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Radial magnetic field in magnetic confinement device∗
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The intrinsic radial magnetic field (Br) in a tokamak is explored by the solution of the Grad–Shafranov equation in
axisymmetric configurations through an expansion of the four terms of the magnetic surfaces. It can be inferred from the
simulation results that at the core of the device, the tokamak should possess a three-dimensional magnetic field configura-
tion, which could be reduced to a two-dimensional one when the radial position is greater than 0.6a. The radial magnetic
field and the amzimuthal magnetic field have the same order of magnitude at the core of the device. These results can offer
a reference for the analysis of the plasma instability, the property of the core plasma, and the magnetic field measurement.
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1. Introduction
Tokamak-type devices are one of several types of mag-

netic confinement devices, and are one of the most promis-
ing candidates for producing controlled thermonuclear fusion.
The total magnetic field in a tokamak is complex and of a heli-
cal shape, which is generated by the various coils’ currents and
the electric current that flows inside the plasma. The toroial
magnetic field is easily obtained in the coordinate system (R,
ϕ , Z) as

Bϕ =
µI

2πR
,

the poloidal magnetic field is about 10−3–10−2Bϕ , and the ra-
dial magnetic field Br is commonly known as the error field
which is generally considered to be majorly generated by the
coil misalignments and the non-axisymmetric current. The ra-
dial magnetic field is relatively significantly smaller than the
poloidal magnetic field, which can be neglected in most cases.
However it plays a crucial role in instability analyses.

Rogers and his colleagues illustrated the importance of
the radial magnetic field in the fast reconnection in a collision-
less system depending on the dynamics of whistler and/or ki-
netic Alfvén waves at small scales, where no quadratic waves
can exist and the reconnection rate is very small when B2

r �
B2

t me/mi, β �me/mi.[1] Buratti and Giovannozzi also proved
that several Gs of Br at the X point induces a fast magnetic
reconnection and sawtooth collapses.[2,3] The low-m tearing
modes, which often reduce the constraint ability of the devices,
can even stop rotation due to the locking effect of the vacuum
vessel and the error field.[4–6] This effect is called mode pen-
etration or error field penetration. The experimental results

showed that the penetration threshold of an error field is very
small; for J-TEXT with a current of 180 kA, the amplitude
of the 2/1 component of the error field at the plasma edge is
measured to be 0.31 G, which is about 1.8×10−5 Bt.[7,8] Up to
now, many studies have focused on the physical models of the
mode penetrations.[9–15]

All of these viewpoints indicate that a very small Br is of
great significance to the magnetic reconnection and the tear-
ing mode in a tokamak. In the past, scholars used to think
that the radial magnetic field Br was the error field generated
by the coils’ misalignments and the non-axisymmetric current
feeds. However, when calculating the magnetic field in the
minor toroidal coordinate system (r, θ , ϕ), it turns out that
the intensity of the intrinsic radial magnetic field is equiva-
lent to the azimuthal magnetic field at the core of the plasma
(r < 0.2a). Therefore, in this paper, the Grad–Shafranov equa-
tion is solved in the minor toroidal coordinate system, the
results of numerical simulations show that there is a three-
dimensional magnetic field structure at the core, and the radial
magnetic field in the tokamak is considered to be produced by
a combination of the intrinsic radial field and the error field.

The aim of this work is to calculate the magnetic field
configuration in the minor toroidal coordinate system (r, θ ,
ϕ), especially the intrinsic quantity of the radial magnetic field
at the core of the plasma. As a result, it can offer a reference
for the analysis of the plasma instability, the property of the
core plasma, and the magnetic field measurement. The article
is organized as follows. The physical model is presented in
Section 2, followed by the simulation results in Section 3. The
discussion and conclusion are presented in Section 4.
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2. Physical model
2.1. The plasma equilibrium

We solve the Grad–Shafranov equation in the minor
toroidal coordinate system (r, θ , ϕ), where r is the minor ra-
dial coordinate, ϕ is the toroidal angle, and θ is the azimuthal
angle in the clockwise direction. Under the axisymmetrical
hypothesis, the magnetic field is supposed to be independent
of the toroidal angle ϕ .
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Fig. 1. (color online) The minor toroidal coordinate system.

Figure 1 is a diagram of the minor toroidal coordinate
system. The quantitative relation between the minor toroidal
coordinate system (r, θ , ϕ) and the major toroidal coordinate
system (R, ϕ , Z) is

r cosθ = R−R0, r sinθ =−Z.

