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Synchronization of Markovian jumping complex
networks with event-triggered control∗
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This paper investigates event-triggered synchronization for complex networks with Markovian jumping parameters.
Nonlinear dynamics with Markovian jumping parameters is considered for each node in a complex network. By utilizing the
proposed event-triggered strategy, and based on the Lyapunov functional method and linear matrix inequality technology,
some sufficient conditions for synchronization of complex networks are derived whether the transition rate matrix for the
Markov process is completely known or not. Finally, a numerical example is presented to illustrate the effectiveness of the
proposed theoretical results.
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1. Introduction
In the past few decades, the research of complex dynam-

ical networks has been a hot topic in various fields. Many
practical systems in the real world can be described by models
of complex networks. Particularly, synchronization as one of
the interesting phenomena in complex networks has received
considerable attention due to its wide applications in computer
science, life science, control engineering, and so on.[1–4] Up
to now, several types of synchronization have been studied
by researchers, such as complete synchronization,[5,6] gen-
eralized synchronization,[7,8] the lag synchronization,[9] and
hybrid projective synchronization.[10] Meanwhile, many con-
trol methods have been proposed for guaranteeing the syn-
chronization. Since practical networks usually have the lim-
ited bandwidth of the communication, sampled-data control is
an effective approach.[11,12] Yu et al.[11] explored the second-
order consensus in multi-agent dynamical systems with sam-
pled position data, and Rakkiyappan et al.[12] analyzed ex-
ponential synchronization of complex dynamical networks by
using the sampled-data approach. Generally speaking, a con-
troller in the sampled-data scheme is updated regularly with a
constant sampling period. Therefore, the sampled-data control
is also regarded as time-triggered control. However, the peri-
odical updating in time-triggered control happens whether it is
necessary or not, which may lead to higher cost. Correspond-
ingly, it is important to design a good control strategy in order
to save communication and computation resources.

Recently, event-triggered control as an alternative of the
time-triggered control, has been extensively explored. Com-
pared with continuous communication,[13–15] communication
in an event-triggered framework can be discrete, which is more
practical; furthermore, fewer communication resources may

be utilized compared with the time-triggered control. In an
event-triggered scheme, an event will be triggered if the given
triggering condition holds, and the occurrence of the event will
determine control actuation updates. Moreover, it should be
noted that the information among neighboring nodes in a net-
work can be transmitted aperiodically, which can avoid con-
gestion of the network. At present, some works have studied
the effectiveness of synchronization in complex networks with
event-triggered control, such as event based agreement proto-
cols for multi-agent networks have been discussed in Ref. [16]
and event-triggered average consensus control for discrete-
time multi-agent systems has been studied in Ref. [17]. An
event-triggered communication scheme to deal with the state
estimation problem in an unstable networked control system
has been proposed.[18] On the other hand, the Zeno behav-
ior may exist in a system with event-triggered control, which
means that there are infinite switching numbers in the finite
time. Accordingly, the Zeno behavior can cause the chattering
phenomenon, then the system under control will become un-
stable. The event detector in Ref. [19] has a sampling period,
which implies that Zeno behavior is excluded. More litera-
ture on Zeno behavior can be reviewed.[20,21] In addition, by
utilizing the event-triggered scheme, networked control sys-
tems with communication delay were discussed,[22] and Luo
et al.[23] investigated the complete synchronization of chaotic
systems with only one state variable information from the
drive system, which is more realistic and practical.

As is well known, nonlinear dynamics widely exists in
practical systems. Such nonlinear dynamics may be subject
to some abrupt and random variations induced by environ-
mental circumstances. Therefore, research on synchronization
of complex networks with nonlinear dynamics has practical
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significance.[24,25] Reference [24] studied multi-agent systems
with inherent nonlinear dynamics under directed topologies,
and reference [25] focused the synchronization for higher-
order nonlinear systems. Moreover, the dynamical systems
can be described by stochastic hybrid systems due to random
factors. Particularly, Markovian jumping systems as a spe-
cial class of hybrid systems have been studied in the past few
years, and many profound results have been established.[26–29]

In Ref. [26], authors have investigated exponential state es-
timation of Markovian jumping genetic regulatory networks
with mode-dependent probabilistic time-varying delays. In
Refs. [27]– [29], the authors have analyzed the stability of
Markovian jumping stochastic neural networks. To the best of
the authors’ knowledge, synchronization of Markovian jump-
ing complex networks with event-triggered control has rarely
been considered so far. Additionally, the information on tran-
sition probabilities in the Markovian switching process is usu-
ally assumed to be completely known in the previous litera-
ture. However, it is difficult to obtain completely known tran-
sition probabilities usually. Fortunately, Markovian jumping
systems with partly known transition probabilities have been
investigated in some references.[30–32]

Motivated by the above discussion, in this paper, synchro-
nization of Markovian jumping complex networks with event-
triggered control is considered. Suppose that the communi-
cation topology is strongly connected, we consider nonlinear
dynamics with Markovian jumping parameters for each node
in a complex network. Furthermore, the transition rates for the
Markov process are considered to be completely known and
partly known, respectively. Then the sufficient conditions are
proposed for synchronizing the network. Finally, some numer-
ical simulations are shown to illustrate the theoretical results.
The rest of the paper is organized as follows. In Section 2,
some preliminaries and a description of the system are pre-
sented. The main results are given in Section 3. In Section 4,
one numerical example is used to verify the effectiveness of
the proposed theoretical results. Conclusions are drawn in
Section 5.

