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Effects of electron–optical phonon interactions on the polaron
energy in a wurtzite ZnO/MgxxxZn1−x1−x1−xO quantum well∗
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We investigated the properties of polarons in a wurtzite ZnO/MgxZn1−xO quantum well by adopting a modified Lee–
Low–Pines variational method, giving the ground state energy, transition energy, and phonon contributions from various
optical-phonon modes to the ground state energy as functions of the well width and Mg composition. In our calculations, we
considered the effects of confined optical phonon modes, interface-optical phonon modes, and half-space phonon modes, as
well as the anisotropy of the electron effective band mass, phonon frequency, and dielectric constant. Our numerical results
indicate that the electron–optical phonon interactions importantly affect the polaronic energies in the ZnO/MgxZn1−xO
quantum well. The electron–optical phonon interactions decrease the polaron energies. For quantum wells with narrower
wells, the interface optical phonon and half-space phonon modes contribute more to the polaronic energies than the con-
fined phonon modes. However, for wider quantum wells, the total contribution to the polaronic energy mainly comes from
the confined modes. The contributions of the various phonon modes to the transition energy change differently with in-
creasing well width. The contribution of the half-space phonons decreases slowly as the QW width increases, whereas the
contributions of the confined and interface phonons reach a maximum at d ≈ 5.0 nm and then decrease slowly. However,
the total contribution of phonon modes to the transition energy is negative and increases gradually with the QW width of d.
As the composition x increases, the total contribution of phonons to the ground state energies increases slowly, but the total
contributions of phonons to the transition energies decrease gradually. We analyze the physical reasons for these behaviors
in detail.
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1. Introduction

Recently, zinc oxide (ZnO) semiconductors have at-
tracted much interest because of their potential applications
in optoelectronic devices in the blue–ultraviolet wavelength
region.[1–5] ZnO has some advantages over GaN, among
which are the availability of fairly high-quality ZnO bulk sin-
gle crystals and its high exciton binding energy (60 meV).
ZnO-based quantum well (QW) structures also have sev-
eral advantages over GaN-based QW structures,[6–8] includ-
ing the much lower growth temperature of ZnO than that of
GaN. Wurtzite ZnO exhibits mixing of the longitudinal op-
tical (LO) and transverse optical (TO) modes because of its
anisotropy.[9] As material synthesis has improved, the pro-
duction of ZnO-based semiconductor alloys has led to high-
quality ZnO/MgxZn1−xO multiple-QW structures.[8,10–12] In
recent years, researchers have studied the luminescent prop-
erties, absorption spectra, lattice vibrations, and exciton states
of ZnO/MgxZn1−xO QWs.[6,10,13–25] For example, Coli et al.
investigated the excitonic transition energies in these het-
erostructures, accounting for the effects of the exciton–phonon
interaction.[13] Fan et al. calculated the band parameters and

electronic structures of wurtzite ZnO and ZnO/MgxZn1−xO
QWs by the empirical pseudopotential method.[14] Chia et al.
studied how the well width affected radiative and nonradiative
recombination times in ZnO/MgZnO multiple QWs.[15] Fan et
al. studied the band offsets and polarization effects in wurtzite
ZnO/Mg0.25Zn0.75O QWs.[17]

Using the dielectric continuum model and Loudon’s uni-
axial crystal model, Lee et al. deduced the dispersion relation
of the interface (IF) phonon modes, the confined (CF) phonon
modes, the half-space (HS) phonon modes, and the propagat-
ing (PR) phonon modes in wurtzite quantum structures with
single and double heterointerfaces.[26] Shi et al. exactly solved
the equation of motion for the p-polarization field in an ar-
bitrary wurtzite multilayer heterostructure by using a transfer
matrix method, and also obtained and discussed the dispersive
relation and electron–phonon coupling functions.[27,28]

Polarons influence carrier transport in semiconductors,
which in turn influence the properties of optical–electronic de-
vices, so it is important to understand the polaronic effects in
wurtzite ZnO-based QWs. In a previous work, we calculated
the binding energy of a bound polaron in ZnO/MgxZn1−xO
QWs.[29] However, many of the fundamental electronic and
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optical properties of ZnO-based QW structures are not yet
well understood. To the best of our knowledge, there is no
detailed theoretical calculation for the polaronic effects in
ZnO/MgxZn1−xO QW structures.

The present paper focuses on the polaronic effect and the
contributions from various phonon modes to the ground state
energy and transition energy in wurtzite ZnO/MgxZn1−xO
QWs by considering the influence of CF phonon modes, HS
phonon modes, IF phonon modes (including the LO-like and
the TO-like modes), as well as the anisotropy of the electron
effective band mass, phonon frequency, and dielectric con-
stant.

