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Vibration and buckling analyses of nanobeams
embedded in an elastic medium
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Boundary characteristic orthogonal polynomials are used as shape functions in the Rayleigh—Ritz method to investi-
gate vibration and buckling of nanobeams embedded in an elastic medium. The present formulation is based on the nonlocal
Euler—Bernoulli beam theory. The eigen value equation is developed for the buckling and vibration analyses. The orthog-
onal property of these polynomials makes the computation easier with less computational effort. It is observed that the
frequency and critical buckling load parameters are dependent on the temperature, elastic medium, small scale coefficient,
and length-to-diameter ratio. These observations are useful in the mechanical design of devices that use carbon nanotubes.
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1. Introduction

Recently, nanomaterials have aroused interest among the
scientific communities in the fields of physics, chemistry,

and engineering.
[1-4]

Some of these materials are nanoparti-
cles, nanowires, nanotubes, 5151 and nanotube resonators.
Among them, beam type structures play a vital role in the
field of nanotechnology. The discovery of carbon nanotubes
by Ijimal'®! has sparked a revolution in nanotechnology. Be-
cause of the unique characteristics of carbon nanotubes,!!”!
they have been recognized as promising materials for future
applications such as nanodevices, nanocomposites, and nano-
electronics. Conducting experiments at nanoscale size is quite
difficult. Molecular dynamics is one of the effective ways to
study the mechanical properties of nanostructures. But the
molecular dynamics simulation is time consuming and ardu-
ous for large-scaled CNTs. Accordingly, classical continuum
mechanics is being increasingly viewed as an efficient way to
study nanostructured materials. But these continuum mod-
els do not capture small scale effects. Hence various nonlo-
cal continuum theories have been proposed to study mechan-
ical behaviors of structures at nanoscale. One of the nonlocal
continuum theories is the nonlocal elasticity theory pioneered
by Eringen.!!8) Beam and shell models have been developed
based on the nonlocal elasticity theory to model nanostruc-
tures. Peddieson er al.!'! applied the nonlocal continuum
model to nanotechnology. Xu?"! found that the nonlocal ef-
fect has significant influences on the natural frequency and
vibration modes in nanostructures. Since conducting experi-
ments at nanoscale size is quite difficult, development of math-
ematical models is necessary. Hence analytical and numer-

ical methods have been developed by the authors to investi-
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gate static and dynamic problems of nanobeams.>'=2°! Study
of various aspects of nanotubes such as buckling, mechanical,
chemical, and thermal properties attracts tremendous attention
of researchers. Thermal effects are significant in vibration and
buckling analyses since the increase in temperature leads to
the increase in carbon—carbon (C—C) bond length in the CNTs,
which induces an axial and radial force within CNTs. Thermal
vibration frequencies may be used to estimate Young’s modu-
lus of various nanotubes.!?’! Therefore, the investigation of the
thermal effect on the mechanical properties of CNTs is very
important. Moreover, the surrounding elastic medium has a
great influence on the frequencies and buckling loads of car-
bon nanotubes. Some researchers have considered the thermal
effect in the vibration and buckling analyses of nanotubes. A
few of them are cited below.

Free vibration of single-walled carbon nanotubes (SWC-
NTs) has been investigated based on the nonlocal Levinson

[27] and the Timoshenko beam theory?®?°! in a

beam theory
thermal environment. The authors found that vibration char-
acteristics are strongly dependent on the temperature change.
Similar thermal effect may also be seen when one analyzes the
instability of SWCNTs conveying fluid.[*”) The thermal effect
on the vibration of double-walled carbon nanotubes has been
investigated analytically by Zhang er al.3' for simply sup-
ported edge condition. The differential quadrature method has
been employed by Murmu and Pradhan!*! to study thermo
mechanical vibration of SWCNTs embedded in an elastic
medium. The authors applied the same method for buckling
analysis of SWCNTSs embedded in an elastic medium**! based
on the nonlocal Timoshenko beam theory. Buckling analysis
of SWCNTs embedded in an elastic medium has also been pre-
sented analytically by Narendar and Gopalakrishnan**! in a
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thermal environment. Thermal buckling analysis of embedded
SWCNTs has also been investigated in Refs. [35] and [36].
Tounsi et al.’’! analyzed buckling behavior of nanobeams
based on the higher order beam theory.