Throughout this paper, Rn denotes n-dimensional Eu-
clidean space, and Rn×n is the set of all n× n real matrices.
Let N be the set of natural numbers. The superscript T and
⊗ represent matrix transposition and the Kronecker product,
respectively. The sign In denotes an n×n identity matrix, and
1N denotes the N-dimensional column vector with each en-
try being 1. ‖ · ‖ stands for the Euclidean vector. ∗ denotes
the elements below the main diagonal of a symmetric matrix.
diag{...} represents the block diagonal matrix, E{·} refers to
the mathematical expectation operator.

2. Preliminaries and system description
The G = 〈ω,υ ,A〉 denotes a directed graph with nodes

ω = {1,2, ...,N}, and υ ⊆ ω ×ω is the set of edges. De-

fine a weighted adjacency matrix A = (ai j)N×N , and assume
that aii = 0. Furthermore, ai j > 0 if and only if there is an
edge from vertex j to vertex i; otherwise, ai j = 0. A set
of neighbors node i is denoted by Ni = { j|( j, i) ∈ υ}. D =

diag{deg(1),deg(2), ...,deg(N)} represents a diagonal matrix
of digraph G , where deg(i)= ∑

j∈Ni

ai j. The Laplacian matrix of

the directed graph G is defined as 𝐿=𝐷−𝐴. For a directed
graph, if and only if there is a directed path between any pair
of distinct vertices, the directed graph is called strongly con-
nected. In addition, a directed graph is said to have a spanning
tree if a subset of the edges forms a spanning tree.

Consider that a complex dynamic network consists of N
identical coupled nodes and each node moves according to the
following dynamics:

𝑥̇i(t) = 𝐴(r(t))𝑥i(t)+𝐵(r(t))𝑓(xi(t), t)

+ 𝑢i(t), i = 1,2, ...,N, (1)

where 𝑥i(t)∈Rn and ui(t)∈Rn are the state variable and the
control input of the node i, respectively, 𝐴(r(t)) ∈Rn×n and
𝐵(r(t)) ∈ Rn×n are constant matrices, and 𝑓(𝑥i(t), t) ∈ Rn

denotes the nonlinear dynamics of the i-th node.
Let (Ω ,F ,P) be a complete probability space, and

{r(t)}t≥0 is a right-continuous Markov chain on the proba-
bility space in a finite set Θ = {1,2, ...,M} with generator
Γ = (µql)M×M given by

Prob{r(t +∆) = l | r(t) = q}

=

{
µql∆ +o(∆), l 6= q,
1+µqq∆ +o(∆), l = q,

(2)

where ∆ > 0 and lim
∆→0+

(o(∆)/∆) = 0, µql ≥ 0 is the transition

rate from q to l and µqq =−
M
∑

l=1,l 6=q
µql .

We propose the following event-triggered controller:

𝑢i(t) = −c
N

∑
j=1

ai j[𝑥i(t i
kh)−𝑥 j(t

j
k′

h)],

i = 1,2, ...,N, (3)

where t ∈ [t i
kh, t i

k+1h), k ∈N, h > 0 represents the sampling pe-
riod of the event detector, and c is the control gain to be deter-
mined. t i

kh denotes the k-th event-triggered instant for the node
i. For the j-th node in the network, suppose that the event-
triggered instants are t j

1h, t j
2h, . . . , then the parameter k′ is de-

fined as k′ , argminp{t − t j
ph|t ≥ t j

ph, p ∈ N}, where “arg”
denotes the minimum parameter p of the objective function
{t− t j

ph|t ≥ t j
ph, p ∈ N}. Accordingly, t j

k′ represents the latest
event-triggered instant for the j-th node when t ∈ [t i

kh, t i
k+1h).

The event-triggered condition (or the event detector) of
node i is given by

𝛿T
i (t

i
kh+ lh)𝛿i(t i

kh+ lh)

< σi𝑍
T
i (t

i
kh+ lh)𝑍i(t i

kh+ lh), (4)
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where k, l ∈ N, σi > 0, i = 1,2, ...,N is the trigger parame-
ter. 𝛿i(t i

kh+ lh) = 𝑥i(t i
kh+ lh)−𝑥i(t i

kh) is the measurement

error, and 𝑍i(t i
kh+ lh) =

N
∑
j=1

ai j[𝑥i(t i
kh+ lh)−𝑥 j(t i

kh+ lh)].

