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with directed networks

Liu Wei(X] )7, Liu Ai-Li(BIZ#), and Zhou Shao-Lei(J& 44 %%)

Department of Control Engineering, Naval Aeronautical and Astronautical University, Yantai 264001, China

(Received 23 December 2014; revised manuscript received 16 March 2015; published online 21 July 2015)

This paper studies the distributed H.. control problem of identical linear time invariant multi-agent systems subject to
external disturbances. A directed graph containing a spanning tree is used to model the communication topology. Based on
the relative states of the neighbor agents and a subset of absolute states of the agents, distributed static H. controllers are
proposed. The concept of an H., performance region is extended to the directed graph situation. Then the results are used
to solve the leader—follower H.. consensus problem. Sufficient conditions are proposed based on bounded real lemma and
algebraic graph theory. The effectiveness of the theoretical results is illustrated via numerical simulations.
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1. Introduction

Recently, the distributed control problem of multi-agent
systems has drawn great attention for its broad potential ap-
plications in many areas such as formation control,l'* flock-
ing control,’! and consensus control.!%7 Compared with tra-
ditional control systems, agents in the multi-agent systems are
coupled through networks which are usually modeled by di-
rected or undirected graphs. The system behavior depends not
only on the individual agent dynamic, but also on the structure
of the networks.[”! Due to some physical constrains such as
limited resources and energy or short communication ranges,
individual agent cannot obtain the global information of the
system. Thus, only distributed controllers can be used with lo-
cal information of neighbor agents. The distributed controllers
have many advantages such as flexible scalability, high robust-
ness, and low costs. It has been studied from different perspec-
tives and numerous results have been obtained.

In Ref. [1], Jadbabaie et al. considered the coordination
problem of groups of mobile autonomous agents and pro-
vided a theoretical explanation for the observed behavior of
the Vicsek!®! model. Based on algebraic graph theory, Fax and
Murry analyzed the formation stability under directed commu-
nication topologies.!?! In Ref. [5], a theoretical framework for
the design and analysis of distributed flocking algorithms was
presented by Olfati-Saber. In Ref. [7], Ren and Beard proved
that the consensus of a single integrator dynamic could be
achieved if the union of the directed interaction graphs had a
spanning tree. A consensus of general linear invariant dynam-
ics was studied with static feedback controllers in Refs. [8]—
[10]. An observer-type dynamic consensus protocol was pro-
posed by Li ef al. in Ref. [11] and the concept of a consen-
sus region was introduced. In Ref. [12], a decomposition ap-
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proach was used to study the H., control problem of identical
dynamically coupled systems subject to external disturbances.
Under undirected graphs, based on local relative output infor-
mation, Li ef al. proposed dynamic H.. controllers.!'3] As an
extension of consensus regions, Li ef al. introduced the no-
tions of the H.. and H, performance regions under undirected
graphs and proved that the unbounded H.. performance region
was independent of the communication topology as long as it
was connected.!'¥ In Ref. [15], Wang et al. proposed a con-
trol protocol to solve the H. consensus problem synthesized
with transient performance. In Refs. [16] and [17], the H
consensus problems of multi-agent systems subjected to ex-
ternal disturbances were solved under directed strongly con-
nected topologies. In Refs. [18]-[22], the leader—following
tracking problems were also considered. However, until now,
the H.. control problems of general linear multi-agent systems
with directed communication topology which just contains a
directed spanning tree without the strongly connected condi-
tion have not been investigated.

