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Tunable terahertz radiation from arbitrary profile dielectric grating
coated with graphene excited by an electron beam∗
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In this paper, the enhanced terahertz radiation transformed from surface plasmon polaritons, excited by a uniformly
moving electron bunch, in a structure consisting of a monolayer graphene supported on a dielectric grating with arbitrary
profile is investigated. The results show that the grating profile has significant influence on the dispersion curves and radia-
tion characteristics including radiation frequency and intensity. The dependence of dispersion and radiation characteristics
on the grating shape for both the symmetric and asymmetric gratings is studied in detail. Moreover, we find that, for an
asymmetric grating with certain profile, there exist two different diffraction types, and one of the two types can provide
higher radiation intensity comparing to the other one. These results will definitely facilitate the practical application in
developing a room-temperature, tunable, coherent and miniature terahertz radiation source.
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1. Introduction
Graphene is a promising candidate to develop tera-

hertz (THz) radiation sources by various methods, such as
amplified stimulated emission,[1,2] spontaneous radiation,[3]

second-order nonlinear optical process,[4] cyclotron-like radi-
ation process,[5] and diffraction radiation.[6,7] References [6]
and [7] both presented and explored the free-electron excited
THz diffraction radiation source based on graphene surface
plasmon polaritons (SPPs). Graphene has been proven to
sustain SPPs with extreme high confinement and low Ohmic
loss,[8,9] and the features of SPPs can be tuned by adjusting ex-
ternal gate voltage or chemical doping.[10] These remarkable
features are suitable for the development of tunable THz radi-
ation sources based on graphene plasmonics. References [6]
and [7] demonstrated that graphene SPPs can be effectively
excited by an electron bunch uniformly moving along the sur-
face of graphene, and can be transformed into enhanced THz
radiation by the dielectric grating because the wave vector
mismatch is removed. The radiation intensity reaches up to
103 W/cm2, which is hundreds times that without graphene
due to the strong field enhancement of grapheme SPPs. This
radiation mechanism could provide exciting opportunities to
develop a room-temperature, tunable, coherent, and miniature
THz radiation source.

In Refs. [6] and [7], for the structure of graphene situ-
ated on a dielectric grating, the grating with ideal rectangular

shape is studied. Actually, limited by the manufacture pro-
cess, the grating profile cannot keep rectangle with periodicity
in macro- or nano-scale, and it is mostly with profile similar to
sinusoid, triangle, or trapezoid.[11–15] Therefore, investigating
the influence of grating profile on the radiation characteristics
will facilitate the practical application of this kind of THz radi-
ation source. In this paper, the graphene SPPs enhanced THz
radiation from graphene coated dielectric grating with arbi-
trary profile excited by an electron bunch is theoretically stud-
ied. The results show that the grating profile has significant
influence on the dispersion curves and the radiation character-
istics including radiation frequency and intensity.

This paper is organized as follows. In Section 2, based
on the rigorous coupled-wave analysis, the general theoreti-
cal formulations are derived for the diffraction radiation from
arbitrary shape grating covered with a monolayer graphene ex-
cited by an electron bunch. The theoretical and analytical re-
sults are given in Section 3. Section 4 gives the conclusions.

2. General theoretical formulations
The model concerned here is an electron bunch moving

above a monolayer graphene supported on a one-dimensional
dielectric grating with arbitrary profile as shown in Fig. 1(a).
The electron bunch is assumed to be a line charge with charge
density ρ in the x direction, and it moves at a constant speed
u0 along the z direction with trajectory distance y0 above the

∗Project supported by the National Basic Research Program of China (Grant No. 2014CB339801), the National Natural Science Foundation of China (Grant
Nos. 61231005, 11305030, and 612111076), the Fundamental Research Funds for the Central Universities of China (Grant No. ZYGX2013J058), and the
National High-tech Research and Development Project of China (Grant No. 2011AA010204).

