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On the basis of Helfrich’s bending energy model, we show that the adsorption process of a small spherical particle
to a closed vesicle can be analytically studied by retaining the leading terms in an expansion of the shape equation. Our
general derivation predicts the optimal binding sites on a vesicle, where the local membrane shape of the binding site
could be non-axisymmetric before the continuous adhesion transition takes place. Our derivation avoids directly solving
the shape equation and depends on an integration of the contact-line condition. The results are verified by several examples

of independent numerical solutions.
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1. Introduction

The theoretical treatment of a membrane, either in an
open conformation or in a closed vesicle conformation, is
largely based on the bending-energy model that was originally
proposed by Helfrich.!!! Insightful structures can be theoret-
ically determined from this model, which are then used to
describe experimental observations in membrane systems. >3]
For example, free-vesicle shapes can be predicted from the
model. In particular, those having an axisymmetry have been

classified as a function of the vesicle’s reduced volume
v =67V /A2, (1)

where V is the internal volume and A is the surface area of a
vesicle.[245] Three representative conformations (i.e., stoma-

tocyte, oblate, and prolate) are illustrated in Fig. 1.
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Fig. 1. (color online) Three representative conformations of a vesicle: a
v = 0.4 stomatocyte (a), a v = 0.6 oblate (b), and a v = 0.8 prolate (c).
According to the current work, the internal and the external adhesion
sites are indicated by (red) circles and (green) squares, respectively, for
a small spherical particle adhering to a stomatocyte (a), an oblate (b),
and a prolate (c). The filled diamonds specify the equatorial line on a
prolate that is further discussed in Section 3.5.
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As an approximation, synthetic nano-particles and viruses
that interact with a membrane surface are commonly modeled
by a hard spherical particle.!*8! In this paper, we examine the
structure of a particle-membrane complex caused by particle—
membrane adhesion. This adhesion is usually characterized
by an attraction energy per unit area, w, acting between the
particle and membrane surface on contact.l”] One important
theoretical identity is the contact-line condition that connects
the local membrane and substrate curvatures at the contact line

to the adhesion strength w,[1%]

in a general form regardless of
the original membrane shape and adhering particle geometry.
This identity will be employed in Section 3.2 of the current
work. The model system of a spherical particle adsorbing to
a flat, deformable, and infinitely large membrane sheet was
previously considered in order to illustrate many interesting
concepts, such as the continuous adhesion transition and en-
gulfing of the sphere by the membrane as w raises.[!1-14]

The physical properties of the adhesion of a spherical par-
ticle to a vesicle has been explored by using computer simu-
lations of a coarse-grained model,!'>! and variational and nu-
merical calculations of the bending energy model.[120] As it
turns out, for an oblate vesicle, as w and the size of the adher-
ing sphere change, an exact numerical solution to the bending
energy model yields a rather rich phase diagram where multi-
ple phases exist.!!”! Adhesion of a small sphere to the internal
surface would result in budding as w increases [Fig. 2(a)], or
adhesion to the external surface would result in engulfing as w

increases [Fig. 2(b)]. Within the length scale of an adhering
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sphere, the membrane appears large, thus locally these pro-
cesses do not differ much from the simple picture of a sphere
adhering to a flat membrane,[!'~1%! where the transition prop-
erties are controlled by a surface tension ¢. Here, we focus on
a system where the vesicle has a size which is much greater
than the adhering sphere’s radius. The adhesion site depends
on the curvature of the vesicle where the small sphere ap-
proaches, which in turn influences the onset of the adhesion
transition. As will be shown below, for such a problem, o is

exterior .

no longer important.
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Fig. 2. (color online) (a) Conformations in a budding transition: adhe-
sion of a sphere to the membrane from the interior of a vesicle, sphere
partially wrapped by the membrane, and a budding state where the
sphere is entirely wrapped by the membrane; (b) conformations in an
engulfing transition: adhesion of a sphere to the membrane from the
exterior of a vesicle, sphere partially wrapped by the membrane, and
engulfing of the sphere by the membrane.

engulfing

(a) (b)

This paper is organized as follows. In Section 2, we
adopt a general form of the bending energy model and will
briefly review the resulting shape equation that governs cur-
vature properties of the membrane.?*-2 In Section 3.1, with
the consideration of a small adhering sphere, we argue that
near the contact line the membrane displays a catenoid shape;
regardless of the global, possibly non-axisymmetric vesicle
shape, locally a symmetry axis can be chosen for the wrap-
ping membrane on the small sphere. Some detailed mathe-
matical derivations that back up the argument can be found
in Appendices. In Appendix A, we set up a general coor-
dinate system for the problem. In Appendix B, we expand
the shape equation in terms of a small parameter, which does
not depend on an axisymmetry coordinate setup that was used