We denote the next event-triggered instant as: t i
k+1h = t i

kh+
min
l≥1
{lh|𝛿T

i (t
i
kh + lh)𝛿i(t i

kh + lh) ≥ σi𝑍
T
i (t

i
kh + lh)𝑍i(t i

kh +

lh)}. Without loss of generality, assume that t i
1 = 0 for i =

1,2, · · · ,N.
Remark 1 If 𝛿T

i (t
i
kh + lh)𝛿i(t i

kh + lh) < σi𝑍
T
i (t

i
kh +

lh)𝑍i(t i
kh + lh), the event is unnecessarily triggered; other-

wise, the event is triggered. Moreover, when 𝑥i(t i
kh+ lh) =

𝑥i(t i
kh), the measurement error will be reset to zero.
Remark 2 In this paper, the event-triggered transmis-

sion strategy proposed is discrete. We only need to broadcast
neighbors’ sampled-date for the node i and examine the event-
triggered condition at each sampling period h, which can re-
duce the computation burden and conserve resources.

Remark 3 In this paper, the inter-event time has a mini-
mum bound by the sampling period h > 0 to exclude the Zeno
behavior.

Substituting Eq. (3) into Eq. (1) gives

𝑥̇i(t) = 𝐴(r(t))𝑥i(t)+𝐵(r(t))𝑓(𝑥i(t), t)

− c
N

∑
j=1

ai j[𝑥i(t i
kh)−𝑥 j(t

j
k′

h)], (5)

where t ∈ [t i
kh, t i

k+1h), k ∈ N, i = 1,2, ...,N.
In order to obtain our theoretical results, the following

assumption and lemmas are given.
Assumption 1 Suppose 𝑓 in Eq. (1) is a bounded nonlin-

ear function, and the following Lipschitz condition is satisfied:

‖𝑓(𝑥, t)−𝑓(𝑦, t)‖ ≤ γ‖𝑥−𝑦‖, ∀𝑥,𝑦 ∈Rn;∀t > 0,

where γ represents a Lipschitz constant.
Lemma 1[33] Suppose that a directed graph G is strongly

connected. Then, its Laplacian matrix 𝐿 is irreducible and
satisfies 𝐿1N = 0. Furthermore, there exists a positive vector
𝜉 = (ξ1,ξ2, ...,ξN)

T such that 𝜉T𝐿= 0 and 𝜉T1N = 1.
Lemma 2[34] For any constant matrix 𝑅 ∈ Rn×n, 𝑅 =

𝑅T > 0, and 𝑀 ∈Rn×k, time-varying function τ(t) satisfying
0 < τ(t) ≤ h, and vector function 𝑧̇ : [−h,0]→Rn such that
the following integration is well defined, let

∫ t
t−τ(t) 𝑧̇(s)ds =

𝐸𝜙(t) where 𝐸 ∈Rn×k and 𝜙(t) ∈Rk. Then the following
inequality holds:

−
∫ t

t−τ(t)
𝑧̇T(s)𝑅𝑧̇(s)ds

≤ 𝜙T(t)(τ(t)𝑀T𝑅−1𝑀 −𝐸T𝑀 −𝑀T𝐸)𝜙(t).

Lemma 3[35] The following linear matrix inequality
(LMI) (

𝑆11(x) 𝑆12(x)
𝑆T

12(x) 𝑆22(x)

)
< 0,

where 𝑆11(x) = 𝑆T
11(x), 𝑆22(x) = 𝑆T

22(x) is equivalent to ei-
ther of the following conditions:

(i) 𝑆11(x)< 0,𝑆22(x)−𝑆T
12(x)𝑆

−1
11 (x)𝑆12(x)< 0,

(ii) 𝑆22(x)< 0,𝑆11(x)−𝑆12(x)𝑆−1
22 (x)𝑆T

12(x)< 0.
Definition 1 The complex dynamic network (1) is said to

achieve mean square synchronization, if the following condi-
tion is satisfied for any initial condition 𝑥i(0) ∈Rn:

lim
t→∞

E ‖ 𝑥i(t)−𝑥 j(t) ‖2= 0, i, j = 1,2, ...,N.

3. Main results
In this section, the sufficient conditions for mean square

synchronization of the complex dynamic network (1) will be
given.

Denote 𝑥0(t) =
N
∑

i=1
ξi𝑥i(t) and 𝜉 = (ξ1,ξ2, ...,ξN)

T,

where 𝑥0(t) ∈ Rn is the state trajectory of an isolated node,
and 𝜉 is the positive left eigenvector of Laplacian matrix 𝐿

with the eigenvalue zero which satisfies 𝜉T1N = 1. Thus, we
have

𝑥̇0(t) =
N

∑
i=1

ξi[𝐴(r(t))𝑥i(t)+𝐵(r(t))𝑓(𝑥i(t), t)+𝑢i(t)]

= 𝐴(r(t))𝑥0(t)+𝐵(r(t))
N

∑
i=1

ξi𝑓(𝑥i(t), t)

− c
N

∑
i=1

N

∑
j=1

ξiai j[𝑥i(t i
kh)−𝑥 j(t

j
k′

h)]

= 𝐴(r(t))𝑥0(t)+𝐵(r(t))
N

∑
i=1

ξi𝑓(𝑥i(t), t)

− c[(𝜉T𝐿)⊗𝐼n]𝑥̂(t)

= 𝐴(r(t))𝑥0(t)+𝐵(r(t))
N

∑
i=1

ξi𝑓(𝑥i(t), t), (6)

where 𝑥̂(t) = [𝑥̂T
1 (t), 𝑥̂

T
2 (t), . . . , 𝑥̂

T
N(t)]

T, and 𝑥̂i(t) = 𝑥i(t i
kh).