†Corresponding author. E-mail: rbzhong@uestc.edu.cn
© 2015 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

094102-1

http://dx.doi.org/10.1088/1674-1056/24/9/094102
rbzhong@uestc.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 24, No. 9 (2015) 094102

graphene. The grating has period L, and thickness D. Assume
there are three space regions for the structure: the upper free
space (vacuum) is region I, the grating area is region II, and
the lower substrate is region III.
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Fig. 1. (color online) (a) Schematic of graphene situated on a one-
dimensional dielectric grating with arbitrary profile. (b) Multi-layer
model of trapezoidal grating, the grating region is divided into M layers
with equal thickness, and each layer approximates to be with rectangu-
lar profile.

The electromagnetic fields in region I consist of evanes-
cent plane wave induced by the moving line charge along the
z direction and its diffracted waves represented as an infinite
sum of plane waves due to the periodicity of grating.[6,7]

The incident fields can be obtained by solving the fol-
lowing inhomogeneous Helmholtz equation in the Cartesian
coordinate:[16]

∂ 2E i
z

∂x2 +
∂ 2E i

z

∂y2 +
∂ 2E i

z

∂ z2 −
1
c2

∂ 2E i
z

∂ t2 =−µ0Jz. (1)

The time factor is assumed to be e−jωt and suppressed
throughout this paper.

The current density of the moving electron beam Jz is ex-
pressed as

Jz = ρu0δ (y− y0)δ (z−u0t). (2)

Submitting Eq. (2) into Eq. (1), and making use of the Fourier
transformation, the z component of electric field E i

z can be ob-

tained in the frequency domain[16]

E i
z =−kc

qkc

2ωε0
ejkc|y−y0| ejkzz, (3)

where q is the line charge density of electron beam, ω is circu-
lar frequency, ε0 is the dielectric constant of vacuum, c is the
light velocity in vacuum, k0 = ω/c is the wave vector in vac-
uum, kz = ω/u0 is the wave vector of electron beam along the
z direction, and kc is the wave vector of electron beam along
the y direction, k2

c = k2
0− k2

z .
Besides the fields induced by the electron beam, there

also exist diffraction fields in region I. It can be expressed as

EI,r
z = ∑

n

kI
yn

ωε0
A1n ejkI

yny ejkznz, (4)

where kzn = kz +2πn/L , kI
yn =

√
k2

0− k2
zn, n is the number of

space harmonics of the diffraction fields, and it is an integer.
Hence, the total electromagnetic fields in region I can be

written as

EI
z = E i

z +EI,r
z

= − qkc

2ωε0
e−jkc|y−y0| ejkzz +∑

n

kI
yn

ωε0
A1n ejkI

yny ejkznz. (5)

In region III, there only exist the diffracted waves with
the same form as that in region I,

EIII
z = ∑

n
−

kIII
yn

ωε0εs
A2n e−jkIII

yn (y+D) ejkznz, (6)

where εs is the relative permittivity of dielectric substrate,

kIII
yn =

√
εsk2

0− k2
zn.

Other components of fields in regions I and III can be ob-
tained by solving Maxwell equations together with Ez.

For region II, the grating is divided into a large num-
ber of sufficiently thin grating layers with rectangular profile,
which can approximate the arbitrary profile grating to an ar-
bitrary degree of accuracy. The electromagnetic fields in each
grating layer can be conveniently solved by the coupled-wave
approach.[17,18] For the m-th grating layer with filling factor
fm, which is defined as the ratio of the width of dielectrics
(particularly the dielectric medium with relative permittivity
εs) in the m-th grating layer to grating period. The periodic
permittivity can be expanded in a Fourier series, and its inverse
is also expressed in a Fourier series for numerical stability and
fast converge,[19,20]

εm(z) = ∑
p

cm,p exp
(

j
2π pz

L

)
,

1
εm(z)

= ∑
p

αm,p exp
(

j
2π pz

L

)
,

(7)

where

cm,p =


εs fm +(1− fm), p = 0,

(εs−1)
sin(π p fm)

π p
, p 6= 0,
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αm,p =


1
εs

fm +(1− fm), p = 0,(
1
εs
−1
)

sin(π p fm)

π p
, p 6= 0,

−Dm < z <−Dm +dm,

Dm =
m

∑
i=1

di,

DM = D, dm is the thickness of the m-th grating layer, and Dm

is the distance from the bottom of the m-th grating layer to the
top of grating.