11-14,16,17,27,28

previously.! 1 The result is an analytic expression

for the membrane curvature at the contact line, which is pre-
sented in Section 3.1. In Appendix C, we show that the con-
tact line on a small sphere is a circle. In Section 3.3, using the
general contact-line condition, we analytically determine the
bending energy of the non-adhering vesicle portion of a par-
tially wrapped sphere-vesicle complex, the energy depends on
the curvature of the initial adhesion site. According to these re-
sults, in Sections 3.4 and 3.5, we locate the adsorption sites for
the adhesion—budding transition and adhesion—engulfing tran-
sition on a vesicle; some examples are specified in Fig. 1 by
circles and squares. The numerical solution to the original free
vesicle problem is then used to determine the adhesion phase
transition and deep wrapping (budding and engulfing) bound-
aries in two examples. Our general analytic results, which are
based on the approximation of a small particle radius, are vali-
dated in Sections 3.3 and 3.6 by comparing them with indepen-
dent numerical solutions to the same problem without taking

the approximation. ']

2. Model

The total energy of the particle-membrane complex is
composed of the membrane’s bending energy, E, surface ten-
sion, and work of the osmotic pressure, Eg, as well as the
particle-membrane interaction energy, E,. The bending en-
ergy of the membrane is generally described by the curvature
model =3

Ei :/%(K—Co)sz—i-Kg/GdA, )

where K/2 = (C; 4+ C;)/2 is the mean curvature, G = C,C;
is the Gaussian curvature, and C; and C, are the two prin-
ciple curvatures of the membrane surface element dA. We
consider the general case of a nonvanishing spontaneous cur-
vature, Cp; for a symmetric bilayer lipid composition we set
Cp = 0 later.'?! The two bending moduli, k3, and kg, together
with Cp, are system dependent.

We consider the particle—vesicle adhesion interaction that
does not yield any vesicle topological change. According to
the Gauss—Bonnet theorem the last term in Eq. (2) is a con-
stant. Instead of dropping that term, we explicitly keep it for
consistency in the derivation given below. Normally, one as-
sumes that the total surface area and the internal volume of
the vesicle are fixed for a particular system. A mathemati-
cally equivalent treatment is given by the introduction of two
Lagrangian multipliers, o and p, to deal with the constraints.
This amounts to an additional energy

ES:G/dA+p/dV, 3)

which has the physical meaning of surface-stretching energy
and osmotic-pressure based work.
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The adhesion energy is assumed to be proportional to the
contact area Ac (i.e., the area of the spherical particle that is
covered by the adhering membrane)

Ey = —wAc, “4)

where w is the attraction energy gain per unit area be-
tween the membrane and the particle’s surface. A sim-
ilar expression has been used in recent studies of related
systems, [310:16,17.21.22.30-361 Thijs energy becomes effective
when the surfaces of the particle and membrane are in con-
tact. Alternatively, one could use a potential-well based at-
traction scheme, such as those normally used in computer
simulations, 212237381 where the attraction energy is a func-
tion of the distance between the surfaces. In the current
approach, we use the more convenient contact attraction in
Eq. (4) with the understanding that the two approaches are
physically the same for a short-ranged potential well.

One can then take the sum of the above three energies and
treat the problem by a variation method to minimize the total
energy in order to determine the optimal vesicle shape. The
shape of the free portion of the membrane is then described by

the differential equation!?3-2%)

1
VK4 LK Co) (K2 4G - Co) = oK +p, ()

where V? is the Laplacian operator.

3. Results and discussion

3.1. Membrane’s curvature at the contact line of a small
adsorbing sphere

In this subsection, we consider the contact line shape
for adhesion to a small spherical particle having a radius R,,.
When we say a “small” particle, we refer to the condition

KR, < 1, (6)

where K /2 is the mean curvature on any point of the nonad-
hered portion of the vesicle.

Fig. 3. (color online) An arbitrary contact line on the surface of a sphere
where part of the sphere is partially wrapped by the (blue) membrane.

The contact line forms a loop (of an arbitrary shape for
now) on the surface of the (red) sphere, as shown in Fig. 3. At
any point X on the contact line: a unit vector tangent to the
contact line specifies the parallel (]|) direction, éH; a unit vec-
tor normal to the plane locally tangent to both membrane and
adsorbing hard surfaces at X specifies the surface normal, 72;
and finally, a unit vector normal to both é” and 71 specifies € | .