2. Model and calculation
In this work, we consider a wurtzite ZnO/MgxZn1−xO

QWs structure of polar dielectrics for which the well mate-
rial is in the region λ = 1, |z|< d/2, and the barriers are in the
region λ = 2, |z| ≥ d/2. By using the effective-mass approxi-
mation and considering the anisotropy of material parameters,
the Hamiltonian of the electron–phonon system including the
interactions from the CF, IF, and HS phonons can be written
as

H = pz

(
pz

2mλ z

)
+

p2
⊥

2m⊥λ

+V (z)

+∑
𝑤 j

h̄ωa†
j(𝑤)a j(𝑤)+HI , (1)

where mλ z and m⊥λ are the material-dependent effective mass
of the electron with λ = 1,2, a†

j(𝑤) and a j(𝑤) are the creation
and annihilation operators of LO-like and TO-like phonons
with wave vector 𝑤(𝑤 = (𝑞,kλ z) for CF and HS phonon
modes, and 𝑤 = 𝑞 for IF phonon modes), parity p and fre-
quency ω . j = {p,n}, the mode index p indicates the sym-
metric and antisymmetric phonon modes, n indicates the CF,
HS, and IF modes in LO-lik and TO-lik phonon frequency re-
gions, V (z) is the rectangular well potential experienced by the
electron and is given as

V (z) =
{

0, (|z|< d/2),
V0, (|z| ≥ d/2), (2)

where V0 = 0.65×∆Eg = 844 meV[2] is the depth of the QWs.
The last term in Eq. (1) is the Hamiltonian of the interac-

tion between electron and phonon,[26] and is given by

HI = ∑
𝑤 j

[g j(z)exp(−i𝑞 ·𝜌)a†
j(𝑤)+h.c]. (3)

For the symmetric localized modes, the coupling function
g j(z) in Eq. (3) is determined by the following equation:[26]

gS,CF =−
[

4π h̄e2S−1

(∂/∂ω)(ε1⊥q2 + ε1zk2
1m)d/2−2q(∂/∂ω) fs(ω)cos(k1md/2)

]1/2

χ j, (4)

χ j =

{
cos(k1mz), (|z|< d/2),
cos(k1md/2)exp[−κ2(|z|−d/2)], (|z| ≥ d/2),

(5)

where fs(ω) = sgn(ε1z)
√
−ε1⊥ε1z sin(k1md/2)− sgn(ε2z)

√
ε2⊥ε2z cos(k1md/2), k1m can be determined by the following equa-

tion: ε1zk1m sin(k1md/2)− ε2zk2 cos(k1md/2) = 0, and the range of k1m is 2mπ/d < k1m < 2(m+1)π/d, m runs over the series
of confined modes, and S is the interface area of quantum well.

For the antisymmetric localized modes, the coupling function in Eq. (3) is determined by the following equation:[26]

gAS,CF =−
[

4π h̄e2S−1

(∂/∂ω)(ε1⊥q2 + ε1zk2
1m)d/2−2q(∂/∂ω) fa(ω)sin(k1md/2)

]1/2

χ j, (6)

χ j =

{
sin(k1mz), |z|< d/2,
sgn(z)sin(k1md/2)exp(−κ2(|z|−d/2)), |z| ≥ d/2, (7)

where

fa(ω) = sgn(ε1z)
√
−ε1⊥ε1z cos(k1md/2)+ sgn(ε2z)

√
ε2⊥ε2z sin(k1md/2),

where k1m can be determined by ε1zk1m cos(k1md/2) +
ε2zk2 sin(k1md/2) = 0, and the range of k1m is 2(m −
0.5)π/d < k1m < 2(m+0.5)π/d.

Similar to the CF modes, the HS and IF modes can be
found in Ref. [26]. The phonon frequencies ω for CF (HS)
modes are obtained from ελ⊥ sin2

θλ + ελ z cos2 θλ = 0 with

a proper application of parameters for material 1 (2), θλ is
an angle between 𝑤 and the z axis. The direction-dependent
dielectric functions, ελ⊥ and ελ z are functions of ω , and are
given in Ref. [26]. The frequency ω for symmetric IF modes
is determined by

√
ε1⊥ε1z tanh(

√
ε1⊥/ε1zqd/2)−√ε2⊥ε2z =

0 with ε1zε2z < 0 (ε1⊥ε1z > 0 and ε2⊥ε2z > 0), and the
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frequency ω for antisymmetric IF modes is determined by
√