The tangential electric and magnetic fields in the m-th
grating layer are expressed in a Fourier expression EII

m,z = j
√

µ0

ε0
∑
n

Sm,zn(y)exp(jkznz),

HII
m,x = ∑

n
Um,xn(y)exp(jkznz).

(8)

The electromagnetic fields in the grating layer obey the
Maxwell equations

∂EII
y

∂ z
−

∂EII
z

∂y
=−jωµ0HII

x ,

1
εr

∂HII
x

∂y
= jωε0EII

z ,

∂HII
x

∂ z
=−jωεrε0EII

y .

(9)

Submitting Eq. (8) into Eq. (9), eliminating the y component
of electric fields can obtain the following eigen equation:

k−2
0 [𝑈 ′′m] = [𝐴−1

m 𝐵m][Um], (10)

where 𝐵m = (𝐾z𝐶
−1
m 𝐾z−𝐼), 𝐼 is the unity matrix, 𝐾z is a

diagonal matrix with diagonal elements kzn/k0, and the n, p-
th element of 𝐶m is cm,n−p. Am is the matrix with its n, p-th
element αm,n−p, and 𝐴−1

m 𝐵m is the eigen matrix.
By solving Eq. (10), all the eigenvalues and eigenvectors

can be obtained, so the tangential magnetic field in the m-th
grating layer can be expressed as

Um,x =
N

∑
i=1

wm,n,i{c+m,i exp[k0qm,i(z+Dm−dm)]

+ c−m,i exp[−k0qm,i(z+Dm)]}, (11)

where N is the total number of space harmonics, wm,n,i and
qm,i are the elements of the eigenvector matrix 𝑊m, and the
square root of the eigenvalues of the matrix 𝐴−1

m 𝐵m, respec-
tively. The field coefficients c+m,i and c−m,i are determined by
the boundary conditions.

The tangential electric field can be obtained by solving
Eq. (9) with the tangential magnetic field

Sm,z =
N

∑
i=1

vm,n,i{−c+m,i exp[k0qm,i(z+Dm−dm)

+ c−m,i exp[−k0qm,i(z+Dm)]}, (12)

where vm,n,i is the element of the product matrix 𝑉m =

𝐴m𝑊m𝑄m, and qm,i is the diagonal element of the diagonal
matrix 𝑄m.

At the boundaries between each region and each grating
layer, the tangential electric and magnetic fields are continu-
ous. Due to the existence of surface current on the graphene
layer at the boundary between region I and the first grating
layer, the boundary conditions are given by{

EI
z|y=0 = EII

1,z|y=0,

HII
1,x|y=0−HI

x|y=0 = σgEI
z|y=0,

(13)

where the conductivity of graphene σg is described by Drude
model. Here only the intraband conductivity is considered for
the THz frequency regime,[21,22]

σg =
je2kBT

π h̄2(ω + j/τ)

×
{

µc

kBT
+2ln[exp(−µc/kBT )+1]

}
, (14)

j is the imaginary unit, T is temperature, kB is Boltzmann con-
stant, τ is the relaxation time, and µc is chemical potential.

In region II, at the boundary between the m− 1 and m
grating layer (y =−Dm−1){

EII
m−1,z|y=−Dm−1 = EII

m,z|y=−Dm−1 ,

HII
m−1,x|y=−Dm−1 = HII

m,x|y=−Dm−1 .
(15)

At the boundary between the last grating layer and the
substrate region (y =−DM),{

EII
M,z|y=−DM = EIII

z |y=−DM ,

HII
M,x|y=−DM = HIII

x |y=−DM .
(16)

By solving equations under the above boundary condi-
tions, the field coefficients can be obtained. To avoid the
numerical instability, the enhanced transmittance matrix ap-
proach proposed by Moharam is used[23]

[
A1

A2,1

]
=

−𝐼− σgKI
y

ωε0
f1

−j𝑍I g1

−1

×


(

q
2
−

qσgkc

2ωε0

)
ejkcy0δn0

−j
qkc

2k0
ejkcy0δn0

 , (17)

A2 = a−1
M 𝑋M · · ·a−1

m 𝑋m · · ·a−1
1 𝑋1𝐴2,1, (18)

where [
𝑓m
𝑔m

]
=

[
𝑊m(𝐼+𝑋mbma−1

m 𝑋m)
𝑉m(𝐼−𝑋mbma−1

m 𝑋m)

]
,[

𝑎m
𝑏m

]
=

[
𝑊m 𝑊m
𝑉m −𝑉m

]−1 [
𝑓m+1
𝑔m+1

]
,
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m = 1,2, . . . ,M,[
𝑓M+1
𝑔M+1

]
=

[
𝐼
−jZIII

]
.