According to differential geometry two curvatures, K|
and K|, can be defined along €, and €. The mean curvature
K /2 can then be expressed through

K:KJ_"‘KH. 7)

As already discussed in Refs. [10] and [39], crossing the con-
tact line by following the é, direction, K, is discontinuous
from the unadsorbed membrane portion to the adsorbed por-
tion. On the other hand, crossing X following the contact
curve, K”, is continuous.

The surface normal of the adsorbing sphere at X is the
same as the radial direction #, directing from the center of the
sphere to X. Because 72 at X is a joint surface normal for
both the membrane and substrate surfaces

N =—7. ®)

Therefore, 7o and €| defines a great circle on the spherical sur-
face, from which we have

K| =1/R,. )

This is actually true for any R, size.
Now consider the unadsorbed side of the membrane
emerging from X. Taking Egs. (7) and (9), we have

RyK| = —RyK|+R,K =—1+RyK. 10)

In the current small sphere system, from Eq. (6), we can drop
the R,K term, hence K| ~ —K| = —1/R,,. This implies that
the membrane shape at the contact line is a catenoid surface.
A few interesting features immediately emerge.

First, K| = 1/R,, is a constant along the entire contact
line. This property, together with an asymptotic solution of
Eq. (5) in the small-R), limit, guarantees that the contact line
is a circle on the particle’s surface [see Appendices A, B, and
C]. Although the parametrization so far is for a general, non-
axisymmetric case, this means that a new, local z axis can be
established, about which the membrane near the contact line is
axisymmetric. At a larger scale, the entire vesicle shape need
not be axisymmetric.

Next, following such a local axisymmetric setup, the lo-
cation of the contact circle on the sphere is uniquely defined by
the parameter 8, from which & = 7 — 0 can now be interpreted
as the wrapping angle on a spherical adsorbing substrate. In
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Appendix B, solving Eq. (5) we show that the membrane cur-
vature K at the contact line follows:

K—Co=Acosa+O(R,K?), (11)

where A is a constant that does not depend on the wrapping an-
gle. The terms that were neglected have the order of magnitude
O(RpKz). The constant A can be determined by considering
the special case, & = 0, which gives A = Ky — Cp, where K is
the curvature when the membrane just touches the adsorbing
sphere at a vanishing wrapping angle. In this work, we focus
on the case that the adhesion transition is continuous, which
implies that K changes continuously before and after the ad-
hesion transition taking place at & = 0. Hence, we can write

K—Cy=(Ky—Cp)cosa, (12)

where K can be understood as the curvature of the membrane
before the particle is adhered. This curvature, of course, de-
pends on the location on the vesicle that the particle adheres
to.

3.2. Contact-line condition

The contact-line condition
— Kb
T2
relates the adsorption energy w to K| of the membrane on the

w (K, —K,)? (13)

two sides of the contact line, K| on the unadsorbed side and
K| on the adsorbed side. The relationship was derived by
Seifert and Lipowsky!!?! as well as Deserno.**! For an ad-
sorbing sphere, K| = 1/R;. Using K| =K — K| =K —1/R,

we have
2
Ky 2
= — —— . 14
v 2( Rp> (1

So far, this condition is for any size of adsorbing sphere. Tak-
ing the small sphere result, equation (12), we then have
i Y P b ’ 15
- — _ — — — o
I 2{ 0 — (ap — bo) cos } : (15)

where ap = KoR,,/2 and by = CoR,, /2.

3.3. Bending energy of the vesicle—particle complex

Now, we consider a variation process where the con-
tact area Ac between the membrane and particle varies, and
the bending energy 6 E;, changes due to the vesicle distortion
caused by adhesion. The total energy must remain minimum

SE = 8Ey —wSAc =0, (16)

which is an condition that was considered previously.!1%-¥]

This expression can be used as the basis for arriving at a gen-
eral procedure of calculating the bending energy Ey(Ac). By
integrating this expression, we have

En(Ac) — En (0) :/

0

A
WA, (17)

where Ey(0) is the original vesicle energy before the adsorp-
tion takes place.

