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This paper estimates an off-policy integral reinforcement learning (IRL) algorithm to obtain the optimal tracking
control of unknown chaotic systems. Off-policy IRL can learn the solution of the HJB equation from the system data
generated by an arbitrary control. Moreover, off-policy IRL can be regarded as a direct learning method, which avoids the
identification of system dynamics. In this paper, the performance index function is first given based on the system tracking
error and control error. For solving the Hamilton–Jacobi–Bellman (HJB) equation, an off-policy IRL algorithm is proposed.
It is proven that the iterative control makes the tracking error system asymptotically stable, and the iterative performance
index function is convergent. Simulation study demonstrates the effectiveness of the developed tracking control method.

Keywords: adaptive dynamic programming, approximate dynamic programming, chaotic system, optimal
tracking control

PACS: 05.45.Gg DOI: 10.1088/1674-1056/24/9/090504

1. Introduction
The research on the control problems of chaotic sys-

tems has a dramatic increase over decades.[1,2] Lots of control
methods have been developed, such as the impulsive control
method,[3–5] the adaptive dynamic programming method,[6,7]

and neural adaptive control method.[8] In addition, the optimal
tracking control problem is often encountered in the industrial
process, and so it has recently been the research focus of many
researchers.[9–11]

In recent years, the adaptive dynamic programming
(ADP) method has attracted a great deal of attention in the
control field, which is one of the most useful intelligent con-
trol methods for solving nonlinear Hamilton–Jacobi–Bellman
(HJB) equations.[12–17] In Ref. [18], a novel numerically adap-
tive learning control scheme based on ADP was developed
to solve optimal control problems numerically, which is the
first result of applying numerical ADP to solve optimal con-
trol problems of nonlinear systems. In Ref. [19], the optimal
tracking control scheme was presented based on policy iter-
ative for discrete-time chaotic systems. However, due to the
large scale and complex manufacturing techniques, many in-
dustrial dynamics are difficult to estimate and cannot be accu-
rately obtained.[20–22] Therefore, optimal adaptive controllers
have been designed using indirect techniques, whereby the un-
known plant is first identified and then the HJB equation is
solved.[23,24]

Integral reinforcement learning (IRL) is conceptually

based on the policy iteration (PI) technique, and it allows the
development of a Bellman equation that does not contain the
system dynamics. It is worth noting that most of the IRL al-
gorithms are on-policy, i.e., the performance index function is
evaluated by using system data generated with policies being
evaluated. In this paper, an off-policy IRL algorithm is esti-
mated to obtain the optimal tracking control of the unknown
chaotic systems. To obtain the steady control, the internal dy-
namics is obtained by an approximate structure; however, for
preventing the accumulation of approximation error of internal
dynamics, the off-policy IRL method is developed to obtain
the optimal tracking control. It is proven that the iterative con-
trol makes the system asymptotically stable, and the iterative
performance index function is convergent.

The rest of the paper is organized as follows. In Section 2,
the problem motivations and preliminaries are presented. In
Section 3, the off-policy IRL optimal tracking control meth-
ods are considered. In Section 4, two examples are given to
demonstrate the effectiveness of the proposed optimal track-
ing control scheme. In Section 5, the conclusion is drawn.

2. System description and problem statement
In this paper, we consider a kind of continuous-time sys-

tems whose trajectories are contained in a chaotic attractor.
The formulation is given as follows:

ẋ = f (x)+g(x)u(x), (1)
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where x ∈ Rn is the system state and u(x) ∈ Rm is the
system control, denoting u(x(t)) = u(t), f (x) and g(x) are
smooth functions, f (x) represents the internal system dynam-
ics, which is an unknown function. Actually, many nonlin-
ear chaotic dynamical systems can be expressed as in Eq. (1),
such as the Lü system,[25] Chen system,[26] Rössler system,
Lorenz system,[27] several variants of Chua’s circuits,[28] and
the Duffing oscillator.[29]

Let θ ∈ Rn be the desired vector and ue be the steady con-
trol, define the tracking error as z = x− θ and the tracking
control error as v = u− ue. The design objective of this pa-
per is to find an optimal tracking control law, which not only
drives the system (1) to track the desired objective θ , but also
minimizes the following performance index function:

J(z(t)) =
∫

∞

t
U(z(τ),v(τ))dτ, (2)

where U(z(t),v(t)) = zT(t)Qz(t) + vT(t)Rv(t) is the utility
function, and Q and R are symmetric positive definite matri-
ces.