Recently, efforts have been made by the researchers to de-
velop efficient numerical and analytical methods for obtaining
desired results with ease. Numerical methods such as differ-
ential quadrature and finite element have been applied with
simple boundary conditions such as simply supported. How-
ever, it is sometimes tedious to apply such numerical methods
in the complicated problems for all sets of boundary condi-
tions. In this context, one may use the Rayleigh—Ritz method
(R-R), which is quite easy to handle for all classical boundary
conditions. Previously, authors have applied boundary char-
acteristic orthogonal polynomials as shape functions in the R—
R method to analyze static and dynamic problems of beam

38-431 However, to the best of our knowl-

or plate elements.|
edge, this is the first attempt on the application of the R-R
method for the vibration and buckling analysis of nanobeams
embedded in an elastic medium under the influence of temper-
ature. In this article, boundary characteristic polynomials are
implemented in the R—R method. The use of boundary charac-
teristic polynomials in the R—R method produces results with
high accuracy, stable computation, and rapid convergence. Be-
cause of the orthogonal property of boundary characteristic
polynomials, some of the entries of stiffness and mass ma-
trices become either zero or one. Effects of the surrounding
elastic medium, temperature, nonlocal parameter, and length-
to-diameter ratio on the frequency and critical buckling load
parameters are systematically analyzed.

2. Problem formulation

This study is carried out on the basis of the Euler—
Bernoulli beam theory in conjunction with the nonlocal elas-
ticity theory of Eringen.!"®! For applying the present method,
one needs to have knowledge about energies. Therefore, at
first we have given an overview of the energies of nanobeams
based on the Euler—Bernoulli beam theory. Here the x coordi-
nate is taken along the length of the beam and the z coordinate
is measured from the mid-plane of the beam.

2.1. Euler-Bernoulli beam theory

The strain energy U may be written as

1 (L
U= f/ /Gxxsxdidx, (D)
2Jo Ja

where Oy, is the normal stress, L is the length of the beam, and
A is the cross-section area. Here normal strain &, is given by
the following relationship:

o
ox2’

2

Ex =2

where w is the deflection function. Substituting Eq. (2) in
Eq. (1), we obtain
1 (L 9%w
=—= [ M==d
U= [ M5 3)

where M is the bending moment and is defined as M =
J4 20 dA.
wo(x) sinwr, where @ is the natural frequency of vibration,

Assuming free harmonic motion, i.e., w =

one may obtain strain energy U as

1 L d2W0

U=—- —_
2 Jo dx?

dx. 4
The kinetic energy is given as
1 /L
7=~ / pAw widx, )
2Jo

where p is the mass density of beams.
The potential energy (the work done by external forces)
may be given as/**!

1 L _ dW() 2
V_E/o [N<dx) + fewo

where N is the applied compressive force and is expressed as

dx, (6)

N = Np, +Ng. Here Ny, is the axial force due to the mechanical
loading prior to buckling, and Np is the axial force due to the
influence of the temperature change, Ng = —EA0,,6 /(1 — 2Vv),
where E is the Young’s modulus, A is the cross-section area,
v is the Poisson’s ratio, @ is the coefficient of thermal expan-
sion in the x direction, and 0 is the change in temperature. The
fe is the density of reaction force of elastic foundation which
is expressed as fo = kywo — kgd2w0 / dx?. Here ky, denotes
the Winkler modulus and k, denotes the shear modulus of the
elastic medium.
Using Hamilton’s principle

/O[(ST—(SU-i-éV)dt:O )

and setting the coefficient of dwq to zero, we obtain the fol-
lowing governing equation of motion:

dm
dx?

_d2 d?
+NWV‘;O — ke Wo +kgvvzo — _pA®*wy.  (8)

Based on Eringen’s nonlocal elasticity theory, the nonlocal

constitutive equation of EBT nanobeam is given by!?*!
d’M d?wo
M—p-a5 =—El-3 5 )

where 1 = (ega)? is the nonlocal parameter and I is the sec-
ond moment of area. By using Eqgs. (8) and (9), M in nonlocal
form may be written as

2

d“wo
M = —EI
dx?

d?wy

dx?

+u(—pAa)2wo—N
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d2
+kww0—kgd;§°>.