The integrand in the above, w, is already given in Eq. (15)
as a function of . Considering the relationship between A and
o

A(a) =27R2(1 —cosat), (18)
we can carry out the integral and obtain

2 Ac
2
47er

AEf
8Ky

+

AE
® — (1—by)

2 12
S~ +0lag. b, (19)

where AE, = Ey(Ac) — Ep(0) is the difference between the
bending energy of the particle-membrane complex and the
vesicle energy before the adsorption. The first term on the
right-hand side of Eq. (19) is the membrane’s bending energy
associated with the contact area Ac and the second term is the
energy of the unattached potion of the vesicle, AEg, where

AEf _ Re(Ko—Cp) Ac (2_ Ac ) 0)
87Tk, 4 27R} 27R |

Valid for small-particle adsorption, the bending energy
difference, equation (19), was obtained without the explicit
consideration of calculating the membrane shape curve, which
has been done previously.>:10-16:17:30-36] Note that a, through
Ko, is adhesion-site specific. This general expression is suit-
able for any adhesion site on the vesicle, where the site could
be a locally non-axisymmetric point. Another interesting point
is that the Lagrangian multipliers ¢ and p that were introduced
in the earlier stage of the theory have now disappeared in the
final result. This surprising conclusion can be traced back to
solving Eq. (5): by taking a small R, limit, the terms associ-
ated with o and p disappear in an order-of-magnitude estima-
tion, as presented in Appendix B. The net effects of ¢ and p
on the original problem of the considered vesicle (before par-
ticle adhesion) still remain and they determine the stable free
vesicle shape. >

Equation (20) is a remarkable analytic result, which states
that the bending energy of the unattached portion is a quadratic
function of the reduced contact area Ac/ ZER%, having a max-
imum magnitude

AE{  Ry(Ko—Co)

= _ 21
8Ky, 4 @D

at half wrapping when AG™ = 271:R[2) (or @™ = /2). The
sign of this energy is completely determined by the sign of
Ko —Cy.

To validate this result, we consider two examples, both
having Cy = 0. As previously known, the free vesicle shape
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is completely controlled by a dimensional characteristic num-
ber of the vesicle, the reduced volume in Eq. (1). We consid-
ered two special cases, v = 0.6 and v = 0.95, corresponding
to an oblate vesicle and a prolate vesicle, respectively. We
have solved the adsorption problem following the numerical

7] without any of

procedure described in our previous paper,
the analytic consideration explained above. The adsorption
sites for both cases were selected at the axisymmetric axis of
the vesicle (the “north pole”), where Ko f/m/ 2 =0.947
and K W /2 = —1.461, respectively, for the two cases,
v =10.6 and v = 0.95. For each case, three values of the di-

mension ratio
y=(3V/4n)'3/R, (22)

are considered in the numerical solution.

The parameter y measures the relative size of the vesicle
in comparison with the radius of the adsorbing spheres. We
expect that asymptotically large y data converge to our theo-
retical prediction. In Fig. 4, we plot the numerical data by
triangles (y = 21.5), squares (y = 36.8), and circles (y = 46.4).
The two examples, v = 0.6 and v = 0.95, are shown by filled
and open symbols in the figure. As the particle’s radius is re-
duced (or y increases), we can see that the numerical results
converge to the theoretical curves for small R, equation (20),
plotted as the solid curve for v = 0.95 and dashed curve for
v=0.6.

yAEﬁ/&mb

n n 1 n n
0 0.5 1.0 1.5 2.0

A(;/QWR%

Fig. 4. (color online) Comparison between the numerical results (sym-
bols) and the theoretical prediction (lines) of the bending energy change
for the unattached membrane portion, AElﬁ /87Ky, as a function of the
reduced wrapping area, Ac /ZERS. Two example vesicles are consid-
ered: v = 0.6 (filled symbols) and v = 0.95 (open symbols). The nu-
merical results were obtained by solving the shape equation exactly;17]
the theoretical prediction, equation (19), is made by an expansion on the
small particle radius. Triangles, squares, and circles correspond to vesi-
cle to particle dimension ratio, y = 21.5,36.8, and 46.4, respectively.
The dotted horizontal lines represent a typical thermal energy of order
ks T, whereas the bending modulus &, is taken here to be ~ 10kg T (the
value of POPC reported in Ref. [40]); for different y the same color is
used here.

We have demonstrated here that our exact solution can be
validated by the numerical solution, which are both obtained
on the assumption that the thermal fluctuations can be ignored.
An interesting question is: how useful is the plot in this figure

in comparison with a real system where the thermal fluctua-
tions exist? A typical thermal energy kg7 can be compared
with k, by &, ~ 10kgT. In Fig. 4, we illustrate the typical
thermal energy by dotted lines. In most of the parameter re-
gion, our theoretical expression should be unaffected by ther-
mal fluctuations.

