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Reduction of entropic uncertainty in entangled qubits system
by local PT -symmetric operation∗
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We investigate the quantum-memory-assisted entropic uncertainty for an entangled two-qubit system in a local quan-
tum noise channel with PT -symmetric operation performing on one of the two particles. Our results show that the
quantum-memory-assisted entropic uncertainty in the qubits system can be reduced effectively by the local PT -symmetric
operation. Physical explanations for the behavior of the quantum-memory-assisted entropic uncertainty are given based on
the property of entanglement of the qubits system and the non-locality induced by the re-normalization procedure for the
non-Hermitian PT -symmetric operation.
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1. Introduction
Conventional quantum mechanics requires the Hermitic-

ity of the Hamiltonian of a physical system to ensure that the
energy of the system is real and that the time evolution is
unitary. In 1998, Bender et al. proposed a class of Hamil-
tonian, the so called parity–time (PT ) symmetric Hamilto-
nian, which is non-Hermitian while still keeping the spectrum
real.[1] Here, P is the parity reflection operator and T is the
time reversal operator. Four years later, they constructed a
new inner product structure by introducing a linear operator C

and they then guaranteed that the time-evolution operator was
unitary.[2]

The PT -symmetric Hamiltonian for a qubit system can
be written as[3]

HPT = s
(

i sinα 1
1 −i sinα

)
, (1)

where s is a general scaling constant of the matrix, angle
α ∈ (−π/2,π/2) characterizes the non-Hermiticity of the
Hamiltonian, and s and α are real numbers. If α = 0, then
HPT is Hermitian, whereas α → ±π/2, HPT is strongly
non-Hermitian. The time-evolution operator for HPT is

UPT (t) = e−iHPT t =
1

cosα

(
cos(t ′−α) −i sin t ′

−i sin t ′ cos(t ′+α)

)
,

(2)
where t ′ = ∆Et/2, ∆E = E+ − E−, and E± = ±scosα are
the eigenvalues of HPT . The PT -symmetric Hamiltonians
have recently been experimentally realized.[4–10] One of the
most surprising results is that the evolution time from an ini-
tial state |φi〉 to a final state |φf〉 can be arbitrarily short among

PT -symmetric Hamiltonians under the same energy con-
straints, which will be very useful in quantum computing.[11]

On the other hand, as one of the fundamental ideas
of quantum theory, the uncertainty principle reveals that the
characteristics of quantum mechanics distinctively differ from
those of the classical world. The principle constrains the un-
certainty about the outcomes of two incompatible measure-
ments performed on a particle. A good way to understand the
uncertainty principle is through the uncertainty game between
two players, Alice and Bob. They begin the game by agreeing
on two measurements Q and R. Bob then prepares a particle A
and sends it to Alice. Alice performs one of the two measure-
ments randomly on the particle A and announces her choice
but not the outcomes to Bob. The question is whether Bob can
predict Alice’s measurement outcomes, this uncertainty can be
quantified by the entropic uncertainty relation[12–14]

H(Q)+H(R)≥ log2
1
c
, (3)

where H(X) denotes the Shannon entropy of the probabil-
ity distribution of the measurement outcomes of observable
X , which can be diagonalized by eigenstates {ψX

k }. The
term 1/c quantifies the complementarity of Q and R with
c ≡ max j,k|〈ψQ

j |ψR
k 〉|. The left-hand side of the relation cap-

tures Bob’s uncertainty about Alice’s measurement outcomes,
while the right-hand side provides a lower bound for it. For
two incompatible observables, the uncertainty is consistently
greater than zero, which means that even with a complete de-
scription of the quantum state of particle A, in the case where
all of the information that Bob holds about the particle is clas-
sical, it is impossible to simultaneously predict the outcomes
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of two incompatible observables perfectly.
However, when the particle A is initially prepared in an

entangled state with another particle B, then the particle B can
provide quantum information as an aid to minimize the uncer-
tainty about all of the possible measurements on the particle A,
and hence Bob can beat the bound. The particle B can be seen
as a quantum memory. If A and B are maximally entangled,
then the uncertainty of the two measurements vanishes and
Bob can guess both Q and R perfectly. The improved entropic
uncertainty relation depending on the amount of entanglement
is[15]