The following is obtained through the Ampere law:

1
r

∂Bϕ

∂θ
−

Bϕ

R
sinθ = µ0 jr, (1)

Bϕ

R
cosθ +

∂Bϕ

∂ r
=−µ0 jθ , (2)

1
r

(
∂ (rBθ )

∂ r
− ∂Br

∂θ

)
= µ0 jϕ . (3)

Equation (3) is the Grad–Shafranov equation in the minor
toroidal coordinate system[16]

jϕ =− 1
2πRµ0

[
∆0ψ− 1

R

(
cosθ

∂

∂ r
− sinθ

r
∂

∂θ

)
ψ

]
. (4)

From Eqs. (1) and (2), the toroidal magnetic field should be
revised when the angular current is considered.

The two-fluid modes regardless of impurity are

nmi
d𝑢𝑖

dt
+∇pi = en𝐸+ en(𝑢𝑖×𝐵)+

men
τei

(𝑢𝑒−𝑢𝑖), (5)

nme
d𝑢e

dt
+∇pe =−en𝐸− en(𝑢e×𝐵)− men

τei
(𝑢𝑒−𝑢𝑖), (6)

where mi and me are the masses of the ions and the electrons,
respectively, 𝑢i and 𝑢e are their speeds; pi = nTi and pe = nTe

are their pressures; Ti and Te are their temperatures; and τei is
the collision time of ions and electrons.

The following is obtained by adding Eqs. (5) and (6)
(nmi +nme ≈ nmi, the electron’s inertia is neglected):

min
d𝑢i

dt
+∇p = 𝑗×𝐵,

where p = pi + pe is the total pressure, and 𝑗 = en(𝑢i−𝑢e) is
the total current density.

The equilibrium equation in a steady state of no flow is

∇p = 𝑗×𝐵. (7)

It can be seen that the three have similar shape distributions
spatially.

The relations among the magnetic field, the magnetic sur-
face, and the poloidal current I are defined as

Bθ =− 1
2πR

∂ψ

∂ r
, (8)

Br =
1

2πRr
∂ψ

∂θ
, (9)

jθ =− 1
2πR

∂ I
∂ r

, (10)

jr =
1

2πRr
∂ I
∂θ

. (11)

The following is obtained by substituting Eqs. (8) and (10) to
the radial component of Eq. (7):[17]

∂ p
∂ r

=
1

2πR

(
jϕ

∂ψ

∂ r
−Bϕ

∂ I
∂ r

)
. (12)

From the above formula, we can obtain

jϕ = (2πRps + IθsBϕ)/ψs. (13)

The following is obtained by substituting Eq. (13) to Eq. (4):

∆
∗
ψ =−2πµ0(2πR2 ps + IsBtR0)ψs. (14)

The magnetic surfaces are expanded to the 4th-order terms.
Therefore, the initial value of the magnetic surface can be set
as

ψ(0,θ) = a0(0)+a1(0)cosθ +a2(0)cos2θ

+a3(0)cos3θ , (15)

where a0, a1, a2, a3 are the adjusting coefficients of the initial
value of the magnetic surface.

The spatial distribution equations of pressure and current
can be set as

p = p0 +A1ψ +A2ψ
2,

I = I0 +B1ψ +B2ψ2 , (16)

where p0, A1, A2, I0, B1, B2 are the corresponding coefficients
of pressure and current, respectively.

The central difference scheme is used for iteration for
Eq. (4). For any point (ri,θ j),

ri = (i+0.5)∆r, i = 0,1,2, . . . ,
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θ j = j∆θ , j = 0,1,2, . . .

The spatial step is 0.01 m, and the angle can be equally divided
into 26 parts.

The boundary condition is eliminating the singularity
around r = 0,

lim
r→0+

r
∂ψ

∂ r
= 0. (17)

The boundary value can be obtained from Eq. (17) after the
initial value of the magnetic surface is set. Through iteration
by using the difference scheme of Eq. (14), the whole balanc-
ing magnetic surface distribution is obtained after some ad-
justments of a0, a1, a2, a3.

2.2. Magnetic field in (r, θ , ϕ)

The magnetic field configuration is important for the taka-
mak plasma. In the past, the magnetic surface of the tokamak
plasma was solved in the magnetic surface coordinate (ψ , θ ,
ϕ). Since the magnetic flux along the magnetic surface is irrel-
evant to the poloidal angle of the magnetic surface coordinate,
the magnetic field in the magnetic surface coordinate system
is equal to the two-dimensional spiral magnetic field, includ-
ing only the poloidal magnetic field and the toroidal magnetic
field. The position of every magnetic surface is difficult to
identify and the shafranov displacement of every magnetic sur-
face is not equal in the experiment. Therefore, when compar-
ing the magnetic field data obtained in the magnetic surface
coordinate and the experimental data, special attention should
be paid to the difference between the position in the magnetic
surface coordinate and the position in the spatial coordinate
with the original point set at the device center.

However, in the minor toroidal coordinate system, the
magnetic flux is a function concerning radius r and azimuthal
angle θ ,

ψ(r,θ) = a0(r)+a1(r)cosθ +a2(r)cos2θ +a3(r)cos3θ .