3.4. Internal adhesion and budding transition

We first discuss the predicted physics of internal adhe-
sion, which eventually results in the budding of a small parti-
cle to the interior wall of a vesicle, using the derivation in the
above sections. For simplicity, we only consider membranes
without spontaneous curvature, Cy = 0. Before adhesion, the
vesicle is in a free vesicle state, which is a problem that was

previously studied by Seifert ez al.'5]

according to the bending
energy model, Eq. (2). The stable structure depends on a single
geometric parameter. In the reduced volume v in Eq. (1), the
stomatocyte is stable within the range v = (0,0.5915], oblate
v = [0.5915,0.6516], and prolate v = [0.6516,1]. Figure 1,
without the additional marked symbols, illustrates the shape
of these structures at v = 0.4,0.6, and 0.8.

Note that Ky is defined from the adhering particle side.
For the current case, it differs by a sign from the case where
the particle adheres from the exterior of the vesicle. At the
beginning of the adhesion transition, the contact area Ac is
asymptotically small. To minimize the energy in Eq. (20), the
particle seeks an interior site where Kj is concave and has the
maximal curvature K. A few examples of the curvature of the
unperturbed vesicle, Ky, are illustrated in Appendix D, where
Kj is indicated by a red dot. This identifies the preferred in-
ternal adhesion sites, labeled by (red) circles in Fig. 1. In both
stomatocyte (v = 0.4) and oblate (v = 0.6), the adhesion sites
form a circle about the overall-shape symmetric axis. The lo-
cal sites are not axisymmetric before adhesion takes place. In
a cross section view of a stomatocyte, the most concave points
appear at a place with C; is maximum, which is different from
the actual place where Ky = C1 4+ C; is the maximum.

The continuous internal adhesion transition can then be
determined by letting the wrapping angle ov — 0 in Eq. (2).
By re-arranging the quantities, we obtain the transition adhe-
sion energy, wyq, in

[(waaR?/2K5) /2 — 1]y = Ko(3V /4m)'/3 /2. 23)

The quantities in this expression have been arranged so that
the right hand side does not contain the particle size R,. The
dimensionless KoV'!/3 can be calculated from a numerical so-
lution to the free vesicle problem!>!7! and is plotted in Fig. 5
by the dotted curve. Below w,g the system is in a desorbed
state, while above w,q the system is in a partially wrapped
state. At the onset of the transition when w = w,q, the vesicle
shape changes continuously from those plotted in the figure to
enable a non-trivial wrapping angle.
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As w increases beyond w,q, more of the area of the sphere
is covered by the wrapping membrane, until the wrapping area
reaches the full wrapping value, Ac = 4717R§, at which o = 7.
In this particular case, the small sphere is completely wrapped,
forming a bud at the adhesion site. The same Eq. (15) can be
used to determine the onset of the budding transition by setting
oO="

[(Wbude,/sz)l/z— lly=—-Ko(3V/4m)' 3 /2. (24)

Note that the right hand side of this equation has a sign differ-
ence from Eq. (23). The conformation of a budding particle—
membrane complex can be recovered from the analytic analy-
sis. Because of the small volume V},, the nonadhered portion
of the vesicle has a volume V' =V —V, ~ V and a surface
area A’ = A—Ap ~ A. Given the fact that the shape curve
now closes with a wrapping angle o = 7, the nonadhered vesi-
cle portion has an identical shape as the original, free vesicle.
Some example configurations are illustrated in Fig. 5 near the
budding boundary, wy,g, which is represented by the dashed

curve.
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Fig. 5. (color online) The adhesion—budding phase boundaries analyt-
ically determined in the current work. The dotted line divides the des-
orbed state and adhesion state, according to Eq. (23). The dashed line
divides the adhesion state and the budding state, according to Eq. (24).

3.5. External adhesion to vesicle and engulfing transition

In this section, we discuss the consequences of applying
Eq. (19) to the case of external adhesion of a small adhering
spherical particle to the outside layer of a vesicle. For simplic-
ity, we again focus on the case of no spontaneous curvature,
Co =0 [or by =0 in Eq. (19)].

The optimal adhesion site on the vesicle can then be pre-
dicted based on Eq. (19) for both a stomatocyte or oblate. Be-
cause Ky, hence ag in Eq. (19) is site-dependent, and we can
search for the most concave (K > 0) site where K is a max-
imum. The (green) squares in Fig. 1 specify these sites for
these two typical cases.