Let 𝑒i(t) = 𝑥i(t)− 𝑥0(t) (i = 1,2, ...,N) be the posi-
tion vector error between the i-th node and the weighted av-
erage of all the nodes in system (1). Then, according to
the Eqs. (5) and (6) and the definition of measurement er-
ror 𝛿i(t i

kh+ lh) = 𝑥i(t i
kh+ lh)−𝑥i(t i

kh), where t i
kh+ lh is the

current sampling instant of the event detector, 𝛿i(t i
kh+ lh) is

the measurement error between the currently sampled state
and the state at the last event time for the i-th node; simi-
larly, 𝛿 j(t i

kh+ lh) = 𝑥 j(t i
kh+ lh)−𝑥 j(t

j
k′

h) for the j-th node.
Thus, we have the following error dynamical system for t ∈
[t i

kh+ lh, t i
kh+ lh+h), l = 1,2, . . .:

𝑒̇i(t) = 𝑥̇i(t)− 𝑥̇0(t)

= 𝐴(r(t))𝑒i(t)+𝐵(r(t))𝑓(𝑥i(t), t)

−𝐵(r(t))
N

∑
i=1

ξi𝑓(𝑥i(t), t)

− c
N

∑
j=1

ai j[𝑥i(t i
kh)−𝑥 j(t

j
k′

h)]
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= 𝐴(r(t))𝑒i(t)+𝐵(r(t))[𝑓(𝑥i(t), t)−𝑓(𝑥0(t), t)]

−𝐵(r(t))
N

∑
i=1

ξi[𝑓(𝑥i(t), t)−𝑓(𝑥0(t), t)]

− c
N

∑
j=1

ai j[(𝑥i(t i
kh+ lh)−𝑥 j(t i

kh+ lh))

− (𝛿i(t i
kh+ lh)−𝛿 j(t i

kh+ lh))],

the above equation is satisfied due to 𝜉T1N = 1 based on
Lemma 1. Moreover, all the triggered instants are a subse-
quence of the sampled instants, which means that the event
instants {t i

0, t
i
1, . . .} ⊆ {0,h,2h, . . .}. Therefore, it is obvious to

get that when t ∈ [mh,(m+1)h), m = 0,1, . . .,

𝑒̇i(t) = 𝐴(r(t))𝑒i(t)+𝐵(r(t))[𝑓(𝑥i(t), t)−𝑓(𝑥0(t), t)]

−𝐵(r(t))
N

∑
i=1

ξi[𝑓(𝑥i(t), t)−𝑓(𝑥0(t), t)]

− c
N

∑
j=1

ai j[(𝑥i(mh)−𝑥 j(mh))− (𝛿i(mh)−𝛿 j(mh))].

(7)

Now, for t ∈ [mh,(m+1)h), we define τ(t) = t−mh as an
“artificial delay”. Clearly, τ̇(t) = 1 at t 6= mh and τ(t) ∈ [0,h).
Then, the system (7) can be rewritten in the matrix form by

𝑒̇(t) = [𝐼N⊗𝐴(r(t))]𝑒(t)

+ [(𝐼N−1N𝜉
T)⊗𝐵(r(t))]𝐹 (𝑒(t), t)

− c(𝐿⊗𝐼n)𝑒(mh)+ c(𝐿⊗𝐼n)𝛿(mh)

= [𝐼N⊗𝐴(r(t))]𝑒(t)

+ [(𝐼N−1N𝜉
T)⊗𝐵(r(t))]𝐹 (𝑒(t), t)

− c(𝐿⊗𝐼n)𝑒(t− τ(t))+ c(𝐿⊗𝐼n)𝛿(t− τ(t)), (8)

where

𝑒(t) = [𝑒T
1 (t),𝑒

T
2 (t), ...,𝑒

T
N(t)] ∈RNn,

𝐹 (𝑒(t), t) = 𝑓(𝑥(t), t)−1N⊗𝑓(𝑥0(t), t),

𝑓(𝑥(t), t) = [𝑓T(𝑥1(t), t),𝑓T(𝑥2(t), t), ...,𝑓T(𝑥N(t), t)]T.

