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In this paper the synchronization for two different fractional-order chaotic systems, capable of guaranteeing syn-
chronization error with prescribed performance, is investigated by means of the fractional-order control method. By pre-
scribed performance synchronization we mean that the synchronization error converges to zero asymptotically, with con-
vergence rate being no less than a certain prescribed function. A fractional-order synchronization controller and an adaptive
fractional-order synchronization controller, which can guarantee the prescribed performance of the synchronization error,
are proposed for fractional-order chaotic systems with and without disturbances, respectively. Finally, our simulation stud-

ies verify and clarify the proposed method.
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1. Introduction

In the last two decades, the study of fractional calcu-
lus has become an attractive research field from both theo-
retical and application perspectives because it naturally re-
lates to systems with memory, which prevail in most physical
systems.[!=%1 Recently, synchronization for fractional-order
chaotic systems has received increasing attention due to its
potential applications in control processing and secure com-
munication. For example, global non-fragile synchronization
of a class of new fractional-order chaotic system is studied in
Ref. [10]. A new method of fast projective synchronization for
fractional-order dynamical systems is introduced in Ref. [11].
Synchronization between two fractional-order chaotic sys-
tems, which exhibits interesting behavior such as two, three,
and four scrolls, is presented in Ref. [12]. Some more stud-
ies attempting to synchronize fractional-order chaotic systems
can be found in Refs. [13]{22], etc.

Another important issue associated with the synchroniza-
tion of chaotic systems is the synchronization error satisfying a
prescribed performance. By prescribed performance we mean
that the synchronization error should converge to the origin,
with a convergence rate that is no less than a priori given per-
formance function. Prescribed performance controllers have
been first proposed in Refs. [23] and [24] for affinity in the
control integer-order nonlinear system structures. These re-
sults have been extended in Ref. [25] to investigate the track-
ing problem with guaranteed prescribed performance and con-
tact maintenance in the presence of structural uncertainties and

DOI: 10.1088/1674-1056/24/9/090505

parameters. In Ref. [26], an approximation-free state feed-
back control method is given for unknown pure feedback sys-
tems, which is capable of guaranteeing, for any initial sys-
tem condition, output tracking with prescribed performance
and bounded closed loop signals. Up to now, the positive re-
sults of prescribed performance control of integer-order non-
linear systems has been fruitful (see, Refs. [27]-[36], etc).
Compared with integer-order calculus, fractional-order calcu-
lus offers a more powerful tool for describing hereditary and
memory properties of the systems. Fractional-order operator
is nonlocal in the sense that it considers the fact that the future
system states depends not only on the present states but also
on all history of its previous states. For fractional-order sys-
tems, it is very difficult to analyze the stability by finding its
dominant roots or by using other algebraic methods, which are
commonly used in the stability of integer-order systems. To
date, the direct check of the stabilities of fractional-order non-
linear systems by using polynomial criteria are still not possi-
ble, because the characteristic equation of the fractional-order
system is not a polynomial but a pseudo-polynomial function

5.137] In a manner

of fractional powers of the complex variable
of speaking, most of the existing control schemes for integer-
order systems cannot be extended to fractional-order systems
directly. To our best knowledge, the prescribed performance
control for fractional-order nonlinear systems has not been re-
ported in the relevant literature. Thus it is meaningful to design
a kind of effective prescribed performance control method for

fractional-order nonlinear systems.
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Motivated by the aforementioned observations, in this pa-
per, we focus on the prescribed performance synchronization
between two different fractional-order chaotic systems with
and without an unknown external disturbance. There are three
main contributions which are worth emphasizing as follows.
(D It is the first work that investigates the prescribed perfor-
mance control of fractional-order nonlinear systems. (II) An
adaptive fractional-order controller is designed for synchro-
nizing two different fractional-order chaotic systems with ex-
ternal disturbances. It should be pointed out that the fractional
integration of sign function is used in the controller design, so
the chattering phenomenon will not occur in this paper. (II) A
reasonable assumption is proposed, which may provide some
assistance to cope with external disturbance in fractional-order
systems.