Here, we assume that the adhesion transition is continu-
ous such that at the transition « starts from 0. Using & = 0 in
Eq. (15) we can then predict that the adhesion transition takes

place as w increases to w,q, wWhere wyq is given in Eq. (23).
The dotted curve in Fig. 6 illustrates this phase boundary.
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_al | 1 | L | | a
0.4 0.5 0.6 e

Fig. 6. (color online) The adhering—engulfing phase boundaries analyt-
ically determined in this work. The dotted line separates the desorbed
and adhesion states, while the dashed line separates the adhesion and
engulfing states. The phase behavior in the prolate region is unknown
from the current work.

As w goes beyond w,q, the sphere starts to become par-
tially wrapped by the membrane. The fully wrapped, i.e., en-
gulfing state, is reached when Ac becomes 47RZ, or o = 7 for
a small spherical particle. The onset of engulfing, weng, can be
determined from the same equation as in Eq. (24)

[(WengR2/26)"/2 — 1]y = —Ko(3V /4m)' 3 /2. (25)

The long-dashed curve in Fig. 6 indicates the engulfing bound-
ary. For a small sphere, V,, < V and A, < A, the much larger
portion of the newly closed vesicle forms a conformation that
is identical to the original free vesicle shape, as illustrated by
the conformation in the same figure near the engulfing bound-
ary.

We assumed that the initial adhesion transition is continu-
ous, which has been demonstrated in a number of related sys-
tems where the numerical and analytical solutions to the bend-
ing energy model were obtained.!1%-16:17:30-36] T all of these
cases, including those discussed in the last section and the two
examples (stomatocyte and oblate) cited above, the adhesion
sites on the original vesicle are either concave or flat, as ap-
proached from the adhesion side.

The analysis, however, becomes problematic when gen-
eralized to the case of small particle adhesion to a prolate
(Fig. 1). Although some regions of the prolate shape curve
look concave in the cross section view, figure 1, the entire
three-dimensional vesicle shape is actually convex (Ky < 0).
According to Eq. (19), we would conclude that the adhesion
transition takes place at a site where —Kj is minimal, or |Kp| is
the smallest. The “equator” line on the prolate, as illustrated in
Fig. 1 by two diamonds, is the location qualifying the require-
ment. Taking it further, we would also predict that engulfing
takes places at a value specified by Eq. (25). Because Ky < 0,
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according to Eqgs. (23) and (25), Weng < Waq, in a reversed or-
der in comparison with the examples discussed above. Hence,
as w increases, the system would first undergo a discontinuous
engulfing transition and then the wrapping angle would de-
crease as w increases. This rather unphysical consequence is
not self-consistent with the basic assumption used in our theo-
retical analysis, which states that a continuous adhesion tran-
sition is followed by engulfing at a larger w. Hence, we can-
not directly use the current theory for the prolate desorption—

adhesion—engulfing transitions.

3.6. Comparison with the numerical solution

The main theoretical results in this work, equations (15)
and (19), were analytically derived based on: (i) a small-R;, ex-
pansion of the shape equation [Eq. (11)], (ii) the contact line
condition [Eq. (13)], and (iii) the assumption that the adhesion
transition is continuous. For the problem of particle adhesion
to a vesicle with an axisymmetry, we can solve the original
problem numerically without these assumptions, independent
of any derivation in this paper, starting from the same bend-
ing energy model.l!'”l A comparison between the current an-
alytical results and the independent numerical results would
validate both approaches, particularly (i)—(iii) given above.

Using the computational method documented in our pre-
vious publication, we can draw the phase boundary completely
on the basis of numerically comparing the magnitude of the
calculated total energy of the system at different w for vari-
ous R,. One example is for an oblate, v = 0.6, for which the
continuous adhesion boundary and engulfing boundary were
previously determined!!”! and is redrawn in Fig. 7 by squares
and circles, respectively. Also shown are the adhesion (dotted)
and engulfing (dashed) lines determined from the current an-
alytic approach. There is an excellent agreement between the
results from the two, approaching the large V /V;, limit.

0.7 - . —————y
0.6 >.~—.--._‘_'-'-'7 engulfing
g O -0-90-¢
I 051 .
3 .
3 g om-EE a -u ?d‘. b
0.4Lm adsorption |
0.3 P
1000 10000

V/V,

Fig. 7. (color online) Comparison between the theoretical adsorption
and engulfing boundaries Eq. (15) (bg =0, 8 = 0) and the numerical re-
sults for the adsorption of a particle and a v = 0.6 oblate vesicle. The nu-
merical results, represented here by circles and squares, were obtained
in the same way as in our previous paper.[!”!