ε1⊥ε1z coth(
√

ε1⊥/ε1zqd/2)−√ε2⊥ε2z = 0 with ε1zε2z < 0.
The Hamiltonian in Eq. (1) is too complicated to be

solved exactly. We now perform two unitary transformations
with

U1 = exp
[
− i
(

∑
𝑤 j

𝑞 ·𝜌a+j (𝑤)a j(𝑤)

)]
, (8)

U2 = exp
{

∑
𝑤 j

[
f jχ ja+j (𝑤)− f ∗j χ ja j(𝑤)

]}
, (9)

the transformed Hamiltonian is given by

H∗ =U−1
2 U−1

1 HU1U2. (10)

Here, the displacement amplitudes f j and f ∗j are variational
parameters which will be determined by minimizing the ener-
gies of the electron–phonon system. The wave function of the
polaron can be expressed in the form

|ψn〉= Nn |ϕn(z)〉 |0〉 , (11)

where Nn is the normalization constant, |0〉 is the zero-phonon
state of the phonon field, and ϕn(z) is the wave function in the
z direction. The polaronic energy can then be written as

En( f j,d) = 〈ψn |H∗ |ψn〉 . (12)

For the ground state,

ϕ1(z) =
{

cos(η1z), |z|< d/2,
cos(η1d/2)exp[−b1(|z|−d/2)], |z| ≥ d/2,

(13)

and the wave function of the first excited state is given as fol-
lows:

ϕ2 (z) =
{

sin(η2z), |z|< d/2,
sin(η2d/2)exp[−b2(|z|−d/2)], |z| ≥ d/2.

(14)

In Eqs. (13) and (14), ηn =
√

2m1E0
n/h̄2 and bn =√

2m2(V0−E0
n )/h̄2. Here, E0

n is the sub-band energy of an
electron in the QWs.

By substituting Eqs. (11), (13), and (14) into Eq. (12),
one can obtain the ground state energy (E1) and the first ex-
cited state energy (E2) of the polaron. The transition energy
from the ground state to the first excited state can be given by

∆E = E2−E1. (15)

3. Numerical results and discussion

To clarify the influence of the polaronic effect caused
by the full optical phonon modes (CF, HS, and IF) in the
wurtzite QW system, we numerically calculated the energy
levels of the ground and the excited states of a polaron in
wurtzite ZnO/MgxZn1−xO QWs. Table 1 lists the parameters
used in the calculation, and figures 1–5 give the calculated re-
sults. The parameters of the barrier material (MgxZn1−xO)
were obtained by the effective phonon-mode approximation:
QMgxZn1−xO = (1− x)QZnO + xQMgO.

Table 1. The parameters for wurtzite QWs used in the calculation. The electron effective masses, phonon frequency, and band gap
have units of electron rest mass me, meV, and eV, respectively.

Materials m⊥ mz ε∞
⊥ ε∞

z ω⊥ ωz ω⊥L ωzL Eg

ZnO 0.21[30] 0.23[30] 3.70[31] 3.78[31] 50.71[31] 47.11[31] 72.78[31] 71.17[31] 3.37 [32]

MgO 0.28[33] 0.28[33] 2.60[34] 2.60[34] 49.72[35] 49.72[35] 89.15[35] 89.15[35] 7.7[36]

Figure 1 shows the ground state energies of the po-
laron (E1) as a function of well width d in the wurtzite
ZnO/Mg0.3Zn0.7O QW with and without phonons effect. To
understand the influence of the phonons on the transition en-
ergy, we also propose the results of the transition energies,
considering the presence of phonons. Figure 1 shows that the
ground state energies of the polaron in both cases (with and
without the influence of phonons) follow the same trend. Both
decrease monotonically with increasing d, rapidly at smaller
d but slowly at larger d. This behavior occurs because the
polarons are more strongly confined when d is small. The
contribution of the electron–optical phonon interaction to the
ground state energy of the polaron in a ZnO/Mg0.3Zn0.7O QW
(∼ 67–86 meV) is much larger than in a GaAs/Al0.3Ga0.7As