From Eq. (2), we can have the following IRL expression:

J(z(t−T )) =
∫ t

t−T
U(z(τ),v(τ))dτ + J(z(t)). (3)

Remark 1 In this paper, ue is the steady control, which
is obtained from ue = g−1 f . Here, we notice that the internal
dynamics f is an unknown function, so the following approx-
imate structure can be used to get f :

f̂ (x) = ∑
n1
j=1 Ŵjφ j(x), (4)

where φ j is a linearly-independent smooth basis function with
φ j(0) = 0, Ŵj is the weight and can be solved in the sense of
least squares. For the internal dynamics of the chaotic sys-
tem, if the input data are given, then the output data can be
collected. Thus, the input-output data is used to approximate
f (x).

For solving the optimal tracking control problem, we de-
fine the Hamiltonian

H(z,v,∇Jz) =U(z,v)+∇JT
z ż. (5)

Thus, the optimal performance index function satisfies the
HJB equation

J∗(z(t)) = min
v

H(z,v,∇Jz), (6)

then the optimal tracking control is

v∗(t) = argmin
v

H(z,v,∇Jz). (7)

Note that the tracking error can be given as

ż = ẋ− θ̇ = f (z+θ)+g(z+θ)(v+ue). (8)

Denote F(z)= f (z+θ)+g(z+θ)ue and G(z)= g(z+θ), then
tracking error system (8) can be expressed as

ż = F(z)+G(z)v. (9)

The optimal tracking control for the tracking error sys-
tem is obtained by differentiating (6) with respect to v, then
we have

v∗ =−1
2

R−1GTJ∗z , (10)

where J∗z = ∂J∗/∂ z.
The aim of this paper is to obtain the optimal tracking

control v∗. Thus, an off-policy ADP algorithm will be pro-
posed in the next section to obtain J∗ and v∗.

3. Off-policy IRL based ADP algorithm
In this section, the policy iteration algorithm is first intro-

duced. Then, the off-policy IRL based ADP algorithm is de-
veloped to obtain J∗ and v∗. The convergence of the off-policy
IRL based ADP algorithm is proven. Finally, the weights up-
date methods for the critic and action networks are given.

We mention that if the associated performance index
function J(z) is C1, then the Bellman equation is an infinitesi-
mal equivalent to Eq. (2) as follows:

0 =U(z,v)+∇JT
z ż, J(0) = 0. (11)

To solve Eq. (11), the following policy iterative algorithm
is given in Algorithm 1 to obtain J[i] and v[i].

Algorithm 1 IRL based ADP algorithm
Initialization

Given an admissible control v[0].
Update

Solve J[i] by

0 = J[i]Tz (F +Gv[i])+ zTQz+ v[i]TRv[i]. (12)

Tracking control can be updated by

v[i+1] =−1
2

R−1GTJ[i]z . (13)

In the following subsection, the theorems will be given to
prove that the developed IRL based ADP algorithm is conver-
gent.

3.1. Convergence analysis of IRL based ADP algorithm

In this subsection, we will give two theorems. The first
one is the stability of the closed-loop system with input control
v[i]. The second one is about the convergence of the iterative
performance index function.

Theorem 1 Define the iterative performance index func-
tion J[i] satisfying Eq. (12), the iterative tracking control input
v[i+1] as in Eq. (13), then the closed-loop system is asymptoti-
cally stable.