4. Summary

Starting from a general coordinate setup, we demon-
strated that for an adhering small spherical particle the con-
tact line that defines the wrapping edge of a membrane is a
perfect circle on the sphere. This defines a local symmetric
axis, although at a larger scale the vesicle could be in a non-
axisymmetric shape. We showed how the total energy of the
system consisting of a vesicle and an adhering small spheri-
cal particle can be obtained analytically from the properties of
the mean curvature near the contact line. The result connects
the energy with the originally unperturbed vesicle curvature,
which can be calculated separately. For a vesicle made of lipid
bilayer with no spontaneous curvature, we showed that the en-
ergetically preferred adhesion sites are those most concave po-
sitions on the original vesicle. We also generally determined
the adhesion, engulfing, and budding boundaries for a vesicle,
except for the adhesion-engulfing transition of a small particle
to a prolate.

Our entire analysis was built on the basis of taking the
leading order in the expansion of the shape equation on a small
parameter R, Ko, where R}, is the radius of the spherical particle
and Ky is a typical membrane curvature. The analytic results
were verified by a number of examples, where the numerical
solution independent of the current approach is available.

The conformations of some states studied in this paper
are similar to those found in biological processes, such as en-
docytosis and exicytosis. Given that biological systems are
much more complicated, the successful application of the cur-
rent work in these processes remains to be seen.

Appendix A: Coordinate system

To discuss a number of membrane properties in the fol-
lowing Appendices, we need to specify a general orthonormal
coordinate system for describing the shape of the membrane.
To start, we assume that a Cartesian coordinate system estab-
lishes the x and z axes in space.

We consider the plane that contains the z axis and a point
on the membrane, X . Such a plane makes an angle ¢ from the
xz plane and contains an intersecting curve by cutting through
the membrane surface [see Fig. A1]. Along the intersecting
curve the point X is a contour distance u away from a pre-
viously defined origin. These two measures, u and ¢ com-
pletely determine the location of a point X on the membrane:
X = X(u,9). At X, we can define a tangent plane of the
membrane, which makes an angle 6 from the plane normal to
the z axis at point X. A tangent vector 4 can then also be de-
fined as a function of u and 8. The direction of increasing ¢ is
defined as é&;.

Two normal curvatures can be defined according to this
setup. As the perpendicular and parallel components, K| can
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be defined as the curvature along 4, and K” can be defined
as the curvature along é5. The mean curvature K/2 can be

expressed through
K:KL‘FKH- (A1)

At this stage, the general coordinate setup does not depend on
any possible underlying symmetry of the system.

Fig. Al1. (color online) The definition of the coordinate system that
describes an arbitrary point X = X (u,¢) on the unbinded membrane
surface. Two parameters, # and ¢, are described in Appendix A. The
general setup does not imply an axisymmetry about the z-axis.

Appendix B: Expansion of the shape equation

The general coordinate system, shown in Fig. Al, is es-
tablished on the basis of orthonormal frame {e4,e,,n}, where
n is the normal vector of the membrane surface at X. The
Laplacian operator

6, |
V2 =2+ 200, 4+ 507
X

> (B1)

can then be written. Instead of using u, it is convenient to di-
rectly use 6, so that 9, = K| dy where K| = n.- d,e,,.[>20

In this appendix, we take an expansion of the shape equa-
tion in terms of a parameter so that the leading term can be
analyzed asymptotically. Assuming that K/K is a small pa-

rameter, we have

0=k + 80 K 28 K 42K+ L o2k
e sin @ K ) x2K? ¢
K K/2
_,'_7{(&9 ) —2[(/}
K, K
K? CoK’ K
G B QO okt (B2)
K} K K?

where K’ = K — Cy. The justification of assuming a small
K/K, will be discussed near the end of the next appendix.