𝑍I and ZIII are diagonal matrices with the diagonal elements
kI

yn/k0 and kIII
yn/(εsk0), respectively, 𝑋m is a diagonal matrix

with the diagonal elements exp(−k0qm,idm).
The radiation power intensity in regions I and III can be

calculated by

Pvac =−
1
2 ∑

kI
yn

kI
yn

ωε0
|A1n|2, (19)

Psub =
1
2 ∑

kIII
yn

kIII
yn

ωε0εs
|A2n|2. (20)

3. Theoretical and analytical results
Based on the above general formulations, the influence of

grating profile on the dispersion curves and radiation charac-
teristics can be theoretically and numerically investigated. For
the ideal rectangular grating, its period is L = 1.5 µm, grating
height is D = 0.6 µm, filling factor is 0.45, and the relative
permittivity of dielectric substrate is εs = 11.6.[7] Values of
T = 300 K, τ = 1.2 ps, and µc = 0.35 eV are used throughout
this paper.[6,7,24] Without loss of generality, we take a typi-
cal trapezoidal grating as example. The multi-layers model of
trapezoidal grating is shown in Fig. 1(b), the grating region is
equally divided into M thin grating layers, each layer approx-
imates to be with rectangular profile. M = 20 is adopted for
the numerical calculation with enough accurate results. Keep
the period of trapezoidal grating same as that of rectangular
grating, the bottom edge of trapezoid grating is fixed at 0.45
times that the period. We define the ratio of upper edge of
trapezoid to period as grating profile factor b (0 < b < 0.45).
Obviously, the sharper is the trapezoidal profile, the smaller is
the value of b. When the trapezoidal grating is asymmetric,
its profile can be completely defined with another parameter
(a1 or a2) shown in Fig. 1(b). We will study the influence of
grating profile in symmetry and asymmetry cases separately.

For the symmetric trapezoidal grating, its dispersion
curves (the blue solid curves) are shown in Fig. 2(a), which are
obtained by searching the poles caused by SPPs in the scatter-
ing matrix.[7,25,26] The dispersion curves of rectangular grating
(the magenta dashed curves) are also depicted in Fig. 2(a) as
a comparison. We can see that there both exist band gaps for
the dispersion curves at the Brillouin zone center and bound-
aries for the two kinds of gratings because of multiple Bragg
scattering arising from the periodicity of grating.[7,27,28] Due
to the first dispersion band lying below the light line, SPPs of
this band cannot be transformed into radiation, only the sec-
ond and third bands of dispersion curves are given in this pa-
per. For the rectangular grating structure, the frequencies at

the Brillouin center of the dispersion bands are 7.82 THz and
8.84 THz, thus the band gap between them is 1.02 THz. For
the trapezoidal grating structure, the dispersion bands appar-
ently move up, comparing to those of rectangular structure.
The corresponding frequencies increase by 9.7% and 17% to
8.58 THz and 10.34 THz, respectively, and the band gap is
enlarged to 1.76 THz. To understand the physical mechanism
of the huge upward shifting of the dispersion curves, a homo-
geneously effective dielectric layer with relative permittivity
εeff = εs feff +(1− feff) is introduced to describe the grating
region. For the rectangular structure, the effective filling fac-
tor feff is equal to 0.45, while for the trapezoidal grating feff

is bounded by b and 0.45 (b < feff < 0.45). The sharper the
trapezoidal profile is, the smaller the value of b is. When the
rectangular profile of grating turns into trapezoidal shape, the
effective permittivity εeff decreases due to the decrease of ef-
fective filling factor feff, which leads to the upward shifting of
dispersion curves.[29,30]
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Fig. 2. (color online) (a) Dispersion curves for the structure of a mono-
layer graphene suited on the rectangular (the magenta dashed curves)
and symmetrical trapezoidal (the blue solid curves) gratings, where b is
equal to 0.3. (b) The radiation spectra of rectangular and symmetrical
trapezoidal gratings, the peak frequencies correspond to the points A
and C.