S(Q|B)+S(R|B)≥ log2
1
c
+S(A|B), (4)

where S(A|B) is the conditional von Neumann entropy.[16]

S(X |B) is the conditional von Neumann entropy of the post-
measurement state. Mathematically, a lower bound could be
obtained in Eq. (4) by a negative conditional entropy S(A|B)
for the entangled system. Equation (4) is named the quantum-
memory-assisted entropic uncertainty relation and it has been
experimentally proven by Berta et al.[17,18]

In effective quantum information processing, however,
quantum systems are inevitably exposed to environmental
noise.[19] One of the consequences of the interaction between
the system and its environment is decoherence, which can be
viewed as the loss of information of the system and thus sys-
tem’s entropic uncertainty increases.[20,21] As far as we know,
few operations have been discovered to reduce the entropic un-
certainty of a quantum system. In this paper, we investigate the
behavior of quantum-memory-assisted entropic uncertainty in
an entangled qubits system under local PT -symmetric op-
eration. This paper is organized as follows. In Section 2, we
introduce the model of uncertainty game for a two-qubit sys-
tem, in which one of the two qubits undergoes the quantum
noise channel and the PT -symmetric operation successively,
and we study the quantum-memory-assisted entropic uncer-
tainty in the system. It is found that the quantum-memory-
assisted entropic uncertainty can be reduced by the local PT -
symmetric operation. In Section 3, we give explanations for
the efficiency of the local PT -symmetric operation in two
ways. This paper ends with the conclusions in Section 4.

2. Reduction of entropic uncertainty by local
PT -symmetric operation
We consider the uncertainty game for a two-qubit system.

Initially, Bob prepares a pair of qubits in the maximally entan-
gled state

Ψi =
1√
2
(|00〉+ |11〉), (5)

and then sends qubit A to Alice. For quantum information
processing, qubit A suffers from an amplitude damping noise
channel identified by damping rate r, while qubit B is free from

environmental noise as a quantum memory kept by Bob. The
amplitude damping channel can be described by operation el-
ements as[16]

E0 =

(
1 0
0
√

1− r

)
,

E1 =

(
0
√

r
0 0

)
. (6)

The state of the qubits system after passing through the lo-
cal amplitude damping channel can be given in sum-operator
representation as

ρC = ε(ρi)

= (E0⊗ IB)ρi(E0⊗ IB)
†

+ (E1⊗ IB)ρi(E1⊗ IB)
†

=


1/2 0 0

√
1− r/2

0 r/2 0 0
0 0 0 0√

1− r/2 0 0 (1− r)/2

 , (7)

where IB is the identity operator of qubit B (similarly here-
inafter), and ρi = |Ψi〉〈Ψi|.

After qubit A experiences the noise channel, we imme-
diately perform a local PT -symmetric operation on it. The
experimental scheme is shown in Fig. 1. We set the time that
we start the PT -symmetric operation at t = 0, then the to-
tal non-Hermitian Hamiltonian of the two-qubit system can be
written as

Htot = HPT ,A⊗ IB = s
(

i sinα 1
1 −i sinα

)
⊗ IB. (8)

A

B  

|Ψi><Ψi|

noisy

channel
-symmetric

operation

t
ρ↼t↽

Fig. 1. (color online) Schematic diagram of implementation of two qubits
under local PT -symmetric operation. Qubit A undergoes a local PT -
symmetric operation after passing through the amplitude damping chan-
nel, while qubit B remains isolated.

The evolved state of the system can be obtained by using
the time-evolution operator introduced in Eq. (2). Then, the
final state of the system is

ρ(t) =
(UPT ,A(t)⊗ IB)ρC(UPT ,A(t)⊗ IB)

†

Tr[(UPT ,A(t)⊗ IB)ρC(UPT ,A(t)⊗ IB)†]
. (9)

To evaluate the quantum-memory-assisted entropic un-
certainty, we employ the Pauli operators for measurements.
Without loss of generality, let Q = σx and R = σz. After qubit
A has been measured, the post-measurement state of the sys-
tem will be