QW (∼ 1.8–3.2 meV). Note that the ground state energy with
phonon influence is smaller than that without phonon influ-
ence in the wurtzite ZnO/Mg0.3Zn0.7O QW. For example, for
d = 8 nm, the ground state energy of the polaron is −49.73
(20.82) meV including (ignoring) the phonon effect. For
d = 20 nm, the corresponding ground state energy of the po-
laron is −65.26 (4.60) meV. This difference demonstrates the
significant influence of the phonons on the ground state energy
of the polaron. Moreover, the effect becomes more obvious
as the quantum well width d decreases. The transition en-
ergy decreases as the well width increases. The results of the
transition energy can be compared to the experiment results,
so we urge an experimental observation of these properties in
wurtzite ZnO/Mg0.3Zn0.7O QW.
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Fig. 1. The ground energies and the transition energies of the polaron in
wurtzite ZnO/Mg0.3Zn0.7O QWs as functions of the well width d. The
short dash line is the results of the transition energy with phonons.
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Fig. 2. Contributions of phonons to the ground energies of the polarons in
wurtzite ZnO/ MgxZn1−xO QWs as functions of the well width d. The con-
tribution 4Ee−ph separately contributed from the CF, IF, and HS phonon
modes are shown in panels (a), (b), and (c). The symbol line is the total
contribution from the different phonon modes in panel (a).

In Fig. 2, we calculate the contributions of different
phonons (CF, IF, HS modes) to the ground state energies of
the polaron in wurtzite ZnO/Mg0.3Zn0.7O QWs as functions
of the well width d. To understand the total contribution from
the three phonon modes, we also present it in Fig. 2(a) with the
symbol line. Figure 2(a) shows that the total phonon contribu-
tions are remarkable, which have a larger negative contribution
to the polaron ground state energy, and it decreases gradually
with increasing well width. Figure 2(a) also shows that, when
d is narrow, the CF modes contribute little to the polaronic
ground state energy. As the well width increases, the contribu-

tions come from symmetric, antisymmetric, and their summa-
tion CF phonon modes to E1 increase rapidly at first but slowly
increase later. This behavior occurs because, as the well width
increases, the tunneling effect of the electron wave function
gradually weakens and becomes a nearly free electron. At
the same time, the increase in coupling between electrons and
confined phonons strengthens the electron–CF phonon inter-
action, so it dominates the contribution to E1. At larger d, the
interaction between electrons and CF phonon modes increases,
making it more important to the contribution to E1. Further-
more, the contribution of the symmetric CF phonon mode is
larger than that of the antisymmetric CF phonon mode.

Figures 2(b) and 2(c) show the contributions from the IF
and HS phonon modes, revealing that, when d is very small,
the main contribution to the polaron ground state energies
comes from the HS modes and IF modes. As d increases, the
negative contributions from the IF modes decrease smoothly.
This behavior occurs because the electron–IF-phonon cou-
pling intensity decreases gradually as d increases, decreas-
ing the contribution to polaronic ground state energies. Fig-
ure 2(b) also shows that the contribution of the symmetric
IF phonon mode is larger than that of the antisymmetric IF
phonon mode. As shown in Fig. 2(c), as d decreases, the neg-
ative contribution of the HS phonon mode (including symmet-
ric and antisymmetric) to E1 decreases markedly. As d in-
creases, the contribution decreases gradually. When d is suf-
ficiently large, the contribution of the HS phonon mode to E1

approaches 0. This behavior occurs because the electronic lo-
calization strengthens as d increases, decreasing the coupling
intensity between the electrons and HS phonons.

Figure 3 shows the contributions of the different phonon
modes to the transition energy of the polaron with differ-
ent QW widths. The contribution to the transition energy is
defined as ∆Ee−ph = ∆Ee−ph (excited state)–∆Ee−ph (ground
state). This figure reveals that the total contribution of the
phonon modes to the transition energy is negative and in-
creases gradually with the QW width d. This is a compre-
hensive result of the contributions from the various phonon
modes. The contributions of the various phonon modes to
the transition energy change differently with increasing well
width. The contribution of the CF phonons is positive, but the
contribution of the IF and HS phonons is negative. Further-
more, the contribution of the HS phonons decreases slowly
with QW width, whereas the contribution of the IF phonons
maximizes at d ≈ 5 nm and then decreases slowly. The con-
tribution of the CF phonons increases as d increases, quickly
reaching a maximum at d ≈ 7 nm before decreasing gradually.
This behavior can be explained physically as follow. With a
fixed well width, the probability of an excited-state electron to
tunnel through a barrier is greater than that of a ground-state
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electron. Thus, electrons interact with CF (HS, IF) phonons
less (more) in the excited state than in the ground state.
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Fig. 3. Contributions of phonons to the transition energies of the polaron in
wurtzite ZnO/ Mg0.3Zn0.7O QWs as functions of the well width d.
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Fig. 4. Contributions of phonons to the ground state energies of the
polaron in wurtzite ZnO/ MgxZn1−xO QWs as functions of the com-
position x for given d = 12 nm. The contribution 4Ee−ph separately
contributed from the CF, IF, and HS phonon modes are shown in pan-
els (a), (b), and (c). The symbol line is the total contribution from the
different phonon modes.