For simplicity and convenience in mathematical formu-
lation, the following non-dimensional parameters have been

used:
X
X = Ea B =
N NIL? el pAa)zL4  kel?
EI’" —  EI %! EI’
K — kwL* .  NgL* . NpL?
YT UE YT TR ™ TEr

Equating maximum kinetic and potential energies, one may
obtain the following expressions for EBT nanobeams:

aw
Aw?L2 w2 — g2
PA® {W B de2
EIT(dW\> ., (dW 5o d2W
_Bde2> VP (dX2> KW 2

a2w\? .

+ K, B? (dX2> +N
d2W

dx?2

(%)

+ KyW? — KW —— (10)

2.2. Solution procedure

For applying the R-R method, unknown function W
may be written in a series of simple polynomials (X'~!,i =
1,2,...,n) multiplied by a boundary function which ensures
that the unknown function satisfies the essential geometric
boundary conditions of the beam. The displacement may be
expressed as

i (11)

I
™=

where N is the number of terms required to compute results,
¢y are unknowns, and ¢ are orthonormal polynomials that are
obtained by using the Gram—Schmidt process. The orthogonal
polynomials have been generated over the region 0 < X <1
with the help of a linearly independent set of functions & = /I,
k=1,2,3,...,N, with [ = X"(1 —X)" and I; = X*~!. The m
takes the values 0, 1,2 accordingly as the edge X = 0 is free,
simply supported, or clamped. The same justification can be
given to n for the edge X = 1. The orthonormal polynomials
have been generated by the following steps:

k1

¢1="081, ¢=20—Y W;bj, (12)

j=1
where
<5k7¢j>
: . k=23,...N,
Y= 10107)
=12 k=1

Here () denotes the inner product of two functions and we de-
fine the inner product of two functions, say ¢; and ¢, as

(000 = | ' 6,(X) e (X)X (13)

Similarly, the norm of the function ¢; may be defined as

1
lodl = [ g200)ax

Then normalized function ¢; may be obtained by using

_ 4
[loill”

It should be noted that using the boundary characteristic

¢ =

orthogonal polynomial series as the admissible functions has
distinct advantages since they are a set of orthogonal series.
Therefore, more rapid convergence and better stability in the
numerical computation may be achieved.

Free vibration analysis In the case of free vibration, one
may obtain the Rayleigh quotient from the following equation
of EBT nanobeams:

ax2
aew\® . /2w L AW
= (=) +NeB*( = W
(dX2> +NoP (dX2> Kb W33
aeaw\® . AW\’
KB =n ) +Np (o
TP <dx2) - 9<dX2>

dzw
dx?’

A2 [WZ—B waW W]

+ KyW? — KW (14)

It may be noted here that we have to take N, = 0 in Eq. (10).

Buckling analysis For the buckling analysis, the follow-
ing eigen equation for EBT nanobeams may be derived from
Eq. (14) by setting the inertia term to zero and Ny, = —P:

(&) (G%)

a2w a2w 2w\’
— (dX2> KywB*W —— + K> ()

P

dx? dx?
ko KWd2W NoL? [ d2W\’
v dx2 EI \ dXx2
NoL? , [ d*W
R TEACT IR 15)
where P = PL?/(EI).

Substituting Eq. (11) in Eq. (14) and minimizing 1> with
respect to the coefficients of the admissible functions that is
dA%/dc; = 0, one may obtain the following eigenvalue value
problem:

[KI{Y} =27

where Y = {cj ¢3 --- ey }T,

MI{Y}, (16)
stiffness matrix K and mass ma-
trix M are given by

1
KGioj) = [ (2070, +28B26 0"~ KB0/"0
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_ Wﬁ2¢i¢j”+2Kgﬁ2¢iH¢jﬁ+2N¢i/¢j/
+ 2K 019 — Ko 0" 0; — K. 0,0, ) dX

1
M(i,j) = /0 (26010, — B20"0; — B*0:9,") dX.

Similarly, substituting Eq. (11) in Eq. (15) and minimiz-
ing P with respect to the coefficients of the admissible func-
tions, thatis dP/dc =0, the following eigenvalue value prob-
lem may be obtained:

[K|{Z} = P|B|{Z}, (17)

where Z = {c| ¢y --- cy}7, stiffness matrix K and buckling

matrix B are given by

1
KG.J) = [ 200"~ KuB20/"0; ~ KuB>0:0)"

+ 2K 20" 0" + 2Ky 010 — K9/ 0 — Ky i)