In this paper, we investigate the distributed H., control
problem of general identical linear time invariant multi-agent
systems subject to external disturbances. A directed graph is
used to model the communication topology. It is assumed
that the directed graph has a spanning tree and there is at
least one root node with a loop. Based on the local relative
states information of the neighbor agents and a subset of abso-
lute information of the agents, distributed H., controllers are
constructed. Sufficient conditions are proposed based on the
bounded real lemma and algebraic graph theory. Then the
concept of H. performance regions proposed in Ref. [14] is
extended to the directed graph situations. It is proved that the
H.. performance regions of multi-agent systems under directed
communication topologies depend on both the communication
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topologies and system dynamics. Compared with the existing
results in Refs. [13] and [14] where the communication topolo-
gies are assumed to be undirected and the results in Ref. [16]
and [17] where the communication topologies are assumed to
be strongly connected, the main contribution of this article is
that the H., control problem is solved under directed commu-
nication topology which just contains a spanning tree. The
conclusions obtained here can consider the results in Ref. [14]
as a special case. Then the results are applied to solve the
leader—follower H.. consensus problem.

The remainder of the paper is organized as follows. In
Section 2, some necessary concepts and the notation are intro-
duced. In Section 3, the H. control problem of multi-agent
systems subjected to external disturbances is addressed. In
Section 4, the results are applied to solve the leader—follower
H., consensus problem. In Section 5, a simulation example is
presented. Section 6 is the conclusion.

2. Preliminaries

In this paper, the following notations will be used. R"*"
and C"*" denote the set of n x n real and complex matrices,
respectively. For u € C, the real part is Re(it). ® denotes
the Kronecker product. I, is the identity matrix of order n.
For a square matrix A, A(A) denotes the eigenvalues of ma-
trix A, and 6(A) denotes the maximal singular value. A > 0
(A > 0) means that A is positive definite (respectively, pos-
itive semidefinite). (A, B) is said to be stabilizable if there
exists a real matrix K such that A+ BK is Hurwitz. (A,C)
is said to be detectable if and only if (AT, CT) is stabilizable.
Denote by @;(f) € L1]0,0) the space of square integrable func-
tions over [0, o).

A directed graph G = (V,&,.A) contains the vertex set
Y ={1,2,...,N}, the directed edges set £ C V x V, the ad-
jacency matrix A = [a;j|yxn With nonnegative elements a;;.
a;j = 1 if there is a directed edge between vertex i and j,
a;j = 0, otherwise. The vertex i has a loop, which means that
vertex i can get its own information. The set of neighbors of i
is defined as \V; := {j € V': a;; = 1}.The Laplacian matrix of
the topology G is defined as £ = [L;j],, - Where L;; = ¥ a;;
and L;; = —a;j. Then zero is an eigenvalue of £ witlelthe
eigenvector 1y. A directed graph is said to have a spanning
tree if there is a node such that there is a directed path from
this node to every other node. A directed graph is strongly
connected if there is a directed path from every node to every
other node.

Lemma 1 (bounded real lemmal>!) For a pos-
itive scalar ¥ > 0 and the transfer function G(s) =
C(sI — A)"' B+ D, then the following are equivalent:

(i) Re(A(A)) < 0and |G(s)]., < 7.

(ii) 6(D) < 7y and there exists a positive definite matrix

P such that

AP+ PA+C'C+(PB+C"D)(y*I-D'D)"!
x (B"P+D'C) <o.

Lemma 2 (Schur complement lemma®*) Given a

matrix S = S Si , where S € R"", S|, € R™",
So1 Sn
S>1 = ST, then the following are equivalent:
i) S <o.

(i) S11 <0, Sy — 52151_11512 < 0.

(iii) S» <0, 11 — 5125521521 < 0.

Lemma 3! Suppose that the eigenvalues of A € RNV
have positive real parts, then there exists a positive definite ma-
trix Q > 0 such that ATQ+ QA > 0.

3. Distributed H.., control problem

Consider a multi-agent system composed of N agents
with identical general linear time invariant dynamics

T; :Awi+Bu,~+D1wi,

zi=Cx;+ Drw;, i=1,2,....,N, M

where x;(t) € R", u;(t) € RP, and w; (t) € L[0,00) are the
state, the control input , and the external disturbance, respec-
tively. z; € RY is the performance variable. A, B, C, D,
and D, are constant system matrices with compatible dimen-
sions. It is assumed that (A, B) is stabilizable, and (A,C)
is detectable. Here, a directed graph G is used to model the
communication topologies. The following assumption is in-
troduced.