For the following Theorem 1, 𝜀i ∈ R5Nn×Nn(i =

1,2, ...,5) are defined as block entry matrices, e.g., 𝜀T
2 =

[0Nn, 𝐼Nn, 0Nn, 0Nn, 0Nn].
Theorem 1 Under Assumption 1, and suppose that the

network is strongly connected. Then for some given positive
scalars c and h, the complex dynamic network (1) can achieve
mean square synchronization under the event-triggered con-
troller (3), if there exist appropriate dimensional matrices
𝑃q > 0,𝑄> 0,𝑅> 0,𝑌 > 0, 𝑈 , and 𝑉 , such that the follow-
ing linear matrix inequalities hold for arbitrary q = 1,2, ...,M,(

𝛯1q +𝛯2q +𝛯3q +h𝛴q h𝑈T

∗ −h𝑅

)
< 0, (9)

(
𝛯1q +𝛯2q +𝛯3q h𝑉 T

∗ −h𝑅

)
< 0, (10)

where

𝛯1q = 𝜀1

(
M

∑
l=1

µql𝑃l + γ𝐼Nn

)
𝜀T

1 +𝜀1𝑄𝜀T
1

− 𝜀3𝑄𝜀T
3 −𝜀4𝜀

T
4 −𝜀5𝜀

T
5 ,

𝛯2q = h𝛤 T
q 𝑅𝛤q +𝜀2(𝐿

TΛ𝐿⊗𝐼n)𝜀
T
2 ,

𝛯3q = 𝜀1𝑃q𝛤q +𝛤 T
q 𝑃q𝜀

T
1 − (𝜀2−𝜀3)𝑈

−𝑈T(𝜀2−𝜀3)
T− (𝜀1−𝜀2)𝑉 −𝑉 T(𝜀1−𝜀2)

T

− (𝜀1−𝜀2)𝑌 (𝜀1−𝜀2)
T,

𝛴q = (𝜀1−𝜀2)𝑌 𝛤q +𝛤 T
q 𝑌 (𝜀1−𝜀2)

T,

𝛤q = [𝐼N⊗𝐴q,−c(𝐿⊗𝐼n),0,(𝐼N−1N𝜉
T)

⊗𝐵q,c(𝐿⊗𝐼n)].

Proof For t ∈ [mh,(m + 1)h), we choose a Lyapunov–
Krasovskii function as

V (𝑒t , t,r(t)) = V1(𝑒t , t,r(t))+V2(𝑒t , t,r(t))

+V3(𝑒t , t,r(t)), (11)

where

V1(𝑒t , t,r(t)) = 𝑒T(t)𝑃 (r(t))𝑒(t),

V2(𝑒t , t,r(t)) =
∫ t

t−h
𝑒T(s)𝑄𝑒(s)ds,

V3(𝑒t , t,r(t)) =
∫ t

t−h

∫ t

θ

𝑒̇T(s)𝑅𝑒̇(s)dsdθ

+ (h− τ(t))[𝑒(t)−𝑒(t− τ(t))]T

× 𝑌 [𝑒(t)−𝑒(t− τ(t))].

The infinitesimal operator L of V (𝑒t , t,r(t) = q) is de-
fined as follows:

LV (𝑒t , t,r(t) = q)

= lim
∆→0+

E[V (𝑒t+∆ , t +∆ ,r(t +∆))|𝑒t −V (𝑒t , t,r(t) = q)]
∆

,

(12)

then,

E[LV1(𝑒t , t,q)]

= E

[
2𝑒T(t)𝑃q𝑒̇(t)+

M

∑
l=1

µql𝑒
T(t)𝑃l𝑒(t)

]

= E

[
2𝑒T(t)𝑃q𝛤q𝜁(t)+

M

∑
l=1

µql𝑒
T(t)𝑃l𝑒(t)

]

= E
[

2𝜁T(t)𝜀1𝑃q𝛤q𝜁(t)+𝜁T(t)𝜀1

(
M

∑
l=1

µql𝑃l

)
𝜀T

1𝜁(t)
]
,

(13)

where

𝜁(t) = [𝑒T(t),𝑒T(t− τ(t)),𝑒T(t−h),𝐹 T(𝑒(t), t),
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𝛿T(t− τ(t))]T,

𝛤q = [𝐼N⊗𝐴q,−c(𝐿⊗𝐼n),0,(𝐼N−1N𝜉
T)

⊗𝐵q,c(𝐿⊗𝐼n)].

