e4] = [e2,e5] = e4,

[e1,e5] = [e4,e3] =−e5, [e4,e5]+ = e1,

[e4,e4]+ =−2e2, [e5,e5]+ = 2e3.

We will derive a generalized super soliton hierarchy. To
this end, we take a 3×3 matrix super spectral problem{

ϕx =Uϕ,

ϕt =V ϕ,
(4)

where

U =
1
2

 λ−1 u1 +u2 u3

u1−u2 −λ−1 u4

u6 u5 0

 ,

V =
1
2

 A+G B+C δ

B−C −A+G ρ

ε τ G

 ,

and A = ∑
m≥0

amλ m, B = ∑
m≥0

bmλ m, C = ∑
m≥0

cmλ m, G =

∑
m≥0

gmλ m, δ = ∑
m≥0

δmλ m, ρ = ∑
m≥0

ρmλ m, ε = ∑
m≥0

εmλ m, and

τ = ∑
m≥0

τmλ m. As u3, u4, u5, and u6 are Fermi variables, they

constitute Grassmann algebra.
Starting from the stationary zero curvature equation

Vx = [U,V ],

we have

amx = u2bm−u1cm +
1
4

u3εm−
1
4

u4τm−
1
4

u5ρm +
1
4

u6δm,

bmx = cm+1−u2am +
1
4

u3τm +
1
4

u4εm +
1
4

u5δm +
1
4

u6ρm,

cmx = bm+1−u1am +
1
4

u3τm−
1
4

u4εm +
1
4

u5δm−
1
4

u6ρm,

gmx =
1
2

u3εm +
1
2

u4τm +
1
2

u5ρm +
1
2

u6δm,

δmx =
1
2

δm+1 +
1
2
(u1 +u2)ρm−

1
2

u3am−
1
2

u4(bm + cm),

ρmx =−
1
2

ρm+1 +
1
2
(u1−u2)δm−

1
2

u3(bm− cm)+
1
2

u4am,

τmx =
1
2

τm+1−
1
2
(u1 +u2)εm−

1
2

u5am +
1
2

u6(bm + cm),

εmx =−
1
2

εm+1−
1
2
(u1−u2)τm +

1
2

u5(bm− cm)+
1
2

u6am. (5)

Choose the initial data

a0 = 1, b0 = c0 = δ0 = ρ0 = τ0 = ε0,

g0 =−α = constant. (6)

From the recursion relations in Eqs. (5), the first few results
can be obtained

a1 = 0, b1 = u1, c1 = u2, δ1 = u3,

ρ1 = u4, τ1 = u5, ε1 = u6, g1 = 0,

a2 = u2
2−u2

1−u3u6−u4u5, b2 = u2x,

c2 = u1x, δ2 = 2u3x, ρ2 =−2u4x,

τ2 = 2u5x, ε2 =−2u6x, g2 = u4u5−u3u6, . . .

Next, we consider the auxiliary spectral problem

ϕtn =V (n)
ϕ = (λ−nV )−ϕ, (7)

where

V (n) =
n

∑
m=0

1
2

 am +gm bm + cm δm

bm− cm −am +gm ρm

εm τm gm

λ
−n+m.

Substituting Eq. (7) into the zero curvature equation

Utn −V (n)
x +[U,V (n)] = 0, (8)

we obtain a new six-component super soliton hierarchy

utn =


u1
u2
u3
u4
u5
u6


tn

=


0 −1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 1
0 0 0 0 −1 0
0 0 0 −1 0 0
0 0 1 0 0 0



×



bn+1

−cn+1

−1
2

εn+1

−1
2

τn+1

1
2

ρn+1

1
2

δn+1


= J



bn+1

−cn+1

−1
2

εn+1

−1
2

τn+1

1
2

ρn+1

1
2

δn+1


. (9)