In Fig. 4, we further calculate the contributions of vari-
ous phonon modes to the ground state energies of the polaron
in wurtzite ZnO/MgxZn1−xO QWs as functions of the com-
position x. Figure 4(a) shows that, as the composition x in-
creases, the total contribution of phonons to the ground state

energy increases nearly linearly. This is a comprehensive re-
sult of the contributions from the various phonon modes. Fig-
ure 4(a) also demonstrates that, as x increases, the contribution
of CF phonons increases very smoothly. This behavior occurs
because the coupling between the electrons and CF phonons
strengthens as x increases. Both the symmetric and antisym-
metric CF phonon modes follow the same trend. As shown
in Fig. 4(b), as x increases, the contribution of the symmet-
ric IF phonons to the ground state energy increases while the
contribution of the antisymmetric IF phonons decreases. The
total contribution still increases with x because the symmetric
IF phonons contribute more than the antisymmetric phonons.
Figure 4(c) shows that the contribution of the HS phonons de-
creases as x increases. This behavior occurs because the cou-
pling between the electrons and HS phonons weakens with in-
creasing x. As a result, x plays an important role in determin-
ing how the phonons contribute to the ground state energy.

Figure 5 shows the contributions of phonons to the transi-
tion energies of the polaron in wurtzite ZnO/MgxZn1−xO QWs
as functions of the composition x. As the composition x in-
creases, the contributions of various phonons decrease gradu-
ally. This behavior occurs because the quantum confinement
of an electron strengthens as x increases. The tunneling prob-
ability of the electron to the barrier decreases, which slowly
decreases the contributions of phonons to the transition ener-
gies.
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Fig. 5. Contributions of phonons to the transition energies of the po-
laron in wurtzite ZnO/ MgxZn1−xO QWs as functions of the composi-
tion x.

Our results also show that the contributions induced
by the LO-like confined, interface, and half-space phonon
modes to the ground state energy of the polaron are approx-
imately two orders of magnitude larger than that induced by
the TO-like phonons; thus, the latter contribution can be ig-
nored. Our calculation does not account for the propagat-
ing phonons because LO-like propagating phonons do not
exist in ZnO/MgxZn1−xO QWs because of the condition of
ε1⊥ε1z < 0.[26]
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4. Conclusion
We variationally calculated the phonon contributions

from various optical–phonon modes to the ground state and
transition energies as functions of the well width and Mg com-
position, considering the influence of confined optical phonon
modes, interface-optical phonon modes, half-space phonon
modes, as well as the anisotropy of the electron effective band
mass, dielectric constant, and phonon frequency. Our main
conclusions are summarized as follows.

(i) The interaction between optical phonon modes and
electrons can effectively decrease the ground state energies.
For QWs with narrower wells, the interface optical phonon and
half-space phonon modes contribute more to the polaronic en-
ergy than the confined phonon modes; for a wider well width,
this relation is reversed.

(ii) The contributions from the different phonon modes to
the ground state and transition energies change differently with
changing well width. The phonon modes contribute less to the
ground state energy than to the excited state energies. How-
ever, the total contribution to the transition energies increases
slightly and gradually as the quantum well width d increases.

(iii) As the composition x increases, the total contribution
of phonons to the ground state energy increases nearly linearly.
Both the CF (symmetric and antisymmetric) and symmetric IF
phonon modes increase as the composition x increases; how-
ever, the contributions of the HS and antisymmetric IF phonon
modes decrease as the composition x increases.

(iv) As the composition x increases, various phonon
modes gradually contribute less to the transition energy of the
polaron in wurtzite ZnO/MgxZn1−xO QWs.

(v) The contributions induced by the LO-like confined,
interface, and half-space phonon modes to the ground state en-
ergy of the polaron are approximately two orders larger than
that induced by the TO-like phonons, and the latter contribu-
tion can be ignored.
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Sadofyev Y G and Henneberger F 2005 Appl. Phys. Lett. 87 091903

[13] Coli G and Bajaj K K 2001 Appl. Phys. Lett. 78 2861
[14] Fan W J, Xia J B, Agus P A, Tan S T, Yu S F and Sun X W 2006 J.

Appl. Phys. 99 013702
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