The three-dimensional magnetic field results can be obtained
when solving the magnetic field of the tokamak plasma in the
minor toroidal coordinate system, which includes the toroidal
magnetic field, the azimuthal magnetic field, and the radial
magnetic field (the radial direction centers at the original point
of the minor radius coordinate system),

Bθ = − 1
2πR

∂ψ

∂ r

= − 1
2πR

(
∂a0

∂ r
+

∂a1

∂ r
cosθ +

∂a2

∂ r
cos2θ +

∂a3

∂ r
cos3θ

)
= B0

θ +B1
θ cosθ +B2

θ cos2θ + · · · ,

Br =
1

2πRr
∂ψ

∂θ

=
1

2πRr
(−a1 sinθ −2a2 sin2θ −3a3 sin3θ)

= B1
r sinθ +B2

r sin2θ + · · · .

From the above, the source of the intrinsic radial magnetic
field can be seen clearly.

3. Results of numerical simulations
In this paper, the azimuthal magnetic field is generated

by the plasma current itself, thus the magnetic surface is also
known as the net magnetic field. Shot number #1026968 of
J-TEXT serves as the calculation basis, and the major and mi-
nor radii of the device are 1.05 m and 0.27 m, respectively,
the device belongs to a middle-sized circular section of the
tokamak (formerly TEXT in Texas of the United States and
was rebuilt by Huazhong University of Science and Technol-
ogy in 2006).[18] The discharge parameters of the plasma are
as follows: Bt = 1.60 T, Ip = 160 kA, ne0 ∼= 3.225×1019 m−3,
Te0 ∼= 0.9 keV, Ti0 ∼= 0.475 keV.

3.1. Magnetic surfaces

Figure 2 depicts the contours of the magnetic surfaces in
the (R, Z) plane. The maximum of the Shafranov shift (shift of
the magnetic axis) is 2.148 cm, which occurs at the innermost
magnetic surface. This is the displacement of the magnetic
axis. While the Shafranov shift of the outmost magnetic sur-
face is almost zero, which means that the outmost magnetic
field is in good agreement with the device.
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-0.27
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Fig. 2. (color online) Contours of magnetic surfaces.

3.2. The radius of magnetic surface and Shafranov shift

Figure 3 depicts the Shafranov shift with different radius
of the magnetic surface. The Shafranov shift is inversely pro-
portional to the radius of the magnetic surface. The discrep-
ancies between rs and r are especially cautious for the theo-
retical analysis, they are strictly equivalent only at the outer-
most position. Since the Shafranov shift at the core is large
while the radius of the magnetic surface is small, the minor
toroidal coordinate system reflects the furthest departure from
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the magnetic surface coordinate system in the center of the de-
vice. However, at the outermost part of the device, the minor
toroidal coordinate system basically coincides with the mag-
netic surface coordinate system, mainly because the center of
every magnetic surface is constantly changing. As the minor
toroidal coordinate system deviates a lot from the magnetic
surface coordinate system at the core, the specific magnetic
surface structure is unknown during the process of experimen-
tal measurements and in fact the azimuthal magnetic field in-
stead of the poloidal magnetic field is measured. Therefore,
the three-dimensional magnetic field structure can provide a
significant reference to the experimental magnetic measure-
ment.
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Fig. 3. Shafranov shift with different radius of the magnetic surface.

3.3. Perpendicular components of the magnetic field

In order to obtain a more accurate magnetic surface struc-
ture, the magnetic surface should be expanded to a higher or-
der. In this way, the intrinsic radial magnetic field Br could
be obtained. The perpendicular magnetic field is defined as

B⊥ =
√

B2
r +B2

θ
. Figure 4 depicts the perpendicular compo-

nents of the magnetic field. It can be easily seen that at the out-
ermost part, the magnetic field is along the azimuthal direction
of the minor toroidal coordinate system, while it shows a radial
component at the core (r < 0.2a). The radial component of the
magnetic field here means the intrinsic radial magnetic field.
Meanwhile the data show that the first-order quantities (B1

r ,
B1

θ
) of the radial magnetic field and the amzimuthal magnetic

field remain at the same level everywhere. Particularly at the
core (r < 0.2a), the first-order quantities (B1

r , B1
θ

) of the radial
magnetic field and the amzimuthal magnetic field are equiv-
alent to the zero-order quantity (B0

θ
) of the amzimuthal mag-

netic field. Hence at the core, the radial magnetic field and the
amzimuthal magnetic field have the same order of magnitude,
which indicates that there exists an intrinsic three-dimensional
magnetic field structure at the core (r < 0.2a). With the in-
crease of the radius, the radial magnetic field is decreasing
while the amzimuthal magnetic field is increasing, especially
at r > 0.6a, the radial magnetic field is much smaller than the
angular magnetic field. The magnetic field structure in the area

of r > 0.6a is two-dimensional, though there exists a signifi-
cantly small fluctuating radial magnetic field Br. The values
of Bθ (a) and safety factor q(a) at the edge of the plasma are
0.1185 T and 3.47, respectively, which are in good agreement
with the experimental data. The above mentioned results fit
well with the general properties of the magnetic flux in the
frame of ideal MHD.[19,20]
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Fig. 4. (color online) The vector graph of B⊥.