ρσx|B = ∑
k
(|xk〉〈xk|⊗ IB)ρ(t)(|xk〉〈xk|⊗ IB),
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ρσz|B = ∑
k
(|zk〉〈zk|⊗ IB)ρ(t)(|zk〉〈zk|⊗ IB), (10)

where {|xk〉} ({|zk〉}) are the eigenstates of the observable σx

(σz).
We use EU to represent the quantum-memory-assisted en-

tropic uncertainty in the system. The dynamics of EU under
the local PT -symmetric operation are plotted in Fig. 2 for
three different damping rates: r = 0.1 (blue solid line), r = 0.5
(red dashed line), and r = 0.9 (black dotted line). The EU of
the initial state ρi is 0 and inevitably rises as a result of the in-
fluence of the amplitude damping noise. The EU of the system
after passing through the local amplitude damping channel is
directly proportional to the damping rate r. It can be seen that,
for all three of the damping rates considered, EU oscillates
with time, and can be reduced effectively by the local PT -
symmetric operation over some time when the damping rate
is comparatively small. However, if the channel noise is ex-
tremely strong, for example r = 0.9, then the PT -symmetric
operation has little help to suppress the EU of measurements
in the qubits system.

r/.
r/.

r/.

    



.

.

.

.

t

E
U

Fig. 2. (color online) The EU under the local PT -symmetric operation
as a function of t (in units of 2/∆E). The blue-solid, red-dashed, and
black-dotted curves correspond to cases of r = 0.1, r = 0.5, and r = 0.9
respectively. Here α = π/16.

To further illustrate the efficiency of the local PT -
symmetric operation on reducing EU in the qubits system, we
investigate the dynamics of EU for different strengths of the
PT -symmetric operation, as shown in Fig. 3. For the case
of α = 0 (black dotted line), the PT -symmetric operation
is reduced to a Hermitian operation, there exits small fluctu-
ation around the initial value of EU. When the strength of
the operation is increased to α = ±π/16 (blue dashed line
and red dashed line, respectively), the efficiency of the local
PT -symmetric operation on the suppression of EU mani-
fests. There is only a phase difference in EU for the cases
of α = π/16 and α =−π/16. When the operation strength is
increased to |α|= π/2 (green solid line), the crest value of EU

is enlarged but the minimum value is reduced further. In this
case, we may effectively suppress EU by choosing the time at
which EU reaches its minimum value as the PT -symmetric
operation time.
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Fig. 3. (color online) The EU under the local PT -symmetric operation
as a function of t (in units of 2/∆E) for the cases of α = 0 (black dotted
line), α = π/16 (blue dashed line), α = −π/16 (red dashed line), and
α =−π/2(green solid line). Here r = 0.3.

Another task is to reduce EU to its lower bound. We use
EU,b to represent the lower bound of EU. The EU reaches its
lower bound EU,b for the maximally entangled state Ψi given
by Eq. (5). However, after being subjected to the amplitude
damping channel, EU is greater than EU,b. By performing the
local PT -symmetric operation on qubit A, we can make EU

reduce to its lower bound again in some time. The difference
(∆EU) between EU and EU,b for cases of α =−π/2 (blue solid
line), α = −π/4 (red dashed line), and α = −π/16 (black
dotted line) is plotted in Fig. 4, where we have chosen the
damping rate r = 0.3. It can be seen that, for α = −π/2,
the PT -symmetric operation is extremely strong, ∆EU = 0
can be obtained exceedingly quickly; namely, EU can reach its
lower bound EU,b in a very short time. By reducing the PT -
symmetric operation strength, the time of ∆EU reaching the
lowest point increases. When |α| is decreased to π/16, ∆EU

cannot reach the zero point any more but can still be lower
than the initial value at some time. As discussed above, if the
PT -symmetric operation strength is strong enough, then EU

can be successfully reduced to its lower bound.
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Fig. 4. (color online) The ∆EU under the local PT -symmetric operation
as a function of t (in units of 2/∆E) for the cases of α =−π/2 (blue solid
line), α = −π/4 (red dashed line), and α = −π/16 (black dotted line).
Here r = 0.3.

3. Explanation
We give possible physical explanations for the above be-

havior of EU based on the property of entanglement of the
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qubits system and the Non-Hermiticity of the PT -symmetric
Hamiltonian, respectively.