2. Problem formulation and preliminaries
2.1. Description of fractional-order derivative

In this subsection, some basic preliminaries for fractional
differential and integral equations are given (please refer to
Ref. [1] for more details). The lower limit of the fractional
calculus is set to be O in this paper. The fractional-order inte-
gral with order o can be expressed as

!
D0 = g =0 a0
where I'(-) represents the Euler Gamma function.

There are three definitions of fractional-order derivative
which are often used in the literature, that is: Grunwald—
Letnikov (G-L), Riemann-Liouville, and Caputo definitions.
The Caputo derivative is frequently used in control engineer-
ing because the initial conditions of Caputo derivative take on
the same form as those in integer-order systems. The Caputo
fractional derivative with order « is given as

SDEF0) = ooy |~ O 0ar @

where n — 1 < o < n. For convenience, in the rest of this paper
we always assume that o € (0, 1).

The following results will be used in this paper.

Lemma 158! If x(¢) € C'[0, T] for some T > 0, then

EDMSD®x(r) = DM % x(r), (3)

where ap,0p > 0and o + o < 1.
Lemma 2! If x(¢) € C'[0,T] for some T > 0, and
0 < o < 1, then the following equations hold:

6D, %G DI x(t) = x(t) — x(0), (4)
6DEED; “x(t) = x(t). (5)

2.2. Problem formulation

Let the fractional-order drive system and response system
respectively be

6Dfx(t) = f(x(t)), (©)
6D (1) = g(y()) +d(t) +u(t), )

x(t) = [xi(t),...,x,(0)]T € R* and y(t) =
Vi(t),...,ya(t)]T € R" are the system state vectors

where

which are assumed to have continuous derivatives,
F&@) = LAEO), folx@)T € R and g((r)) =
[g1(¥(1)),...,8n(y(t))]T € R" are two continuous nonlinear
functions, u(t) = [u;(t),...,u,(t)]T € R" represents the con-
trol input, and d(t) = [d|(t),...,d,(t)]T € R" corresponds to
unknown external disturbance. The objective of this paper
is to construct a proper controller so that the following two
properties are guaranteed:

Property 1 The synchronization error e(r) = x(¢) —
y(t) = [e1(t),...,eq(t)]T converges to origin asymptotically,
and all of the signals in the closed-loop system remain
bounded.

Property 2 The prescribed transient and steady state be-
havioral bounds on the tracking error ¢;(¢) are achieved.

3. Controller design and stability analysis
3.1. Synchronization error transformation

Property 2 can be guaranteed with the help of the per-
formance function which converts the prescribed performance
characteristics into tracking error constraints.

Definition 12?41 A smooth function ¢ : R, — R, — {0}
is called performance function if ¢(¢) is strictly decreasing and
satisfies tlL@g@(t) =0.

As a result, we can guarantee Property 2 by satisfying

—0i(t) <eilt) < 9i(1),]ei(0)]| < 9(0), ®

forallt >0,i=1,2,...,nand @;(¢) is a performance function
associated with the synchronization error e(¢). The decreas-
ing rate of the performance function ¢;(¢) gives a lower bound
on the required speed of convergence of synchronization error
ei(r). The aforementioned properties can be seen in Fig. 1.

pi(t), ei(t), —pi(t)

Fig. 1. (color online) Prescribed performance synchronization.
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Remark 1 It should be mentioned that if inequality equa-
tion (8) is satisfied, then the synchronization error will con-
verge to zero asymptotically, with a convergence rate no less
than a certain pre-specified value, exhibiting that the max-
imum overshoot is less than some sufficiently small preas-
signed constant. Prescribed performance synchronization can
be well used in many fields, such as precise synchronization,
finite-time synchronization, etc. In fact, if the prescribed per-
formance function is chosen appropriately, then the finite-time
synchronization (for example, see Refs. [39]-[41]) turns into
only a special case of the prescribed performance synchroniza-
tion.