1
B(i,j) = /0 (26/9/ +2B20"9;")dX.

3. Numerical results and discussion

The boundary characteristic orthogonal polynomials as
shape functions have been implemented in the Rayleigh—Ritz
method to analyze vibration and buckling of single-walled car-
bon nanotubes embedded in an elastic medium (Fig. 1) under
the influence of temperature. The elastic medium is mod-
eled as Winkler-type and Pasternak-type foundations. The
present formulation is based on the nonlocal Euler—Bernoulli
beam theory. The effective properties of SWCNTs are taken
as follows:?>*1 Young’s modulus E = 1000 GPa, Poisson’s
ratio v = 0.19, o, = —1.6 x 10~° for room temperature, and
o, = 1.1 x 107 for high temperature. A computer code has
been developed by the authors in MATLAB based on Eqs. (16)

and (17).

h
le L »| ‘r
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\CNT L\
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s
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i

Fig. 1. Single-walled carbon nanotubes embedded within an elastic
medium characterized by spring constant Ky, and shear constant K.

3.1. Convergence

First of all, the convergence pattern has been carried out
to compute results. Table 1 shows the convergence of the first
three frequency parameters (v/A) of EBT nanobeams with CC

support in a low temperature environment. In this table, we
have taken Ky, = 50, K; = 2, 6 = 20 K, e¢pa = 0.5 nm, and
L/d = 10. Next, we show the convergence pattern graphically
for buckling analysis. Figure 2 illustrates the convergence of
critical buckling load parameter P:;r. In this figure, we have
considered the CS edge condition with L/d = 20, epa = 1 nm,
Ky =60, K; = 4, and 6 = 10 K. The above convergence pat-
terns show that ten grid points are sufficient to obtain results
in the present analysis.

Table 1. Convergence of the first three frequency parameters of CC
nanobeams.

n First Second Third
3 4.8718 7.8096 10.7781
4 4.8718 7.7285 10.7781
5 4.8718 7.7285 10.4761
6 4.8718 7.7273 10.4761
7 4.8718 7.7273 10.4657
8 4.8718 7.7273 10.4657
9 4.8718 7.7273 10.4656
10 4.8718 7.7273 10.4656
11 4.8718 7.7273 10.4656
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Fig. 2. (color online) Convergence of critical buckling load parameter.

3.2. Validation

To validate the present results, a comparison study has
been carried out with the results of Wang et al.[>!??! In their
analyses, the frequency and critical buckling load parameters
have been given for four sets of boundary conditions. For this
comparison, we have taken Ky, =0, K; =0, and 8 = 0 K. Fig-
ures 3 and 4 show the comparison for vibration and buckling
analyses, respectively. We have considered SS support with
L/d = 10 in Fig. 3 and CS support with L/d = 14 in Fig. 4.
Excellent agreement in results is noticed from Figs. 3 and 4.
Tabular comparison is shown in Table 22 for cantilever Euler—
Bernoulli nanobeams with Ref. [45]. One may observe close
agreement of the results with Ref. [45]. This shows the suit-
ability and reliability of the present method for the vibration
and buckling analyses of SWCNTs.
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Fig. 3. (color online) Comparison of fundamental frequency parameter.
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Fig. 4. (color online) Comparison of critical buckling load parameter.

Table 2. Comparison of cantilever Euler—Bernoulli nanobeams.

Preset Ref. [45] Present Ref. [45]
29.235 29.444 29.235 29.444
180.12 180.80 171.25 171.89
485.02 485.10 423.56 423.99

3.3. Effect of Winkler modulus parameter

In this subsection, we investigate the influence of the
surrounding medium on the vibration and buckling analyses
of SWCNTs.
type and Pasternak-type foundations. To show the effect of

The elastic medium is modeled as Winkler-

the Winkler modulus parameter, we consider EBT nanobeams
with CS support in a low temperature environment. The var-
ious parameters are taken as L/d = 10, K, =0, 6 =20 K.
Figure 5 shows the effect of the Winkler modulus on the
fundamental frequency parameter. In this figure, the results
are shown for various scale coefficients (¢ga = 0 nm, 0.5 nm,
1 nm, 1.5 nm, 2 nm). The Winkler modulus parameter is taken
in the range of 0—400. It is observed from this figure that the
frequency parameter decreases with the increase in the scale