When n = 2, the hierarchy (9) can be reduced to the second-
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order super nonlinear integrable couplings equations

u1t2 =
1
2

u2xx +u3
2−u2u2

1−u2u3u6−u2u4u5

− 1
2

u3u5x +
1
2

u4u6x−
1
2

u5u3x +
1
2

u6u4x,

u2t2 =
1
2

u1xx−u3
1 +u1u2

2−u1u3u6−u1u4u5

− 1
2

u3u5x−
1
2

u4u6x−
1
2

u5u3x−
1
2

u6u4x,

u3t2 = 2u3xx +(u1 +u2)u4x +
1
2

u3u2
2−

1
2

u3u2
1

− 1
2

u3u4u5 +
1
2

u4u1x +
1
2

u4u2x,

u4t2 =−2u4xx− (u1−u2)u3x +
1
2

u4u3u6

+
1
2

u3(u1−u2)x−
1
2

u4u2
2 +

1
2

u4u2
1,

u5t2 = 2u5xx− (u1 +u2)u6x +
1
2

u5u2
2−

1
2

u5u2
1

− 1
2

u5u3u6−
1
2

u6(u1 +u2)x,

u6t2 =−2u6xx +(u1−u2)u5x−
1
2

u6u2
2 +

1
2

u6u2
1

+
1
2

u6u4u5−
1
2

u5(u1−u2)x.

(10)

By choosing u3 =−u5 and u4 = u6, equations (10) can be re-
duced to the second-order super soliton equations[16]



u1t2 =
1
2

u2xx +u3
2−u2u2

1 +u3u3x +u4u4x−2u2u3u4,

u2t2 =
1
2

u1xx−u3
1 +u1u2

2 +u3u3x−u4u4x−2u1u3u4,

u3t2 = 2u3xx +
1
2

u3(u2
2−u2

1)

+
1
2

u4(u1 +u2)x +(u1 +u2)u4x,

u4t2 =−2u4xx +
1
2

u4(u2
1−u2

2)

− 1
2

u3(u1−u2)x− (u1−u2)u3x.

(11)

3. Super Hamiltonian structures of the new six-
component super soliton hierarchy
In this section, we will establish super Hamiltonian struc-

tures of the new six-component super soliton hierarchy by su-
per trace identity[2,3]

δ

δu

∫
Str
(

V
∂U
∂λ

)
dx = λ

−γ ∂

∂λ
λ

γ Str
(

V
∂U
∂u

)
, (12)

where the constant γ is determined by

γ =−λ

2
d

dλ
ln |Str(VV )|. (13)

According to super trace identity on Lie super algebras, a di-
rect calculation reads

Str
(

V
∂U
∂λ

)
=−1

2
λ
−2A, Str

(
V

∂U
∂u1

)
=

1
2

B,

Str
(

V
∂U
∂u2

) =−1
2

C, Str
(

V
∂U
∂u3

)
=−1

4
ε,

Str
(

V
∂U
∂u4

)
=−1

4
τ, Str

(
V

∂U
∂u5

)
=

1
4

ρ,

Str
(

V
∂U
∂u6

)
=

1
4

δ . (14)

Substituting the above formula into the super trace identity
(12) yields

δ

δu

∫ (
− A

2λ 2

)
dx

= λ
−γ ∂

∂λ
λ

γ

(
1
2

B,−1
2

C,−1
4

ε,−1
4

τ,
1
4

ρ,
1
4

δ

)T

. (15)

Comparing the coefficients of λ n+2 on both sides of Eq. (15)
gives rise to

δ

δu

∫ (
− an+2

2

)
dx

= (γ +n+1)
(

1
2

bn+1,−
1
2

cn+1,−
1
4

εn+1,

−1
4

τn+1,
1
4

ρn+1,
1
4

δn+1

)T

. (16)

By employing the computing formula (13) on the constant γ ,
we obtain γ = 0. Therefore, we conclude that

δHn

δu
=

(
bn+1,−cn+1,−

1
2

εn+1,−
1
2

τn+1,
1
2

ρn+1,
1
2

δn+1

)T

,

Hn =
∫
− an+2

n+1
dx, n > 0. (17)

From the recursion relations in Eq. (5), we can obtain the
hereditary recursion operator L which satisfies that