Remark 2 Traditional synchronization controller design
for fractional-order systems, guarantees the convergence of the
synchronization error to a residual set, whose size depends
on control system design parameters and some bounded terms
(see, Refs. [13]{22], etc). However, no systematic procedure
exists to precisely estimate the required upper bounds, thus
making an a priori choice of the aforementioned design pa-
rameters to satisfy some steady-state behaviors. Moreover, the
performance of transient behaviors (i.e., overshoot and con-
vergence rate) is difficult to analyze, even in the case of known
nonlinearities. In this paper, the introduced performance func-
tion and the following synchronization error transformation
will help us to solve this problem.

To meet the synchronization objective, we define an er-
ror transformation which can transform the original nonlinear
system into an equivalent unconstrained system. We define

ei(t) =si(zi(0)i(t), i=1,2,...,n, 9)

where @;(¢) is the performance function, and z;(¢) is the trans-
formed synchronization error. The introduced function s;(+)
is smooth and strictly increasing, and satisfies the following
conditions:

-1 <si(z) < 1,

Zil_lfl_loosi(zi) = 71a

lim s;(z;) = 1. (10)

Zj—>o0

Remark 3 From the definition of the function s;(-), we
know that it is an invertible function. In fact, there are many
common functions satisfying the definition of s;(-). For ex-
ample, tanh(z;), 2arctan(z;) /7, etc.

From the above discussion, we know that if z;(¢) can keep
bounded, then we have —1 < s;(z;(r)) < 1, thus —¢;(¢) <
ei(t) < @;(t). Noting that ¢;(¢) converges to 0 asymptotically,
to achieve Properties 1 and 2, we only need to design a proper
controller such that z;(r) keeps bounded. According to Remark
3 we know that the inverse transformation of z;(¢)

() = s <;((?)> , (an

is well defined. Differentiating Eq. (11) with respect to time

gives
oy Ot L[ i)
=3 (&) 2 -] a2
@i(1)
Let 251 |
%t)=—F—
ei(t) ) ei(t)
a(‘Pi(f))
then equation (12) can be arranged as
() = 10) e - L) 3

From Lemma 1 we know
é(t) = GDYED;~ %e(1). (14)

By substituting Egs. (6),(7), and (14) into Eq. (13), we have

4i(1) = %(0) |50~ (fi(x(1)) — & ((r))

—di() — (1)) — ‘é’)g; (). (15)

3.2. Chaos synchronization without disturbance

Now we consider synchronization of systems (6) and (7)
without unknown external disturbances (i.e., d(t) = 0). Then,
we can design the following fractional synchronization con-

troller:

ult) = ) 500 ~§07 "~ (L)

+kSD P (), (16)

where k; is a positive design parameter.

From the above discussion, we have the following results.

Theorem 1 Consider the fractional-order drive system
(6) and response system (7) on the assumption that d(¢) =
0. Then the proposed fractional-order controller, defined by
Eq. (16), guarantees the following properties: (i) All of the
signals in the closed-loop system are bounded. (ii) The pre-
scribed performance synchronization between two fractional-
order chaotic systems is achieved.

Proof According to Lemma 2 we have

othlfaocD;(lfa) (z’:g)) ei(t)> = z’:g)) ei(t), (17)

§DI=*SD; M 2i(1) = zi(r). (18)

Substituting Egs. (16)—-(18) into Eq. (15) yields

Z,‘(l‘) = —ki}/i(l)zi(l). (19)
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2(1)/2, its

derivative with respect to time will then be given as

Define the Lyapunov function candidate as V;(¢) =

Vi(r) = —kivi(0)Z2 (1) (20)

As a result, z;(¢) is bounded for all # > 0. Because sys-
tem (6) represents a chaotic system, we have both x;(¢) and
fi(x(2)) that are bounded. Furthermore, we have |e;(7)| <
¢;(t), which means that the synchronization error converges to
origin asymptotically and the system variables x;(¢) and y;(¢)
are bounded. From the above discussion, we have that Prop-
erties 1 and 2 can be guaranteed. This completes the proof of

Theorem 1.