E[LV2(𝑒t , t,q)]

= E[𝑒T(t)𝑄𝑒(t)−𝑒T(t−h)𝑄𝑒(t−h)]

= E[𝜁T(t)𝜀1𝑄𝜀T
1𝜁(t)−𝜁T(t)𝜀3𝑄𝜀T

3𝜁(t)], (14)

E[LV3(𝑒t , t,q)]

= E
{

h𝑒̇T(t)𝑅𝑒̇(t)−
∫ t

t−h
𝑒̇T(s)𝑅𝑒̇(s)ds

− [𝑒(t)−𝑒(t− τ(t))]T𝑌 [𝑒(t)−𝑒(t− τ(t))]

+ 2(h− τ(t))[𝑒(t)−𝑒(t− τ(t))]T𝑌 𝑒̇(t)
}

= E
[

h𝜁T(t)𝛤 T
q 𝑅𝛤q𝜁(t)−

∫ t

t−h
𝑒̇T(s)𝑅𝑒̇(s)ds

− 𝜁T(t)(𝜀1−𝜀2)𝑌 (𝜀1−𝜀2)
T𝜁(t)

+ 2(h− τ(t))𝜁T(t)(𝜀1−𝜀2)𝑌 𝛤q𝜁(t)
]
. (15)

Moreover,

−
∫ t

t−h
𝑒̇T(s)𝑅𝑒̇(s)ds = −

∫ t−τ(t)

t−h
𝑒̇T(s)𝑅𝑒̇(s)ds

−
∫ t

t−τ(t)
𝑒̇T(s)𝑅𝑒̇(s)ds,

and ∫ t−τ(t)

t−h
𝑒̇(s)ds = (𝜀2−𝜀3)

T𝜁(t),∫ t

t−τ(t)
𝑒̇(s)ds = (𝜀1−𝜀2)

T𝜁(t),

by combining Lemma 2, we have

−
∫ t

t−h
𝑒̇T(s)𝑅𝑒̇(s)ds

≤ 𝜁T(t)[(h− τ(t))𝑈T𝑅−1𝑈 − (𝜀2−𝜀3)𝑈

−𝑈T(𝜀2−𝜀3)
T + τ(t)𝑉 T𝑅−1𝑉

− (𝜀1−𝜀2)𝑉 −𝑉 T(𝜀1−𝜀2)
T]𝜁(t), (16)

where 𝑈 and 𝑉 are matrices with appropriate dimensions.
From Eqs. (13)–(16), we have

E[LV (𝑒t , t,q)]

= E[LV1(𝑒t , t,q)]+E[LV2(𝑒t , t,q)]+E[LV3(𝑒t , t,q)]

≤ E
{
𝜁T(t)[2𝜀1𝑃q𝛤q +𝜀1

( M

∑
l=1

µql𝑃l

)
𝜀T

1 +𝜀1𝑄𝜀T
1

− 𝜀3𝑄𝜀T
3 +h𝛤 T

q 𝑅𝛤q−𝜀5𝜀
T
5 − (𝜀2−𝜀3)𝑈

−𝑈T(𝜀2−𝜀3)
T− (𝜀1−𝜀2)𝑉 −𝑉 T(𝜀1−𝜀2)

T

− (𝜀1−𝜀2)𝑌 (𝜀1−𝜀2)
T +2(h− τ(t))(𝜀1−𝜀2)𝑌 𝛤q]𝜁(t)

+ (h− τ(t))𝜁T(t)𝑈T𝑅−1𝑈𝜁(t)

+ τ(t)𝜁T(t)𝑉 T𝑅−1𝑉 𝜁(t)+𝛿T(mh)𝛿(mh)

− 𝐹 T(𝑒(t), t)𝐹 (𝑒(t), t)+ γ𝑒T(t)𝑒(t)
}
. (17)

Due to the fact that

𝛿T
i (mh)𝛿i(mh)< σi𝑍

T
i (mh)𝑍i(mh),

thus

𝛿T(mh)𝛿(mh) < 𝑒T(mh)(𝐿TΛ𝐿⊗𝐼n)𝑒(mh)

= 𝜁T(t)𝜀2(𝐿
TΛ𝐿⊗𝐼n)𝜀

T
2𝜁(t),

where 𝛬= diag{σ1,σ2, ...,σN}. Therefore, we have

E[LV (𝑒t , t,q)] ≤ E[𝜁T(t)(𝛯1q +𝛯2q +𝛯3q)𝜁(t)

+ (h− τ(t))𝜁T(t)(𝑈T𝑅−1𝑈 +𝛴q)𝜁(t)

+ τ(t)𝜁T(t)𝑉 T𝑅−1𝑉 𝜁(t)], (18)

where 𝛯1q, 𝛯2q, 𝛯3q, and 𝛴q are defined in Theorem 1.
By Lemma 3 in Eqs. (9) and (10), the following inequali-

ties hold:

𝛯1q +𝛯2q +𝛯3q +h(𝑈T𝑅−1𝑈 +𝛴q)< 0, (19)

𝛯1q +𝛯2q +𝛯3q +h𝑉 T𝑅−1𝑉 < 0. (20)

Clearly, 𝛯1q +𝛯2q +𝛯3q + (h− τ(t))𝛷1 + τ(t)𝛷2 is a
convex combination of 𝛷1 and 𝛷2 on τ(t) ∈ [0,h), where
𝛷1 = 𝑈T𝑅−1𝑈 +𝛴q, 𝛷2 = 𝑉 T𝑅−1𝑉 . Therefore, we
can conclude that E[LV (𝑒t , t,q)] < 0. It is noticed that
V3(𝑒t , t,r(t)) ≥ 0 and V3(𝑒t , t,r(t)) = 0 at t = mh. Therefore,
E‖𝜁(t)‖→ 0 as t→∞. Thus, the mean square synchronization
in a complex dynamic network (1) is achieved.