Assumption 1 The directed graph G has a directed span-
ning tree and at least one root node has a loop.

Based on this assumption, the following distributed static
consensus controller is proposed:

u; CK(
J

where K € RP*" is the feedback matrix to be designed, c is
the coupling strength to be selected, and a;; are the elements of

N
aij(xj—x;) gil‘i), )

1

the adjacency matrix of the communication topology. g; =1
means that the agent i knows its own absolute state informa-
tion; g; = 0, otherwise. Then, according to Assumption 1,

N
‘):1 8i #0.
i=
Then, the closed-loop system dynamics (1) using the con-
troller (2) is

t=(In®A—-c(L+G)®@BK)x+ (Iy® D))w,

z=IN®C)x+ (In®Ds)o, (3)
where z = [z],2],... . 2}|T, z = [le,zg,...,z,f,]T, w =
[wi,ws,...,opy]". £ e R¥*N is the Laplacian matrix of the

graph. G = diag{gi,g2,...,g~n}. Denote by T}, the transfer
function matrix from  to z of system (3).
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Lemma 4!7 Zero is a simple eigenvalue of £ and all the
other nonzero eigenvalues have positive real parts if and only
if the graph has a directed spanning tree. Furthermore, if there
is a root agent i such that g; # 0, G = diag{gi,82,.--,8n}>
then Re(A(L+ G)) > 0.

Remark 1 If the graph is assumed to be directed and
strongly connected or undirected and connected, every agent

N
can be seen as a root node. Furthermore, if ) g; # 0, then
=1

i=
Re(A(L+G)) >0.

Lemma 5 Under Assumption 1, there exists a positive
definite matrix @ and a positive scalar & such that

(L+G)"Q+Q(L+G) > aQ, %)

where o < 2min{Re(A(L+ G))}.
Proof According to Lemma 4, one can obtain that
Re(A(L+G)) >0, then

Re(A(L+G — %(xl)) > 0.

Thus, by Lemma 3, there exists a positive definite matrix Q
such that (L+G—3al)TQ+ Q(L+G —1aI) > 0. This
completes the proof.

Definition 1 The suboptimal H.. control problem of sys-
tem (1) is said to be solved under the controller (2) with a
given allowable y > &(D,), if the following requirements are
satisfied:

(i) The system is asymptotically stable.

(i1) The He norm of Ty, is less than 7, i.e.,

Tozllw < 7-
The suboptimal H. control problem of

Theorem 1
multi-agent system (1) with the controller (2) is solved with
disturbance attenuation y > 6 (D) if a positive definite ma-
trix P and a positive scalar 7 exist such that

(A+DR'DIC)"P+P(A+ D R'DIC)
1
—tPBB'P+ 6CTC+ﬁPD1R‘1D1TP

1
+ ECTDZR*‘DZT C <0, 5)

where R = (I —-DID,), B = max{A(Q)}, and ¢ =
min{A(Q)}. The Q is a positive definite solution of Eq. (4)
and the coupling strength is chosen such that ¢ € Sy, where
Sy=[t/0,), a < 2min{Re(A (L + G))}, and the feedback
matrix is designed as K = BT P.