3.3. Chaos synchronization with external disturbance

Most practical systems suffer from several kinds of sys-
tem uncertainties (such as the modeling errors, the plant pa-
rameter variations, and the unknown external disturbances)
which can actually degrade the control performance if not
well-disposed. [42-44] In this subsection, we consider the case
where external disturbance d(¢) cannot be neglected in chaos
synchronization.

To proceed, the following assumption is needed.

Assumption 1 There exists some unknown positive con-
stant ¢; such that

Dl %di(1)| < ¢y 1)

Remark 4 Assumption 1 is not very restrictive, because
the upper bound of fractional derivative of the external distur-
bance is assumed to be unknown. There are some frequently
used external disturbance functions satisfying Assumption 1,

such as sin(+), cos(+), etc. In fact, we denote
F(t) =|§D;/ *cost|.

Let G(1) =§D;

cost, then we will have
T
G(m) = m/ (m—1)* 'sintdt >0,
0
1 2T
G(2rn) = m/ (2w —1)* sintdr
0
1 T
= — 27— 1)%* 'sintdt
(
0

r
27
+—/ (2r—1)*!

= —— | @2r—1)%* 'sintdr

sintdt

T
— —/ (m—u)* sinudu
0

/3 1 1 .
= I'(a) Jo <(7[_T)la - (271_1-)10:)51“7‘17

IN
=

Similarly, we can obtain that G(37) > 0 and G(47) < 0. By
using mathematical induction, we can easily conclude that
G((2n—1)x) > 0 and G(2n7w) <0, n € N. As a result, we
have

1 2nm h
F (2n7m) = ’F(a)/ (2nm —1)% 'sintdt
0
1 2nm a1
= —m/ (2nmw—1)% "sintdt
Jo

lsintdr

1 2NT 2 o
= - -7
@ Ja e 27

1 (2n—-1)m 1
—m/ (2nw —1)% ' sintdr.
Jo

Noting that

1 2(n—1)m ,
M@ / (2nm —1)* 'sintdt >0,
Jo

(by using the above method), we have

1 2nm
Fnm) < ——— /
(

1 .
sintdt
F(a) 2n—1)rm

(2nm —1)%"

na
Ila+1)
For all ¢ > 0, there exists some n € N such that 2n7w <t <

2(n+ 1)x. Then, we have

F(r) = ’F(la)/ot(tf)al dr
< ‘r(la)/o.zm(t—r)alsinrdr

1 2(n+1)m 1
’ (a)/ (t—1)* 'sintdr
2nxw

< ‘ / (2nm— 1)
0
/ n+l

“lsintdr

+Dr—1)* tdr

= F(2n77:)—|—1_,(2 )/2 o Qn+1)r—1)* 'dr
< 3n”
- I(a+1)’

which means that |8D,1*°‘ cost’ is bounded.

Remark 5 It should be pointed out that Assumption 1 is
first proposed in this paper, and it may be helpful for tack-
ling some periodic external disturbances in fractional-order
systems.

We construct the following synchronization controller:

ult) = F(0) - gio(0) - 607~ (20
erigD,_(l_a)Zi(t)
+607 17 (@(n)sign(zi(1))), 22)
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where b; is a positive design parameter, and ¢;(¢) represents
the estimation of the unknown constant ¢;. We denote the es-
timation error of ¢; as

5,‘(1‘) :6,'(t)—ci. (23)

From the above discussion, we are now ready to give the
following results.

Theorem 2 Consider the prescribed performance syn-
chronization between two fractional-order chaotic systems (6)
and (7). Supposing that Assumption 1 is satisfied, then the pro-
posed adaptive fractional-order controller (22) with the adap-
tation law:

¢i(t) = oiyi(t)|zi(t)| — aioiyi (1) éi2), (24)

where g; and o; are positive design parameters, can guarantee
that all signals in the closed-loop system will remain bounded
and the prescribed performance synchronization between sys-
tems (6) and (7) can be obtained.