δHn

δu
= L

δHn−1

δu
, (18)

where

L =

 L1 L2 L3

L4 L5 L6

L7 L8 L9

 ,

L1 =

(
u1∂−1u2 −∂ +u1∂−1u1

−∂ −u2∂−1u2 −u2∂−1u1

)
,

L2 =

 −1
2

u4−
1
2

u1∂−1u3
1
2

u3 +
1
2

u1∂−1u4

−1
2

u4 +
1
2

u2∂−1u3 −1
2

u3−
1
2

u2∂−1u4

 ,

L3 =

 1
2

u6−
1
2

u1∂−1u5 −1
2

u5 +
1
2

u1∂−1u6

1
2

u6 +
1
2

u2∂−1u5
1
2

u5−
1
2

u2∂−1u6

 ,
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L4 =

 −1
2

u5−
1
2

u6∂−1u2 −1
2

u5−
1
2

u6∂−1u1

1
2

u6−
1
2

u5∂−1u2 −1
2

u6−
1
2

u5∂−1u1

 ,

L5 =

 −2∂ +
1
4

u6∂−1u3 u2−u1−
1
4

u6∂−1u4

u1 +u2 +
1
4

u5∂−1u3 2∂ − 1
4

u5∂−1u4

 ,

L6 =

 1
4

u6∂−1u5 −1
4

u6∂−1u6

1
4

u5∂−1u5 −1
4

u5∂−1u6

 ,

L7 =

 −1
2

u3 +
1
2

u4∂−1u2 −1
2

u3 +
1
2

u4∂−1u1

1
2

u4 +
1
2

u3∂−1u2 −1
2

u4 +
1
2

u3∂−1u1

 ,

L8 =

 −1
4

u4∂−1u3
1
4

u4∂−1u4

−1
4

u3∂−1u3
1
4

u3∂−1u4

 ,

L9 =

 −2∂ − 1
4

u4∂−1u5 u1−u2 +
1
4

u4∂−1u6

−u1−u2−
1
4

u3∂−1u5 2∂ +
1
4

u3∂−1u6

 .

Therefore, the new super soliton hierarchy (9) possesses the
following super Hamiltonian structures

utn = Kn(u) = J
δHn

δu
, n≥ 0. (19)

4. Self-consistent sources of the new six-
component super soliton hierarchy
Consider the linear system ϕ1 j

ϕ2 j
ϕ3 j


x

=U

 ϕ1 j
ϕ2 j
ϕ3 j

 ,

 ϕ1 j
ϕ2 j
ϕ3 j


t

=V

 ϕ1 j
ϕ2 j
ϕ3 j

 . (20)

Based on the result in Ref. [17], we can show that the
following equation:

δHk

δu
+

N

∑
j=1

α j
δλ j

δu
= 0, (21)

holds true, where α j are constants, determines a finite-
dimensional invariant set for the flows

δHn

δu
= L

δHn−1

δu
= · · ·= Ln δH0

δu
, n = 1,2, . . . ,

δ

δu
=

(
δ

δu1
, · · · , δ

δu6

)T

. (22)

From Eq. (21), we may know that

δλ j

δui
=

1
3

Str
(

Ψj
∂U(u,λ j)

δui

)
, i = 1,2, . . . ,6, (23)

where Str denotes the trace of a matrix and

Ψj =

 ϕ1 jϕ2 j −ϕ2
1 j ϕ1 jϕ3 j

ϕ2
2 j −ϕ1 jϕ2 j ϕ2 jϕ3 j

ϕ2 jϕ3 j −ϕ1 jϕ3 j 0

 , j = 1,2, . . . ,N. (24)

Based on Eq. (21), for system (9), we set

δHn

δu
=

N

∑
j=1

δλ j

δu
, (25)

and obtain the following δλ j/δu

N

∑
j=1

δλ j

δui
=

N

∑
j=1



Str
(

Ψj
δU
δu1

)
Str
(

Ψj
δU
δu2

)
Str
(

Ψj
δU
δu3

)
Str
(

Ψj
δU
δu4

)
Str
(

Ψj
δU
δu5

)
Str
(

Ψj
δU
δu6

)



=



−1
2
〈Φ1,Φ1〉+

1
2
〈Φ2,Φ2〉

1
2
〈Φ1,Φ1〉+

1
2
〈Φ2,Φ2〉

−1
2
〈Φ2,Φ3〉

1
2
〈Φ1,Φ3〉

1
2
〈Φ2,Φ3〉

1
2
〈Φ1,Φ3〉


,

where Φi = (ϕi1, . . . ,ϕiN)
T, i = 1,2,3.