coefficient. It may be noted that the results associated with
epa = 0 nm correspond to those of the local beam theory.
As the scale coefficient epa increases, the frequency param-
eter obtained from the nonlocal beam theory becomes smaller
than that from its local counterpart. This is due to the fact
that the nonlocal model may be viewed as atoms linked by
elastic springs, while the local continuum model assumes the
spring constant to take on an infinite value and the small scale
effect makes the CNTs more flexible. 2! Therefore, the nonlo-
cal theory should be considered for static and dynamic analy-
ses of structures at nanoscale. It is also seen that the frequency
parameter increases with the increase in the Winkler modulus
parameter. This is because the nanotube becomes stiffer when
the elastic medium constant is increased. This increasing trend
of the fundamental frequency parameter with the surrounding
elastic medium is influenced significantly by the small scale
coefficients. Similarly, to analyze the effect of the Winkler
modulus parameter on the buckling solutions, we take EBT
nanobeams with CF support in a low temperature environ-
ment. The parameters are K, =0, 0 = 30 K, L/d = 10. Fig-
ure 6 shows the variation of the critical buckling load parame-
ter with the Winkler modulus parameter. The scale coefficients
are taken as ega = 0 nm, 0.5 nm, 1 nm, 1.5 nm, 2 nm. Here,
the Winkler modulus parameter is also taken in the range of 0—
400. It is seen that the critical buckling load increases with the
increase in the Winkler modulus parameter. The cause may
be that increasing the elastic medium constant makes the nan-
otube stiffer.[>3 The buckling solutions are also affected by the
small scale coefficients. The critical buckling loads are higher
for lower scale coefficients. In addition, it is also observed that
the critical buckling loads show a nonlinear behavior with re-
spect to the stiffness of the surrounding matrix for higher ega.
This may be due to the fact that the increase of the Winkler
modulus causes CNT to be more rigid.

5.2

5.0 | /

4.8

4.6
4.4 ¢

4.2

——epa=0 nm

4.0
ea=0.5 nm

Frequency parameter

3.8F

—%—epa =1 nm

epa=1.5 nm
—6— epa =2 nm
. .

3.6

3.4 - -
200 250 300 350 400

K,

0 50 100 150

Fig. 5. (color online) Effect of the Winkler modulus parameter on the
frequency parameter for various small-scale coefficients.

097305-5



Chin. Phys. B Vol

.24, No. 9 (2015) 097305

22
20}
18
16
14+
@ 12
10
——epa=0 nm
81 ea=0.5 nm
—%— epa =1 nm
4 ea=1.5 nm
—6— epa =2 nm
2!

100 150 200 250 300 350 400
K,

0 50

Fig. 6. (color online) Effect of the Winkler modulus parameter on the
critical buckling load parameter for various small-scale coefficients.

3.4. Effect of Pasternak shear modulus parameter

In this subsection, the effect of the Pasternak shear modu-
lus parameter on the vibration and buckling solutions is exam-
ined. Figure 7 illustrates the fundamental frequency parameter
as a function of the Pasternak shear modulus parameter K,
based on EBT with CC support in a low temperature environ-
ment. The parameters are Ky, = 0, L/d = 30, and 6 = 20 K.
The figure is plotted for various scale coefficients with the
Pasternak shear modulus parameter ranging from 0 to 10. It
is observed from the figure that the frequency parameter asso-
ciated with the first mode increases with the Pasternak shear
modulus parameter. This may be due to the effective stiffness
of the elastic medium. With increase in the scale coefficient,
the frequency parameter for a particular Pasternak shear mod-
ulus parameter decreases. Similarly, figure 8 shows the dis-
tribution of the critical buckling load parameter against the
Pasternak shear modulus in a low temperature environment.

The results are given for the EBT nanobeam with CS support.

5.15 " " " "

5.05F
i
= R
2 L
g
S 4.95¢
[
a L
>
9
g 4.85F
= —+—ea=0 nm
g epa = 0.5 nm
- 4.75] —+—epa=1 nm

— epa=1.5 nm
- 1
—6— epa =2 nm
465 n n n n
0 2 4 6 8 10

g

Fig. 7. (color online) Effect of the shear modulus parameter on frequency
parameter for various small-scale coefficients.

32
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@’ 261
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—+—¢epa=1 nm
22}
ea=1.5 nm
—6— epa = 2 nm
20 1 1 1 1
0 2 4 6 8 10

K,

g

Fig. 8. (color online) Effect of the shear modulus parameter on critical
buckling load parameter for various small-scale coefficients.