Proof Substituting the controller (22) into Eq. (15) yields

400 = %) [*biZi(I) —ED1 (1) féi(t)sign(zi(t))] (25)

By multiplying both sides of Eq. (25) with z;(¢), and using
Assumption 1, we have

(0 (0) = )|~ i) 2§Dl (o)

—zi()éi(r)sign(z (1))
< (1) [=0izi (1) +eilailn)| = [zi() |6 (1)
= %(0) [=bizi (1) = &i(D)]a ()] - (26)
Define the Lyapunov function candidate as
1 1
Vi(t) = Eziz(t) + Zciéf(t). (27)

The derivative of Vy;(¢) with respect to time is

Vi) = z0)2(0) + G0 0), %)

1
Using Eqgs. (24) and (26), we have

Vli(l) < }/l(l‘) [—b[Z,-z(t) —aiéi(l)fi(t)]
= %i(t) [~biz} (t) — aicl (1) — aicici(t)]

. 2
< ) | bt (0) = S0+
< %) [-piVii(1) + Gil, (29)

where G; = a;c? /2 and p; = min{2b;,a;} are two constants.
Following the same manipulators as those in Ref. [45]
(see, p. 14748, Eqs. (48)-(50)), we know there exists some
positive constant #y; such that
2G;

Vi(t) £ —, 30
<= (0)

for all ¢ > to;. As a result, we know that both z;(r) and &(r)
will keep bounded.

Thus, after the same discussion as that in the proof of The-
orem 1, we know the prescribed performance synchronization
between systems (6) and (7) is achieved, and the proof of The-
orem 2 is ended.

Remark 6 The two terms in Eq. (24) have different ap-
plications. The 0;%;(¢)|zi(¢)| is used to cancel a term which
is produced by differentiating a quadratic Lyapunov function,
and the other is introduced for the parameter boundedness pur-

pose.

4. Simulation results

Simulation results are presented in this section to show
the effectiveness of the proposed hybrid control scheme.

1.8

Ig(t)

x3(t)

0.5 1.0 1.5 2.0
z1(t)
Fig. 2. (color online) Chaotic behaviors of the generalized fractional-

order Lotka—Volterra system with o = 0.96 in (a) x (#)—x2(¢) plane and
(b) x1(1)—x3() plane.
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The drive system is supposed to be the generalized
fractional-order Lotka—Volterra system, which can be ex-

pressed as
6D (t) = 81(x(1)),
6D 0o (1) = g2(x(1)), (31)
6D 3 (1) = g3 (x(1)),
where g1 (x(t)) = x1(t) — x1 ()x2(¢) + 2x3(t) — 2.7x3(t)x3 (1),
82(x(1)) = —xa(t) + x1(1)x2(¢), and g3(x(r)) = —3x3(t) +

2.7x3(t)x3(t). Let the initial condition be x(0) = [1,1.4,1]T
and the fractional order be @ = 0.96. System (31) exhibits
chaotic behavior, which is depicted in Fig. 2.

The response system is chosen as a complicated
fractional-order three-dimensional (3D) saturated multi-scroll
chaotic system. This system can be described by

2g+1,
m(y — ih) + 2im,
s(vim,h,p,q) =<4
2i+1)m
—2p+1)m
400
200 | .ju o,» muu
“ .ll vl l(.
N fO ‘0
3 0) u(.
. a(. il.ll
—200
—400
~1000  —500 0 500 1000
yi(t)
400
(b)
200 \
B\ \! \\ W
MY m\ i i
A N\ |
— . {c \\\‘ P
= \
200 \§‘
— A\ W
™
\
~19% 6500 500 0 500 1000
y1(t)

Fig. 3. (color online) Chaotic behaviors of the 3D saturated multi-scroll
fractional-order chaotic system with & = 0.96 in (a) y; (#)—y2(¢) plane
and (b) y (t)-y3(t) plane.