Proof According to bounded real lemma, if there exists
a positive definite matrix P such that

AP+ PA+C'C+(PB+C'D)
x (PI-D"D)"'(B"P+D"C) <0, (©6)

where A=Iy® A —c(L+G)® BK, B=Iy® D, C =
Iy®C, D = Iy ® D,, system (3) is asymptotically stable

and satisfies | Ty;|., < 7. Here, we chose P = Q ® P and
K = BTP, where Q > 0 is a solution of Eq. (4) and P > 0 is
a solution of inequality (5). Let R = (y2I,, — DI D,), then
A"P+PA+C'C+(PB+C'D)
x(PI-D'D)"Y(B"TP+D'C)
= (Qo(ATP+PA)—c(L+R)"Q+Q(L+G))
® PBB"P+IyoC'C
+(Q®PD))+(Iy® C"'Dy))
x (Iy @ VI — (Iy® DY D,)) ™!
x ((Qe D{P)+(Iy® D; C))
= (QR(ATP+PA)—c(L+A'Q+Q(L+@))
@PBB'P+Iy®C'C
+Q*®PD,R'DIP+ (Iyo C"D,R™'DIC)
+Q®PD/R'DIC+Q®C"D,R'D]P.

From Lemma 5, one has
(L+@)'"Q+Q(L+G) @ PBB™P>aQ® PBB'P, (7)

where a@ < 2min{Re(A(L+ G))}. Since Q < BIy and Q >
oIy, where B = max{A(Q)} and ¢ = min{A(Q)}, one can
obtain that

1
IyoCTC < 5Q®CTC’ ®)
Q*®PD/R'DIP<BQ®PD R 'D{P, ©)

1

Iy C"D,R'DIC < 6Q@CTDZR*IDEC. (10)
From Egs. (7)—(10), one has

AP+ PA+C'C+(PB+C'D)

< (PT—-D™D)"(B"P+D'C)
<Q®(A"P+PA)-caQ2 PBB'P

1
+ 6Q®CTC+[5Q®PD1R*1D1TP

1
+ 6Q®CTDZR*'DQTC+Q®PD1R*1D5C
+Q®C"D,R'DIP

=Q® <ATP +PA—caPBB'P
1 1
+—-C"C+pPD,R'DIP+—-C"D,R'DIC
® [
+PD/R'D]C + CTDQRIDITP)

Since ca > 7, then inequality (5) implies that inequality (6)
holds. Thus, the H, control problem for system (1) is solved.

Remark 2 Note that the Laplacian matrix of a directed
graph is not symmetric. Thus, the similarity transformation
employed in Ref. [14] is not applicable here. We chose to
solve the H.. control problem directly using the bounded real
lemma. From the proof of Theorem 1, we can see that the key
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tools leading to the above results rely on Lemma 5 and the
properly designed matrix P.

Remark 3 In Ref. [14], the notion of H., performance
regions is introduced under undirected communication topolo-
gies to evaluate the performance of a multi-agent network sub-
ject to external disturbance. It is proved that the unbounded
H.. performance region is independent of the communication
topology G as long as it is connected. However, under directed
communication topologies, we can see that the unbounded H..
performance region defined as Sy = [/, o0) depends on both
the communication topology and system dynamics.

Remark 4 Under Assumption 1, if the communication
topology is modeled by an undirected graph, matrix £+ G is
positive definite. Thus, in Lemma 5, Q = Iy and B = ¢ = 1.
Then inequality (5) can be rewritten as

PA+A'™P—tPBB'P PD, C"
DIp -¥I DI | <o.
C D, -I

This conclusion is consistent with the existing results in
Ref. [14]. Thus, the conclusion obtained here can consider the
results in Ref. [14] as a special case. Furthermore, according
to Remark 1, if the directed graph is assumed to be strongly
connected, the topologies assumption in Assumption 1 can be
relaxed so that there is at least one node with a loop.

Similar to Ref. [14], for a given graph, the H. perfor-
mance limit can be obtained by the following corollary.

Corollary 1 Given a directed graph G, solving the fol-
lowing optimization problem, we can obtain the H. perfor-
mance limit ¥y, of the multi-agent system (1) under the con-
troller (2): minimize 7y subject to inequality (5), with P > 0,
7> 0,and y> 6(D»).