In practice, the transition rates for the Markov process
are partly known in most cases. Therefore, it is necessary to
study jump systems with partly known transition probabilities.
Then, the results of Theorem 1 are extended to the case of tran-
sition probabilities being partly known as the following corol-
lary.

For system (1) in this paper, the transition rate matrix with
partly unknown probabilities is given by

µ11 ? . . . µ1M

µ21 ? . . . ?
...

...
. . .

...
? ? . . . µMM

 ,

where ? denotes the unknown transition rate. We let Θ =

Θ
q
1 ∪Θ

q
2 , ∀q ∈Θ , where Θ

q
1 = {l : µql is known} and Θ

q
2 =

{l : µql is unknown}.
Corollary 1 Under Assumption 1, and suppose that the

network is strongly connected. For some given positive scalars
c and h, the complex dynamic network (1) can achieve mean
square synchronization under the event-triggered controller
(3), if there exist appropriate dimensional matrices 𝑃q >

0,𝑄> 0,𝑅> 0,𝑌 > 0, 𝑈 , 𝑉 and symmetric matrix 𝑍q, such
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that the following linear matrix inequalities hold for arbitrary
q = 1,2, ...,M:(

𝛯̃1q +𝛯2q +𝛯3q +h𝛴q h𝑈T

∗ −h𝑅

)
< 0, (21)(

𝛯̃1q +𝛯2q +𝛯3q h𝑉 T

∗ −h𝑅

)
< 0, (22)

𝑃l−𝑍q ≤ 0, ∀ l ∈Θ
q
2 , l 6= q,

𝑃l−𝑍q ≥ 0, ∀ l ∈Θ
q
2 , l = q,

where

𝛯̃1q = 𝜀1

[
∑

l∈Θ
q
1

µql(𝑃l−𝑍q)+ γ𝐼Nn

]
𝜀T

1

+ 𝜀1𝑄𝜀T
1 −𝜀3𝑄𝜀T

3 −𝜀4𝜀
T
4 −𝜀5𝜀

T
5 ,

𝛯2q = h𝛤 T
q 𝑅𝛤q +𝜀2(𝐿

TΛ𝐿⊗𝐼n)𝜀
T
2 ,

𝛯3q = 𝜀1𝑃q𝛤q +𝛤 T
q 𝑃q𝜀

T
1 − (𝜀2−𝜀3)𝑈

−𝑈T(𝜀2−𝜀3)
T− (𝜀1−𝜀2)𝑉 −𝑉 T(𝜀1−𝜀2)

T

− (𝜀1−𝜀2)𝑌 (𝜀1−𝜀2)
T,

𝛴q = (𝜀1−𝜀2)𝑌 𝛤q +𝛤 T
q 𝑌 (𝜀1−𝜀2)

T,

𝛤q = [𝐼N⊗𝐴q,−c(𝐿⊗𝐼n),0,(𝐼N−1N𝜉
T)⊗𝐵q,c(𝐿

⊗ 𝐼n)].

Proof We choose the same Lyapunov–Krasovskii func-
tion as that of Theorem 1, and also have the following equa-
tion:

E[LV1(𝑒t , t,q)]

= E
[

2𝜁T(t)𝜀1𝑃q𝛤q𝜁(t)+𝜁T(t)𝜀1

(
M

∑
l=1

µql𝑃l

)
𝜀T

1𝜁(t)
]
.

Due to
M
∑

l=1
µql = 0, we have

𝜁T(t)𝜀1

(
M

∑
l=1

µql𝑍q

)
𝜀T

1𝜁(t) = 0.

Thus,

𝜁T(t)𝜀1

(
M

∑
l=1

µql𝑃l

)
𝜀T

1𝜁(t)

= 𝜁T(t)𝜀1

[
∑

l∈Θ
q
1

µql(𝑃l−𝑍q)

+ ∑
l∈Θ

q
2

µql(𝑃l−𝑍q)

]
𝜀T

1𝜁(t). (23)

Moreover,

∑
l∈Θ

q
2

µql(𝑃l−𝑍q)≤ 0, ∀ l ∈Θ
q
2 , l 6= q,

∑
l∈Θ

q
2

µql(𝑃l−𝑍q)≤ 0, ∀ l ∈Θ
q
2 , l = q,

then, the following equation holds:

𝜁T(t)𝜀1

[
∑

l∈Θ
q
2

µql(𝑃l−𝑍q)

]
𝜀T

1𝜁(t)≤ 0.