Proof Taking the derivative of J[i] along the system F +

Gv[i+1], we can have

J̇[i] = J[i]Tz F + J[i]Tz Gv[i+1]. (14)
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From Eq. (12), we can obtain

J[i]Tz F =−J[i]Tz Gv[i]− zTQz− v[i]TRv[i], (15)

then we have

J̇[i] = J[i]Tz Gv[i+1]− J[i]Tz Gv[i]− zTQz− v[i]TRv[i]. (16)

According to Eq. (13), it can be obtained

J[i]Tz G =−2v[i+1]TR, (17)

then equation (16) can be expressed as

J̇[i] = 2v[i+1]TR(v[i]− v[i+1])− zTQz− v[i]TRv[i]. (18)

As R is symmetric positivedefinite, then we can let Λ be a di-
agonal matrix with its values being the singular values of R and
H be an orthogonal symmetric matrix. Therefore, R = HΛH.
Let y[i] = Hv[i], then v[i] = H−1y[i]. Thus, equation (18) can be
written as

J̇[i] = 2y[i+1]T
Λ(y[i]− y[i+1])− zTQz− y[i]TΛy[i]

= 2y[i+1]T
Λy[i]−2y[i]TΛy[i+1]− zTQz− y[i]TΛy[i]. (19)

As the singular values Λkk > 0, then we have

J̇[i] = −zTQz+∑
m
k=1 Λkk(2y[i+1]Ty[i]

−2y[i+1]Ty[i+1]− y[i]Ty[i])

< 0. (20)

Therefore, we can say that the iterative control input makes
the tracking error system asymptotically stable.

From Theorem 1, it can be seen that each iteration con-
trol input stabilizes the tracking error system asymptotically.
The next theorem indicates that the iterative performance in-
dex function is a convergent sequence.

Theorem 2 Let J[i] be the unique positive-definite func-
tion satisfying Eq. (12), and v[i+1] is defined as Eq. (13), then
J∗(z)≤ J[i+1] ≤ J[i].

Proof According to Eq. (12), we obtain

J[i]Tz (F +Gv[i]) =−zTQz− v[i]TRv[i]. (21)

From Eq. (21), we have

J[i]Tz F + J[i]Tz Gv[i+1]

= −zTQz− v[i]TRv[i]− J[i]Tz Gv[i]+ J[i]Tz Gv[i+1]. (22)

From Eqs. (17), equation (22) can be expressed as

J[i]Tz F + J[i]Tz Gv[i+1]

= −zTQz− v[i]TRv[i]+2v[i+1]TR(v[i]− v[i+1])

= −zTQz− v[i]TRv[i]+2v[i+1]TRv[i]

−2v[i+1]TRv[i+1]. (23)

On the other side, if we take the derivatives of J[i+1] and
J[i] along the system F +Gv[i+1], respectively. Then we have

J[i+1](z)− J[i](z)

= −
∫

∞

0

d(J[i+1]− J[i])
T

dz
(F +Gv[i+1])dτ

= −
∫

∞

0
J[i+1]T

z (F +Gv[i+1])dτ +
∫

∞

0
J[i]Tz (F +Gv[i+1])dτ

= −
∫

∞

0
J[i+1]T

z (F +Gv[i+1])dτ−
∫

∞

0

(
zT Qz+ v[i]TRv[i]

−2v[i+1]TRv[i]+2v[i+1]TR v[i+1]
)

dτ. (24)

According to Eq. (21), we can obtain

J[i+1]T
z (F +Gv[i+1]) =−zTQz− v[i+1]TRv[i+1], (25)

then equation (24) is expressed as

J[i+1](z)− J[i](z)

=
∫

∞

0
(−v[i]TRv[i]+2v[i+1]TRv[i]− v[i+1]TRv[i+1])dτ. (26)

From the proof of Theorem 1, equation (26) can be written as

J[i+1](z)− J[i](z)

= −∑
m
k=1 Λkk(y[i]Ty[i]−2y[i+1]Ty[i]+ y[i+1]Ty[i+1])

≤ 0. (27)

Moreover, it can be shown by contradiction that J∗ ≤
J[i+1]. Therefore, it can be concluded J∗ ≤ J[i+1] ≤ J[i].

3.2. Off-policy IRL method

It is mentioned that in the policy algorithm, the unknown
function f is necessary. Thus, for preventing the accumula-
tion of approximation error f̃ = f̂ − f . In the following part,
the off-policy algorithm is presented to calculate Eqs. (12) and
(13) without f .