Therefore, the new six-component integrable super soli-
ton hierarchy with self-consistent sources is proposed

utn =


u1
u2
u3
u4
u5
u6


tn

= J
δHn

δui
+ J

N

∑
j=1

δλ j

δui
= J



bn+1

−cn+1

−1
2

εn+1

−1
2

τn+1

1
2

ρn+1

1
2

δn+1



+J



−1
2
〈Φ1,Φ1〉+

1
2
〈Φ2,Φ2〉

1
2
〈Φ1,Φ1〉+

1
2
〈Φ2,Φ2〉

−1
2
〈Φ2,Φ3〉

1
2
〈Φ1,Φ3〉

1
2
〈Φ2,Φ3〉

1
2
〈Φ1,Φ3〉


. (26)
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For n = 2, we obtain the super soliton equation with self-
consistent sources

u1t2 =
1
2

u2xx +u3
2−u2u2

1−u2u3u6−u2u4u5

− 1
2

u3u5x +
1
2

u4u6x−
1
2

u5u3x

+
1
2

u6u4x−
1
2

N

∑
j=1

(ϕ2
1 j +ϕ

2
2 j),

u2t2 =
1
2

u1xx−u3
1 +u1u2

2−u1u3u6−u1u4u5−
1
2

u3u5x

− 1
2

u4u6x−
1
2

u5u3x−
1
2

u6u4x−
1
2

N

∑
j=1

(ϕ2
1 j−ϕ

2
2 j),

u3t2 = 2u3xx +(u1 +u2)u4x +
1
2

u3u2
2−

1
2

u3u2
1

− 1
2

u3u4u5 +
1
2

u4u1x +
1
2

u4u2x +
1
2

N

∑
j=1

ϕ1 jϕ3 j,

u4t2 =−2u4xx− (u1−u2)u3x +
1
2

u4u3u6

+
1
2

u3(u1−u2)x−
1
2

u4u2
2 +

1
2

u4u2
1−

1
2

N

∑
j=1

ϕ2 jϕ3 j,

u5t2 = 2u5xx− (u1 +u2)u6x +
1
2

u5u2
2−

1
2

u5u2
1

− 1
2

u5u3u6−
1
2

u6(u1 +u2)x−
1
2

N

∑
j=1

ϕ1 jϕ3 j,

u6t2 =−2u6xx +(u1−u2)u5x−
1
2

u6u2
2 +

1
2

u6u2
1

+
1
2

u6u4u5−
1
2

u5(u1−u2)x−
1
2

N

∑
j=1

ϕ2 jϕ3 j,

(27)

where Φi = (ϕi1, . . . ,ϕiN)
T, i = 1,2,3 satisfy

ϕ1 jx =
1
2

λ−1ϕ1 j +
1
2
(u1 +u2)ϕ2 j +

1
2

u3ϕ3 j,

ϕ2 jx =
1
2
(u1−u2)ϕ1 j−

1
2

λ−1ϕ2 j +
1
2

u4ϕ3 j,

ϕ3 jx =
1
2

u6ϕ1 j +
1
2

u5ϕ2 j, j = 1, · · · ,N.

(28)

5. Conservation laws of the new six-component
super soliton hierarchy
In the following, we will construct conservation laws of

the new six-component super soliton hierarchy. We introduce
the variables

E =
ϕ2

ϕ1
, K =

ϕ3

ϕ1
. (29)

From Eq. (4), we have

Ex =
1
2
(u1−u2)−λ

−1E +
1
2

u4K

−1
2
(u1 +u2)E2− 1

2
u3EK,

Kx =
1
2

u6 +
1
2

u5E− 1
2

λ
−1K

− 1
2
(u1 +u2)KE +

1
2

u3K2. (30)

Expand E, K in the power of λ

E =
∞

∑
j=1

e jλ
j, K =

∞

∑
j=1

k jλ
j. (31)