As one of the most important resources in quan-
tum information and quantum computation, quantum
entanglement[22–24] has attracted much attention in recent
years.[25–29] The increase of entanglement can be employed to
account for the reduction of EU according to the conception of
the quantum-memory-assisted entropic uncertainty relation.
We use negativity to measure the degree of entanglement[30]

N =
||ρ(t)T||−1

2
, (11)

which is equal to the absolute value of the sum of negative
eigenvalues of ρ(t)T. Here ρ(t)T is the partial transposition of
ρ(t). Figure 5 gives N against t when a local PT -symmetric
operation is performed on qubit A for cases of α = −π/2
(solid line), α =−π/4 (dashed line), α =−π/16 (dot dashed
line), and α = 0 (dotted line). When α = 0, the operation
is Hermitian and it has no influence on the entanglement of
the system. However, it is clearly shown that the entangle-
ment of the system can increase under the local non-Hermitian
operation (|α| > 0), which violates the property of entangle-
ment monotonicity.[31,32] Moreover, with the increase of the
PT -symmetric operation strength |α|, the maximum value
of negativity of the system increases and the evolution time of
negativity reaching the maximum value is shortened. By com-
paring Fig. 5 with Fig. 3, we can see that the increase of entan-
glement is synchronous with the suppression of EU under the
same conditions. This stems from the fact that the qubit B as
a quantum memory provides information about the outcomes
of the measurements on qubit A, and thereby reduces EU as
H(X |B) ≤ H(X). Therefore, when the entanglement in the
system increases, the uncertainty about the outcome of mea-
surement X given information stored in the quantum memory
reduces.
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Fig. 5. (color online) Negativity N under the local PT -symmetric opera-
tion as a function of t (in units of 2/∆E) for the cases of α =−π/2 (solid
line), α = −π/4 (dashed line), α = −π/16 (dot dashed line), and α = 0
(dotted line). Here r = 0.3.

Another more essential explanation for the reduction
of the entropic uncertainty in the qubits system by the lo-
cal PT -symmetric operation is the non-Hermiticity of the

operation.[33,34] Because the PT -symmetric Hamiltonian is
non-Hermitian while Bob has to measure qubit B in conven-
tional quantum mechanics, when he deals with the evolved
state of the system under the PT -symmetric operation, a re-
normalization procedure of ρ(t) in the way of conventional
quantum mechanics is required. The normalization param-
eter is Tr[(UPT ,A(t)⊗ IB)ρC(UPT ,A(t)⊗ IB)

†] as shown in
Eq. (9). For the qubits system initially prepared in the max-
imally entangled state (see Eq. (5)), after the conventionally
local operation has been performed on qubit A, qubit B will
remain in the maximally mixed state (ρB = IB/2). However,
after performing the local PT -symmetric operation, the re-
duced density state of subsystem B changes to

ρB =

(
ρB,11 ρB,12
ρB,21 ρB,22

)
/T, (12)

with

ρB,11 = cos2(t−α)+ sin2 t,

ρB,12 = 2i
√

1− r sin2 t sinα,

ρB,21 = −2i
√

1− r sin2 t sinα,

ρB,22 = r cos2(t−α)+(1− r)cos2(t +α)+ sin2 t,

T = (1+ r)cos2(t−α)+(1− r)cos2(t +α)+2sin2 t.

This means that the local non-Hermitian PT -symmetric op-
eration changes the state of qubit B, which exhibits the prop-
erty of non-locality. The non-locality makes the information
exchange between qubits A and B possible. Hence, EU can
be reduced with a certain probability once there is informa-
tion flowing from qubit A to qubit B under the local PT -
symmetric operation. It is worth pointing out that similar ef-
ficiency on reducing EU and entanglement of the qubits sys-
tem can occur under other local non-Hermitian or non-unitary
operations which need a re-normalization procedure, such as
weak measurements.[35,36]

4. Conclusion

We have investigated the reduction of the entropic uncer-
tainty in an entangled qubits system via the amplitude damp-
ing channel by a local PT -symmetric operation. Our results
show that, by choosing a sufficiently strong PT -symmetric
operation, EU of two incompatible measurements of the qubits
system can be effectively reduced and it can even reach its
lower bound. We give possible physical explanations for the
behavior of EU on the basis of the property of entanglement
of the qubits system and the non-Hermiticity of the PT -
symmetric Hamiltonian. It can be speculated that some other
non-Hermitian or non-unitary operations may also have simi-
lar effects on reducing the EU for qubits systems.
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