For v[i] given in Eq. (13), the tracking error system (9) is
expressed as

ż = F(z)+G(z)v[i]+G(z)v−G(z)v[i]. (28)

According to Eq. (12), we have the following off-policy Bell-
man equation:

J[i](z(t))− J[i](z(t−T ))

=
∫ t

t−T
J[i]Tz (z)żdτ

= −
∫ t

t−T
zTQzdτ−

∫ t

t−T
v[i]TQv[i]dτ

+
∫ t

t−T
J[i]Tz (z)w[i]dτ, (29)

where w[i] = G(z)v−G(z)v[i]. In the following part, we will
present critic and action networks, which are used to approxi-
mate J[i] and v[i].
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The critic network is given as follows:

J[i](z) =W [i]T
J φJ(z)+ ε

[i]
J , (30)

where W [i]
J is the ideal weight of the critic network, φJ(z) is the

active function, and ε
[i]
J is the residual error. The estimation of

J[i](z) is given as follows:

Ĵ[i](z) = Ŵ [i]T
J φJ(z), (31)

where Ŵ [i]
J is the estimation of W [i]

J .
The action network is given as follows:

v[i](z) =W [i]T
v φv(z)+ ε

[i]
v , (32)

where W [i]
v is the ideal weight of the action network, φv(z) is

the active function, and ε
[i]
v is the residual error. Accordingly,

the estimation of v[i](z) is given as follows:

v̂[i](z) = Ŵ [i]T
v φv(z). (33)

Therefore, we have

Ĵ[i](z(t))− Ĵ[i](z(t−T )) = Ŵ [i]T
J ∆φJ(z), (34)

where ∆φJ(z) = ∆φJ(z(t)) = φJ(z(t))−φJ(z(t−T )). Accord-
ing to the properties of Kronecker Products, we have

Ŵ [i]T
J ∆φJ = (∆φ

T
J ⊗ I)vec(Ŵ [i]T

J ) = (∆φ
T
J ⊗ I)Ŵ [i]

J . (35)

According to Eq. (13), we have

Ĵ[i]Tz G =−2v̂[i+1]TR. (36)

Thus, we can obtain

Ĵ[i]Tz ŵ[i] = Ĵ[i]Tz G(v− v̂[i])

= −2v̂[i+1]TR(v− v̂[i])

= −2φ
T
v Ŵ [i+1]

v R(v− v̂[i])

= −2((v− v̂[i])TR)⊗φ
T
v vec(Ŵ [i+1]

v ). (37)

According to Eqs. (34)–(37), we can define the Bellman
error as follows:

e[i] = (∆φ
T
J ⊗ I)Ŵ [i]

J +
∫ t

t−T
zTQzdτ +

∫ t

t−T
v[i]TQv[i]dτ

+
∫ t

t−T
2((v− v̂[i])TR)⊗φ

T
v dτvec(Ŵ [i+1]

v ). (38)

Let

Π
[i] = [(∆φ

T
J ⊗ I)

∫ t

t−T
2((v− v̂[i])TR)⊗φ

T
v dτ],

Γ
[i] =

∫ t

t−T
zTQzdτ +

∫ t

t−T
v[i]TQv[i]dτ,

and Ŵ [i] =

[
Ŵ [i]

J

vec(Ŵ [i+1]
v )

]
, then the following equation can be

obtained:

e[i] = Π
[i]Ŵ [i]+Γ

[i]. (39)

From Eq. (39), we can see that if the Bellman error e[i] is close
to zero, then the weights of critic and action networks are ob-
tained. Therefore, in the following subsection, two methods
are used to solve Eq. (39).

3.3. Methods for updating weights

The first method is the direct method.[30] If Π [i] has a full
column rank, then Γ [i] can be directly solved as follows:

Ŵ [i] =−(Π [i]T
Π

[i])−1
Π

[i]T
Γ

[i]. (40)

The second method is the indirect method. Let E [i] =

1/2e[i]Te[i], then according to the gradient descent method, we
have

˙̂W [i] =−γΠ
T(ΠŴ [i]+Γ ), (41)

where γ > 0.
Therefore, the realization process of the presented

method is summarized as follows.
Algorithm 2 Direct/indirect method

Initialization
Ŵ [0]

J , Ŵ [0]
v , ε , and the initial admissible control v.