3.4. Magnetic field in the magnetic surface coordinate sys-
tem

The radial magnetic field and the azimuthal magnetic field
can be transferred to the poloidal magnetic field (Bp) and the
magnetic field (Bs

r) perpendicular to the magnetic surface.
As shown in Fig. 5, the red circle is the magnetic surface

at the core, and the dashed circle has its center at the geometric
center and a radius of the radius of the magnetic surface.

The relationship between Br, Bθ and Bs
r, Bp can be de-

duced as[21]

Bs
r = Br cos(θs−θc)+Bθ sin(θs−θc), (18a)

Bp =−Br sin(θs−θc)+Bθ cos(θs−θc). (18b)

Thus the magnetic field structure can be obtained in the mag-
netic surface coordinate system. The magnetic field (Bs

r) per-
pendicular to the magnetic surface is very small compared to
the poloidal magnetic field and therefore can be neglected.

Bθ

Bp Br

Br

rs
rc

Bu
s

O O′

r

θc θs

Fig. 5. (color online) Magnetic surface coordinate and minor toroidal
coordinate.
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Through Eq. (18), the poloidal magnetic field and the
magnetic field perpendicular to the magnetic surface in the
magnetic surface coordinate system can be obtained based on
the radial magnetic field and the azimuthal magnetic field in
the minor toroidal coordinate system. Figure 6 depicts the
relationship between the poloidal magnetic field and the ra-
dius of the magnetic surface. At the core, the poloidal mag-
netic field is significantly small. However, it increases rapidly
with the increase of the radius of the magnetic surface and
reaches its maximum value 0.135 T when the radius of the
magnetic surface increases to 0.2 m (0.76a), and then slightly
decreases with the increase of the radius. The variation range
of the poloidal magnetic field is probably between 0.02 T
and 0.135 T. The intensity of the magnetic field perpendicu-
lar to the magnetic surface is about 10−4–10−2 of the poloidal
magnetic field, therefore, it can be neglected compared to the
poloidal magnetic field. That is to say, the magnetic field per-
pendicular to the magnetic surface is almost zero and the per-
pendicular magnetic field B⊥ is exactly the poloidal magnetic
field. In the magnetic surface coordinate system, the magnetic
field can be identified to have a two-dimensional structure.
The results are identical to the magnetic field structure pre-
viously obtained in the magnetic surface coordinate system.
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Fig. 6. Relation between the poloidal magnetic field and the raidus of
the magnetic surface.
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Fig. 7. Relation between the poloidal magnetic field and the poloidal
angle (rs = 0.5a).

Figure 7 is the changing law of the poloidal magnetic field
with the change of the magnetic surface radius, where rs is

0.5a. From the above discussion, it is evident that the poloidal
magnetic field at the strong field side is slightly larger than the
poloidal magnetic field at the feeble field side, which is due to
the toroidal effect.

4. Discussion and conclusion
The Grad–Shafranov equation is solved in the minor ra-

dius coordinate system by an expansion of the four terms of
the magnetic surface. In the past, the intrinsic radial magnetic
field was often neglected, which was considered as the error
field. However, in this paper, the intrinsic radial magnetic
field is obtained by solving the Grad–Shafranov equation in
the minor toroidal coordinate system. That is to say, the radial
magnetic field in a tokamak is considered to be produced by
a combination of the intrinsic radial field and the error field.
The existence of the intrinsic Br has the following efficacies.
1) It can offer a reference for the analysis of the plasma insta-
bility such as sawtooths, tearing mode, etc. and the feature of
the core plasma. 2) The first-order quantity of the magnetic
field (B1

r ) is almost equivalent to the zero-order one (B0
θ
) at the

core plasma, only a three-dimensional magnetic field structure
is the real essence of the tokamak plasma. In this way, any
charged particles can be frozen in the line of the magnetic field
for an ideal MHD mode. Namely, the radial flow of plasma
is doomed to happen because of the presence of the intrinsic
radial magnetic Br. For better understanding the plasma trans-
port at the core, this property is of great importance. 3) Since
the spatial coordinate relevant to the device is commonly used
during the measurement process, the three-dimensional mag-
netic field solved in the minor toroidal coordinate system has
more implications than the two-dimensional magnetic field.
Therefore, the three-dimensional magnetic field structure can
provide a significant reference to experimental magnetic mea-
surement.
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