The radiation characteristics are also seriously affected
by the change of grating profile. As shown in Fig. 2(a), the
vacuum and substrate radiation areas are bounded by two vac-
uum light lines (two dashed lines symmetrical to the Brillouin
center) and two dielectric light lines (two solid lines symmet-
rical to the Brillouin center), respectively. Obviously, there is
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an overlapped region bounded by two vacuum light lines for
the two radiation areas, so the radiation wave with frequency
locating in this region can radiate into both vacuum and sub-
strate sides, while that in the non-overlapped radiation region
can only radiate into the substrate side. Under the excitation
of an electron beam with velocity 0.0391c, the beam line in-
tersects with the dispersion curves of the rectangular grating at
point A (the Brillouin center) in the overlapped radiation area,
while this beam line will intersects with the dispersion curves
at point B in the non-overlapped region when the grating pro-
file changes to trapezoid, so the radiation of point B can only
radiate into the substrate side. To obtain the intersection point
at the Brillouin center for the trapezoidal grating, the electron
beam velocity must be increased to 0.0429c, and the intersec-
tion point is C.

The radiation spectra of rectangular grating (the dashed
curves) and symmetrical trapezoidal grating (the solid curves)
excited by the electron bunch with velocities 0.0391c and
0.0429c are shown in Fig. 2(b). The results are in agreement
with those in Fig. 2(a), the peak radiation frequency of rectan-
gular grating is 7.82 THz corresponding to the point A, while
that of trapezoidal grating largely blue shifts to 8.58 THz, cor-
responding to the point C. The radiation intensity in substrate
is much higher than that in vacuum for both two kinds of
gratings,[7] and the radiation intensity from trapezoidal grating
is little stronger than that from rectangular grating both in the
vacuum and substrate sides. This is caused by a stronger inter-
action between the electron beam and graphene SPPs at higher
frequency, which leads to the higher intensity of excited SPPs
on the graphene sheet, and in turn higher transformed radiation
intensity.

The dependence of dispersion and radiation characteris-
tics on the grating profile factor b for the symmetrical trape-
zoidal grating is studied in detail. Figure 3(a) shows that the
dispersion characteristics including the frequency at the Bril-
louin center of the second dispersion band and the band gap
varies with b. It can be seen that with the decrease of b (the
more change of grating profile), both the frequency and band
gap increase. When b decreases 30%, the frequency increases
23%, and the band gap even increases 110%. It is because the
permittivity of effective medium εeff decreases with the de-
crease of b, which leads to the increase of frequency and band
gap. Figure 3(b) shows the intensity of radiation waves toward
the vacuum and substrate sides increases with the decrease
of b. When b decreases 30%, the radiation intensity both in
the vacuum and substrate sides is doubled. The enhancement
comes from a stronger interaction between the electron beam
and graphene SPPs at higher frequency, which leads to the
higher intensity of excited SPPs on the graphene sheet, and
in turn higher transformed radiation intensity.
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Fig. 3. (color online) (a) Frequency at the Brillouin center of the second
dispersion band and band gap versus the grating profile factor b for the
symmetrical trapezoidal grating. (b) Radiation intensity with frequency
at the Brillouin center of the second dispersion band in vacuum and sub-
strate sides versus the grating profile factor b, other parameters are the
same as that used in Fig. 2.

Now we investigate the influence of asymmetry of grating
on dispersion and radiation characteristics. The profile param-
eter a1 (or a2) can be regarded as the asymmetry factor due
to the asymmetry degree of trapezoidal grating increases with
the decrease of a1 (or a2). Figure 4(a) shows the dispersion
curves for the symmetrical (the magenta dashed curves) and
asymmetrical (the blue solid curves) trapezoidal grating. We
can see that the asymmetry also leads to the change of disper-
sion curves. Comparing to the symmetrical grating, the sec-
ond dispersion band of asymmetrical grating apparently moves
up, the third dispersion band slightly, and the band gap is de-
creased. The intersection point between beam line and dis-
persion curves at the Brillouin center changes from D to E,
and the beam velocity is increased from 0.0483c to 0.0505c.
Figure 4(b) shows their radiation spectra, the peak radiation
frequency of symmetrical grating is 9.65 THz corresponding
to the point D, while that of asymmetrical grating blue shifts to
10.1 THz corresponding to the point E. The radiation intensity
from asymmetrical grating is little higher than that from sym-
metrical grating both in the vacuum and substrate sides. The
reason is the same as that given in the comparison of radiation
intensity of rectangular and trapezoidal gratings.