The parameters are chosen as Ky, =0, 8 = 10 K, L/d = 40.
Here, we have also incorporated the results for different scale
coefficients. One may observe the same trend as that in the
case of vibration. It is also observed that unlike the Winkler
foundation model, the increase of the fundamental frequency
parameter and the critical buckling load parameter with the
Pasternak foundation is linear in nature. This is due to the
domination of the elastic medium modeled as the Pasternak
type foundation model. The same observation has also been
reported in Ref. [33].

3.5. Effect of temperature

The effect of temperature on the vibration of nanobeams
embedded in an elastic medium is investigated and shown
in Fig. 9. In this graph, we have taken L/d = 10, epa =
1.5 nm, Ky, = 10, K; = 4. The results are shown for the EBT
nanobeams with SS support in both high and low tempera-
ture environments. It may be seen that the frequency param-
eter varies linearly with the temperature change. Similarly,
the effect of temperature on the buckling solutions is illus-
trated in Fig. 10. In this figure, we have taken SS nanobeams
with L/d = 20, epa = 2 nm, Ky, = 50, K, = 2. It is noticed
that the frequency and the critical buckling load parameters
increase with increase in temperature in a low temperature en-
vironment while they decrease with increase in temperature in
a high temperature environment. In a high temperature envi-
ronment, the increase in temperature decreases the stiffness of
the nanobeams and hence leads to lower frequency and critical
buckling load parameters. Similarly, in a low temperature en-
vironment, the increase in temperature increases the stiffness
of the nanobeams and hence leads to increased frequency and
critical buckling load parameters. Thus, one may say that the
frequency and critical buckling load parameters considering
the thermal effect are larger than those ignoring the influence
of the temperature change in a low temperature environment.
Meanwhile, in a high temperature environment, the frequency
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and buckling load parameters considering the thermal effect
are smaller than those excluding the influence of the tempera-
ture change. The same observation has also been reported in
Refs. [27], [28], [32], and [36].

—o— low temperature environment

3.395} —— high temperature environment 1

3.385

3.375

Frequency parameter

3.365

3.355 - - - - -
0 10 20 30 40 50 60
0

Fig. 9. (color online) Change of the frequency parameter with temperature
in both low and high temperature environments.

17.5 T T T T T
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—6— high temperature environment

17.0

16.5
(Q‘:
16.0
15.5
15.0 : : : : :
0 10 20 30 40 50 60
0

Fig. 10. (color online) Change of the critical buckling load parameter with
temperature in both low and high temperature environments.

3.6. Effect of aspect ratio

To illustrate the effect of the aspect ratio on the funda-
mental frequency parameter, the variation of the scale load
ratio (Yscale) With the aspect ratio (L/d) is shown in Fig. 11
for different temperature changes. It may be noted that the
scale load ratio is defined as Y., = frequency parameter cal-
culated using nonlocal theory/frequency parameter calculated
using local theory. It is observed that scale load ratio increases
with increase in the aspect ratio. In addition, it is also seen
that the frequency parameter is also dependent on the temper-
ature change 0. The differences in the frequency parameter
for different temperature changes are larger at low aspect ra-
tios, while they are smaller at large aspect ratios. Itis also seen
that for larger temperature changes, the rate of the increase of
the scale load ratio is smaller compared to that for smaller tem-

perature changes. It may be noted that the same trend is also
seen in the case of buckling.

1.0000 }

0.9996 t

Xscale

0.9992

0.9988

0.9984 . . . .
40 50 60 70 80 90 100

L/d

Fig. 11. (color online) Change of the scale-based frequency ratio with
aspect ratio for different changes in temperature.

4. Conclusion

Boundary characteristic orthogonal polynomials as shape
functions have been applied in the Rayleigh—Ritz method to
investigate the thermal effect on the vibration and buckling
of nanobeams embedded in an elastic medium. Four sets
of boundary conditions have been taken into consideration.
Theoretical formulations include effects of small scale, elas-
tic medium, and temperature change. It is noted that the use
of boundary characteristic orthogonal polynomials in the R—R
method requires less computational effort because of the or-
thogonal property. It is seen that the results obtained based
on the local beam theory are overestimated. The frequency
and critical buckling load parameters increase with increase
in temperature, Winkler type foundation, and Pasternak type
foundation. It is also observed in the case of room or low
temperature, the results obtained including the thermal effect
are larger than those ignoring the influence of temperature,
whereas in the case of high temperature, the results obtained
with the thermal effect are smaller than those excluding the
thermal effect.
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