According to the above analysis, we obtain

E[LV1(𝑒t , t,q)]

= E
[

2𝜁T(t)𝜀1𝑃q𝛤q𝜁(t)+𝜁T(t)𝜀1 ∑
l∈Θ

q
1

µql(𝑃l−𝑍q)𝜀
T
1𝜁(t)

+ 𝜁T(t)𝜀1 ∑
l∈Θ

q
2

µql(𝑃l−𝑍q)𝜀
T
1𝜁(t)

]

≤ E
[

2𝜁T(t)𝜀1𝑃q𝛤q𝜁(t)+𝜁T(t)𝜀1 ∑
l∈Θ

q
1

µql(𝑃l−𝑍q)𝜀
T
1𝜁(t)

]
.

(24)

Since E[LV2(𝑒t , t,q)] and E[LV3(𝑒t , t,q)] are the same
as that of Theorem 1, we omit them; this completes the proof
of Corollary 1.

4. Numerical example
In this section, one numerical example is provided to il-

lustrate the effectiveness of the theoretical results.
Consider that a network of four nodes can be described

by the system (1) and its communication topology G is
shown as Fig. 1, which is strongly connected. All the
weights are assumed to be one without loss of generality.
Let 𝑓(𝑥i(t), t) = [0.10𝑥i1(t), 0.05sin(𝑥i2(t))]T ∈R2, where
𝑥i(t) = (𝑥i1(t), 𝑥i2(t))T ∈R2, i = 1,2,3,4.

1

2

3

4

1
1

1

1

Fig. 1. Communication topology G .

Let Θ = {1,2,3}, then choose the parameters of the sys-
tem (1) as follows:

𝐴1 =

(
1 0
−0.5 1

)
, 𝐴2 =

(
1 −1
0 1

)
,

𝐴3 =

(
−1 1
0.5 0.5

)
, 𝐵1 =

(
1 0.5

0.5 −1

)
,

𝐵2 =

(
0.5 −1
0 −0.5

)
, 𝐵3 =

(
0.5 0
1 1

)
.

The Laplacian matrix 𝐿 is given by

𝐿=


1 0 0 −1
−1 1 0 0
0 −1 1 0
0 0 −1 1

 .
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The event-triggered controller is designed under the
event-triggered transmission strategy. Set the sampling pe-
riod h = 0.01 s and the event-triggered parameters σ1 =

0.025, σ2 = 0.015, σ3 = 0.02, and σ4 = 0.016. Let the control
gain c = 2 and the Lipschitz constant γ = 0.1, respectively.

The partly transition rate matrix is given by−0.6 ? ?
? ? 0.3

0.4 0.1 −0.5

 .

0 1 2 3 4
0

50

100

150

200

250

0 1 2 3 4
0

20

40

60

80

100

120

140
t/s

t/s

x
i
↼t
↽

(a)

x
i
↼t
↽

(b)

Fig. 2. Graphical representations of 𝑥i1 (a) and 𝑥i2 (b) (i = 1,2,3,4).

By utilizing the LMI toolbox, the feasible solutions are
obtained. The initial states of the system are given as 𝑥i(0) =
[0.1i,5i]T. The state trajectories of the system in Figs. 2(a) and

2(b) depict the states of 𝑥i1 and 𝑥i2 (i= 1,2,3,4), respectively.
Moreover, the synchronization errors 𝑒i(t)=𝑥i(t)−𝑥0(t) (i=
1,2,3,4) are shown in Fig. 3, where 𝑥0(t) = ∑

4
i=1 ξi𝑥i(t), and

ξi = 1/4 according to the Laplacian matrix 𝐿. The simulation
results show that all the nodes in the complex dynamic net-
work (1) achieve synchronization, which illustrate the effec-
tiveness of the proposed theoretical results. Furthermore, the
event-triggered instants and release intervals of each node are
given in Fig. 4, which shows that the number of the sampled-
date transmission is reduced under the event-triggered trans-
mission strategy.

0 1 2 3 4 5 6 7 8 9
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2

0 1 2 3 4 5 6 7 8 9
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2

4

6

8
t/s

t/s

e
i
↼t
↽

(a)

e
i
↼t
↽

(b)

Fig. 3. Graphical representations of 𝑒i1 (a) and 𝑒i2 (b) (i = 1,2,3,4).
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Fig. 4. Event-triggered instants and intervals of the i-th node (a) i = 1; (b) i = 2; (c) i = 3; (d) i = 4.
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In addition, the Markovian switching signal r(t) is shown
in Fig. 5, which depicts the switching between three subsys-
tems.

0 0.05 0.10 0.15 0.20
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3.5

t/s
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o
v
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n
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ch

in
g
 s

ig
n
a
l

Fig. 5. Markovian switching signal r(t).

5. Conclusions
In this paper, the synchronization problem of Markovian

jumping complex networks with event-triggered control has
been investigated. The network topology is supposed to be
strongly connected, and nonlinear dynamics with Markovian
jumping parameters is considered for each node in the net-
work. Moreover, we extend the results to the system with
partly known transition probabilities, and the proposed re-
sults are demonstrated by the form of linear matrix inequalities
(LMIs). A numerical example is given to illustrate the effec-
tiveness of the presented theoretical results. We will further
study systems with noise disturbances in the future.
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