According to the contact line condition in Eq. (14), for
a given w, K is a constant along the contact line; hence,
aq%K "= 0. Now, we examine the portion of the free membrane
that is asymptotically close to the contact line. Keeping the
leading-order terms in Eq. (B2), we have

cos O

93K+ ———9gK' +2K' =0. (B3)
sin @

The general solution of this equation is

1 1
cosel —i—cos@_}) (B4)

!
K'(0) :Acosf)—i-B{ s T >
which contains two constants A and B, to be fixed by bound-
ary conditions. At 8 = 0 or 7, the expression inside the curry
brackets diverges if B # 0. To ensure the finiteness of the cur-
vature at any 6, we hence must have B = 0. The solution of

this partial differential equation is then

K—Cy=AcosH, (B5)

where A is an integration constant, which does not depend on
the location of the contact point. Physically, going back to the
discussion in the text, 6 = 0 and 6 = 7 correspond to weak-
wrapping and full wrapping of membrane on the spherical par-
ticle, respectively. The equation is valid for the asymptotic
limit specified by Eq. (6) only. In practice, as shown by Fig. 4
and Fig. 7 against the numerical solution, the solution is al-
ready very accurate when KoR,, is as small as 1071,

One interesting property is that both o and p terms are
associated with the second-order correction in the above ex-
pansion. The values of ¢ and p determine the original vesicle
shape and can be treated as constant in the small R, expan-
sion. Dropping the second-order term completely erases the
contribution from ¢ and p.

Appendix C: Shape of the contact line

The relationship between the membrane curvature K and
the tangent plane angle 6 given in Eq. (B5) is a general re-
sult for the free membrane portion at the contact line, without
the assumption of the contact-line shape [see Fig. 3]. Because
both K and Cy are constant along the contact line, we can im-
mediately draw the conclusion that the membrane angle 6 is
also a constant along the complete loop of the contact line.

The contact line is embedded on the membrane. Its line
curvature Kc is related to the membrane curvature K by

Kc =K /sin = 1/(R,sin0). (C1)

Following the discussion in the last paragraph, we know that
the line curvature is a constant around the contact-line loop.
Realizing that the contact line also belongs to the spherical
surface, we can directly use the Frenet—Serret formulas, which
state that a constant-curvature loop on a sphere is a circle.

Having established that the contact-line shape is a circle,
we can define a local symmetry axis that goes through the
sphere’s center and is along the normal to the circular con-
tact line. In the immediate local region, the membrane shape
is asymptotically symmetric.

Examining the definition of 8 in Fig. 3 and the wrapping
angle in Fig. 2, we then arrive at Eq. (11) in Section 3.1. By
taking the order-of-magnitude estimate in Eqgs. (6) and (10),
we see that K/K is small so that the K/K | and K?/K? terms
are negligible in Eq. (B2).

098702-8



Chin. Phys. B Vol. 24, No. 9 (2015) 098702

Appendix D: Curvature of an unperturbed vesi-
cle

The theory in this paper considers that the adsorption site
on a vesicle, to which a small sphere adhere, is related to the
curvature properties of an unperturbed vesicle Ky. In this sec-
tion, we illustrate a few typical examples of Ky, on the basis
of a numerical solution to the free vesicle problem. !

The original free vesicle problem contains an axisymme-
try which allows for a cross section plot of the shape curve, as
shown in Fig. D1. An arc variable s can be defined, ranging

from s =0 to s = 1, which identifies the two intersection points
of the shape curve with the vertical axis. The curvature Ky, in
reduced units, are plotted by the solid curves in the figure for
a number of examples. Viewing from outside the vesicle, the
most convex sites, where a negative Ky reaches minima, are
indicated in Figs. D1(a)-D1(c) by (red) circles. The most con-
cave sites, where a positive K reaches a maxima, are indicated
in Figs. D1(d) and D1(e) by (green) squares. The least convex
sites, where a negative Ky reaches maxima are indicated in
Figs. D1(d) and D1(e) by (green) diamonds.

w

|
w

Curvature/(3V/4r)~1/3
o

0 0.5 1.0 0.5 1.0

0.5 1.0 0.5 1.0 0.5 1.0
S S S

Fig. D1. (color online) Reduced curvature of a unperturbed vesicle as a function of the arc variable s for five typical examples:
(a) v=0.591 (stomatocyte), (b) v =0.591 (oblate), (c) v = 0.651 (oblate), (d) v = 0.651 (prolate), and (e) v = 0.8 (prolate). The
solid curves represent Ky = Cj + C,, where C; and C; are the two principle curvatures plotted by the dashed and dot-dashed curves,

respectively.

The same symbols are used to specify the locations on
the shape curves above the plotted figures. The shape curve
is shown in a cross section plot; however, this is sometimes
deceiving because its shape only corresponds to Cy, one of the
two principle curvatures. The minimum of the dashed curve
in Fig. D1(a), which we would visually identify as the most
concave point, is different from the actual minimum on the
solid curve. The maxima of the dashed curves in Figs. D1(d)
and D1(e) represent convex curvatures in a cross section view;
however, at these locations the curvature is actually convex
(negative).
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