Figure 5(a) shows that the dispersion characteristics in-
cluding the frequency at the Brillouin center of the second
dispersion band and the band gap varies with the profile pa-
rameter a1. With the increasing asymmetry (the decrease of
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a1), the frequency increases compared to that of symmetri-
cal grating, while the band gap decreases, which is caused by
the fact that the second dispersion band moves up more with
the decrease of a1 and the third dispersion band changes little.
Figure 5(b) shows the intensity of radiation waves toward the
vacuum and substrate sides increases firstly with the decrease
of a1, reaches a peak value at a1 = 0.05, then decreases.
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Fig. 4. (color online) (a) Dispersion curves for the symmetrical (the
magenta dashed curves) and asymmetrical (the blue solid curves) trape-
zoidal grating, where b is equal to 0.2, a1 is equal to 0.1, and other
parameters are the same as that used in Fig. 2. (b) Radiation spectra of
the symmetrical (the dashed curves) and asymmetrical (the solid curves)
trapezoidal gratings.

For an asymmetrical trapezoidal grating with a fixed pro-
file, there exist two different diffraction types. Assume Type I
is the one with a1 < a2, then Type II is another one with
a1 > a2. The dispersion curves are the same for both types
due to the rotational symmetry (Type I is equivalent to Type II
when it rotates 180 degree around the y axis), while the radi-
ation intensity are quite different because of the breaking of
rotational symmetry by the directivity of excited propagating
SPPs. Figure 6 shows the intensity of radiation wave with fre-
quency at the Brillouin center of the second dispersion band in
vacuum and substrate sides varies with the asymmetry factor
for the two types. The radiation intensity of Type I is higher
than that of Type II both in vacuum and dielectric sides, and
the difference of radiation intensity between them increases
with the increase of asymmetry. These results indicate that
Type I is prior to Type II in transforming SPPs into radiation
wave, and hence in the practical application, Type I is pre-
ferred.
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Fig. 5. (color online) (a) Frequency at the Brillouin center of the sec-
ond dispersion band and band gap versus the asymmetry factor a1. (b)
Radiation intensity with frequency at the Brillouin center of the second
dispersion band in vacuum and substrate sides versus the asymmetry
factor a1. Other parameters are the same as that used in Fig. 4.
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Fig. 6. (color online) Intensity of radiation wave with frequency at the
Brillouin center of the second dispersion band in vacuum (a) and sub-
strate (b) sides versus the asymmetry factor for the two diffraction types,
the asymmetry factor is a1 for Type I, and it is a2 for Type II.

4. Conclusions
Theoretical and numerical study was carried out for the

enhanced THz radiation transformed from surface plasmon
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polaritons excited by an electron bunch in a structure consist-
ing of a monolayer graphene situated on a dielectric grating
with arbitrary profile. The results show that the grating profile
has significant influence on the dispersion curves and radiation
characteristics. When the grating profile changes from rect-
angle to trapezoid, the dispersion curves move up, the band
gap is enlarged, and the radiation frequency blue shifts with
higher exciting beam velocity. The more the grating shape
changes, the greater the variations of these dispersion and radi-
ation characteristics are. Furthermore, the asymmetry of grat-
ing profile can affect the dispersion curves and radiation char-
acteristics as well. The radiation frequency increases with the
increase of asymmetry, while the band gap decreases. The
variation of radiation intensity is more complicated. It in-
creases firstly to a peak value, then decreases. In addition,
for an asymmetric grating with certain profile, there are two
different diffraction types, and Type I is prior to Type II in
transforming SPPs into radiation wave. These results can fa-
cilitate the practical application in the development of a room-
temperature, tunable, coherent, and miniature THz radiation
source.
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