6D y1(1) = fi(y(1)) +di (1) + i (1),
6D ya(1) = fo(y(1)) +da (1) + ua (1), (32)
6D y3(1) = f3(y(1)) +d3(1) + us (1),

with

AGW) = y20) = 25 (t);ma, b, p2,q2),

rn
HO0) = y3(0) = s(s(e)ims, s, p,gs),
) = —riyi(t) —raya(t) —r3y3(t)
3
+Zdis(yi(t);miahi,piaqi)a

i=1

where the saturated function series s(y; g, h, p,q) is defined as

if y>qgh+1,
if [y—ih|<1,-p<i<yq,
. | | (33)
if ih+1<y<(i+1)h—1,—-p<i<g,
if y<-—ph—1.
|
When y(0) = [1.8,0.5,0.3]T, i =vi =0.7,r, =13 =
V) = V3 = O.8,m1 = 100,]11 = 200,1112 =m3 = 40,]’12 = h3 =

80, pi = g; = 2, the fractional-order o = 0.96, and d;(t) =
u;(t) = 0, system (32) has a 3D 6 x 6 x 6-grid scroll chaotic
attractor, which is shown in Fig. 3.

Throughout the simulation, the initial conditions are
x(0) = [1,1.4,1]T and y(0) = [1.8,0.5,0.3]T, ie., €(0) =
[~0.8,0.9,0.7]T. The performance functions are chosen as
Pi(1) = @o(t) = @3(t) = e .

fractional-order chaotic systems are chosen to be the same as

The parameters of the two

the above. The three functions, s;(z1), s2(22), and s3(z3) are
supposed to be

2
si(zi) = Earctan(zi)7 i=1,2,3. 34)

It is clear that s1(z1), $2(z2), and s3(z3) are all smooth, strictly
increasing functions and satisfy condition (10).

4.1. Case 1: Synchronization without external disturbance

Let d;(r) =0, i = 1,2,3. The controller design parame-
ters are chosen as k| = ko = k3 = 1. The simulation results are
shown in Figs. 4 and 5. The evolution of the synchronization
errors e (t), e2(t), and e3(¢) are illustrated in Fig. 4. along
with their corresponding performance bounds. The required
control inputs u;(¢), i = 1,2,3 and the transformed synchro-
nization errors z;(¢), i = 1,2,3 are depicted in Fig. 5. Obvi-
ously, synchronization with prescribed performance, by using
the reasonable control inputs, is achieved as predicted by the

theoretical analysis.
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Fig. 4. (color online) Time responses of synchronization errors.
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Fig. 5. (color online) Control inputs and z;(¢), i = 1,2,3. (a) u; (t), (b)
MZ(I)’ © u3(t)’ and (d) Zi(t)’ i=1,23.
4.2. Case 2: Synchronization with external disturbance

Let the external disturbances be d;(t) = 0.4sin(¢),
da(t) = 0.4cos(t), and d3(tr) = —0.4sin(z).
rameters are chosen as 6; =5,a; =0.2,b;=1,and i = 1,2, 3.

The design pa-

Simulation results are given in Figs. 68, from which we can
see that the prescribed performance synchronization between

.04

Synchronization errors

—0.04

Synchronization erroys

Time/s

Fig. 6. (color online) Simulation results with external disturbances. The
inset is the enlarged figure in the range of 11 s—15s.

systems (32) and (31) is achieved, despite the unknown exter-
nal disturbances. It should be pointed out that chattering phe-
nomenon will not occur in this paper due to the fact that the
fractional-order integration of the non-continuous term sign(-)
in the control input (22) is continuous.
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Fig. 7. (color online) Time responses of the estimation of ¢;.
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Fig. 8. (color online) Control inputs and z;(z), i = 1,2,3. (a) u; (¢), (b)
up (1), (¢) uz(t), and (d) z;(r), i = 1,2,3.

5. Conclusions

In this paper, a framework is constructed to achieve the
prescribed performance synchronization between two differ-
ent fractional-order chaotic systems. A fractional-order con-
troller and an adaptive fractional-order controller are designed
for systems without and with external disturbances, respec-
tively. A reasonable assumption with respect to the external
disturbances in fractional-order systems is proposed. Our fur-
ther investigations will include working towards relaxing the
requirements for the knowledge of external disturbances, de-
signing the prescribed performance controllers for fractional-
order systems with system uncertainties, while maintaining
the simplicity of the controller design.
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