Update
Step 1a (Direct method): Compute Ŵ [i] from Ŵ [i] =

−(Π [i]TΠ [i])−1Π [i]TΓ [i].
Step 1b (Indirect method): Update Ŵ [i] by Eq. (43).
Step 2 Compute Ĵ[i] and v̂[i].
Step 3 If |Ĵ[i+1]− Ĵ[i]| ≤ ε , then the corresponding v[i] is

the control input, stop.
Step 4 Else, goto Step 1.
Remark 2 In this paper, we have given two methods to

update the weights of the neural networks, including direct and
indirect methods. For the direct method, it is necessary to col-
lect large enough data that have full column rank to reduce the
training error. For the indirect method, the gradient descent
method is used to train the neural networks. It is necessary to
implement more iterations to reduce the approximation error.

4. Simulation study
4.1. Example 1

In 1963, Lorenz proposed a simple model which de-
scribes the unpredictable behavior of the weather. The dy-
namic of the Lorenz system can be written as

ẋ = f +gu, (42)

where

f =

 −αx1 +αx2
βx1− x2− x1x3

x1x2− γx3

 ,
and g= diag(10,10,10). Let α and β be relative to the Prandtl
number and Rayleigh number, respectively, γ belongs to a ge-
ometric factor. Let α = 10, β = 28, and γ = 8/3. The inter-
nal dynamics of the Lorenz system act as a two-lobed pattern
called the butterfly effect, as shown in Fig. 1.
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Fig. 3. (color online) Tracking error system state.
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Fig. 4. (color online) Tracking control error.

Let the desired objective be θ = [1.5;−1.5;1]. The initial
weights of critic and action networks are selected in (−1,1).

By one of the methods presented in Subsection 3.3, we can
get the weights convergence to WJ = [0.017;−0.06;0.04], and
Wv = [0.070, −0.048, −0.019;0.0117, 0.085, −0.063;0.080,
−0.006, 0.071;−0.016, −0.049, 0.0169;−0.028, −0.014,
−0.024;−0.002, 0.040, −0.055]. After 500 time steps, the
system state trajectories are given in Fig. 2, and the tracking
error trajectories are shown in Fig. 3. The control error tra-
jectories are given in Fig. 4. It can be seen that the proposed
method can make the chaotic system track the desired objec-
tive.

4.2. Example 2

We consider the Lü system,[25,31,32] which is described by

ẋ = f +gu, (43)

where

f =

 a(x2− x1)
−x1x3 + cx2
x1x2−bx3

 ,
and g = diag(5,5,5). When a = 36, b = 3, and c = 20, the
internal system Eq. (43) is shown in Fig. 5.
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Fig. 5. (color online) Lü chaotic attractor.
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Fig. 6. (color online) Lü chaotic attractor.

Let the desired trajectories be θ = [2;−2;0.5]. The
initial weights of critic and action networks are selected
in (−0.5,0.5). Based on the proposed method, the
weights of critic and action networks converge to WJ =

[0.0093;−0.0454;0.0489] and Wv = [−0.0196, −0.0165,
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−0.0324;−0.0848, −0.0899, 0.0799;−0.0520, 0.0804,
−0.0260;−0.0753, 0.0889, −0.0777;−0.0632, −0.0018,
0.0560;−0.0520, −0.0021, −0.0220]. After 400 time steps,
the chaotic system trajectories are shown in Fig. 6. The track-
ing error trajectories and control error trajectories are given in
Figs. 7 and 8. From the simulation results, it is clear that the
developed optimal tracking method is effective.
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Fig. 7. (color online) Lü chaotic attractor.
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Fig. 8. (color online) Lü chaotic attractor.

5. Conclusion
This paper proposes a new ADP method to solve the opti-

mal tracking control of continuous-time chaotic systems. The
performance index function is composed by the state tracking
error and the tracking control error. The IRL is presented to

obtain the iterative performance index function and control.
As the chaotic system is unknown, the off-policy is proposed
to overcome the unknown dynamics. It is proven that the iter-
ative control makes the system asymptotically stable, and the
iterative performance index function is convergent. Simulation
study demonstrates the effectiveness of the proposed optimal
tracking control method.
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