Substituting Eqs. (31) into Eqs. (30) and comparing the coef-
ficients of the same power of λ , we obtain

e1 =
1
2
(u1−u2), k1 = u6, e2 =

1
2
(u2−u1)x+

1
2

u4u6,

k2 = −2u6x +
1
2

u5(u1−u2),

e3 = −1
2
(u2−u1)xx−

1
2

u4xu6−
3
2

u4u6x

+
1
4
(u1−u2)u4u5,

k3 = 4u6xx +
3
2
(u2−u1)xu5

−(u1−u2)u5x +
1
2

u5u4u6,

. . . , (32)

and a recursion formula for e j and k j

e j+1 = −e jx +
1
2

u4k j−
1
2
(u1 +u2)

j−1

∑
l=1

ele j−l

− 1
2

u3

j−1

∑
l=1

elk j−l ,

k j+1 = −2k jx +u5e j− (u1 +u2)
j−1

∑
l=1

kle j−l

+u3

j−1

∑
l=1

klk j−l , j ≥ 2. (33)

Because of

∂

∂ t

[
1
2

λ
−1 +

1
2
(u1 +u2)E +

1
2

u3K
]

=
∂

∂x

[
1
2
(A+G)+

1
2
(B+C)E +

1
2

δK
]
, (34)

we assume that

θ =
1
2

λ
−1 +

1
2
(u1 +u2)E +

1
2

u3K,

ν =
1
2
(A+G)+

1
2
(B+C)E +

1
2

δK.

Then equation (34) can be written as θt = νx, which is the right
form of conservation laws. With regard to Eq. (10), we have

A = λ
−2 +u2

2−u2
1−u3u6−u4u5,

B = u1λ
−1 +u2x,

C = u2λ
−1 +u1x,

G =−αλ
−2 +u4u5−u3u6,

δ = u3λ
−1 +2u3x. (35)
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We expand θ and ν as a series in powers of λ with the
coefficients

θ =
1
2

λ
−1 +

∞

∑
j=1

θ jλ
j,

ν =
1
2
(1−α)λ−2 +

1
2
(u2

2−u2
1−2u3u6)+

∞

∑
j=1

ν jλ
j, (36)

the first two conserved densities and currents of Eqs. (10) read

θ1 =
1
4
(u1 +u2)

2 +
1
2

u3u6,

ν1 =
1
4
(u1 +u2)(u2−u1)x +

1
4
(u1 +u2)u4u6

+
1
4
(u1 +u2)x(u1−u2)+

1
4
(u1−u2)u3u5

+u3xu6−u3u6x,

θ2 =
1
4
(u1 +u2)(u2−u1)x +

1
4
(u1 +u2)u4u6

+
1
4
(u1−u2)u3u5−u3u6x,

ν2 =
1
4
(u1 +u2)x(u2x−u1x +u4u6)

+u3x

(
1
2

u1u5−
1
2

u2u5−2u6x

)
+

1
4
(u1 +u2)[(u1−u2)xx

−u4xu6−3u4u6x +
1
2
(u1−u2)u4u5]

+
1
2

u3

[
4u6xx +

1
2

u5u4u6

+
3
2

u5(u2−u1)x− (u1−u2)u5x

]
. (37)

The recursion relations for θ j and ν j are

θ j =
1
2
(u1 +u2)e j +

1
2

u3k j,

ν j =
1
2
(u1 +u2)e j+1 +

1
2
(u1 +u2)xe j

+
1
2

u3k j+1 +u3xk j, (38)

where e j and k j can be calculated from Eq. (33). We can dis-
play the first two conservation laws of Eq. (10) as

θ1t = ν1x, θ2t = ν2x, (39)

where θ1, ν1, θ2, and ν2 are defined in Eq. (37). Then, the
infinitely many conservation laws of Eq. (9) can be easily ob-
tained from Eqs. (30)–(39), respectively.

6. Conclusions
Starting from Lie super algebras, we obtain a new

six-component super soliton hierarchy. With the help of
variational identity, the Hamiltonian structures of the six-
component super soliton hierarchy can be presented. Mean-
while, the super soliton hierarchy with self-consistent sources
is established. Finally, we also derive the conservation laws of
the six-component super soliton hierarchy. It is worth noting
that the coupling terms of super integrable hierarchies involve
Fermi variables, they satisfy the Grassmann algebra which is
different from the ordinary one. Sometime we call super in-
tegrable system Eq. (9) as super Fermi extension. In fact, in
Refs. [18]–[20], the authors gave many Lie algebras which
have more complex mathematical structures, which deserves
more meaningful work in the near future.
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