4. Leader—follower H., consensus problem

In this section, the leader—follower H., consensus prob-
lem is discussed. The followers’ dynamics are described in
(1). The leader’s dynamics is described as

xo = Axy,

where xp € R", and A is the same as the followers’. Here, we
define the consensus performance variable as

zi=C(x;—x9)+ Drw;, i=12,...,N,

where z; € RP, and C is a constant matrix such that (A,C) is
detectable.

The following distributed consensus controllers are pro-
posed as:

N
u; = CK(Z aij(acj —:Ei) —h,‘(SC,’—iEo)),
j=1

i=1,2,...,N, (11)

where K is the feedback gain matrix to be designed. #; = 1 if
agent 7 can obtain the leader’ state information; /; = 0, other-
wise.

Then the closed-loop dynamics can be written as

= (Iv®A—cL®BK)x— (cH®BK)
X (x—lN(IJQ)+(IN®D1)(1),

z= (In®C)(x—1yzo) + (In ® D)0, (12)
where = = [w?,mg,...,az?\,]T, z = [le,zzT,...,zg,]T, and

H = diag{hy,hy,...,hy}. Denote by Ty, the transfer func-
tion matrix from @ to z of the system (12).

Definition 2 Given a positive scalar ¥ > 0, the leader—
follower H.. consensus problem of system (12) is said to be
solved, if the following requirements are satisfied.

(1) If w; = 0, leaders—follower consensus is achieved, i.e.,
fliﬁrgH:Bi(t) —xo(t)||=0, i=1,2,...,N.

(ii) Under the zero-initial conditions, the H., norm of T,
is less than 7, i.e., Twz <7

Under the leader—follower structure, we need the follow-

ing assumption.

Assumption 2 The graph has a spanning tree and at least
one root agent has access to the leader.

Let &; = x; — =, then the closed-loop dynamics with the
controller (12) can be rewritten as

&= (Iy®A—c(L+H)®BK)i+(Iy® D))o,

z=Iy®C)i+ (Iy® D))o, 13)

. AT 4 .T1T .
where & = [sclT, mg, e a:IT\,] . From Assumption 2 and
Lemma 4, all the eigenvalues of matrix £ 4 H have positive
real parts. Then from Lemma 5, there exist a positive definite

matrix W and a positive scalar & such that
(L+H)'"W +W(L+H) > oW, (14)

where & < 2min{Re(A(L+ H))}.

Until now, the leader—follower H.. consensus problem has
been converted to an H., control problem. Thus, a similar con-
clusion can be obtained.

Theorem 2 The leader—follower H., consensus problem
is solved with disturbance attenuation y > & (D) if there exist
a positive definite matrix P and a positive scalar T such that

(A+DR'DIC)"P+P(A+ D R'DIC)A
—TtPBB"P + %C’TC

. L1
+/3PD1R*1D1TP+$CTD2R*1DEC<0, (15)

where R = (y*I—DID,), B = max{A(W)}, and ¢ =
min{A(W)}. The W is a positive definite solution of (14)
and the coupling strength is chosen such that ¢ € S'y, where
Sy =[t/é,), & < 2min{Re(A (L + H))}, and the feedback
matrix is designed as K = BTP.
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5. Examples

In this section, we provide some examples to illustrate the
effectiveness of the above theoretical results. A multi-agent
system consisting five agents is considered. The system matri-
ces are defined as

3 —1 3
a=[3 5] == 4]
c=[21]. Dlz[
The external disturbance is defined as

w(t)=[1a() 0.50(r) 0.8@(t) —0.50(t) —0.80()]",

2, 0<t <2,

where @(t) = { 0 2<¢

Fig. 1. (color online) Communication topologies.

Example 1 In this example, the distributed H.. control
problem is considered. The directed communication topology
is given in Fig. 1(a). Clearly, the communication topology has
a directed spanning tree. Agents 1 and 5 are the roots, and
agent 1 can obtain its own absolute state information. The
Laplacian matrix of communication topology is

1 0 0 0 -1
-1 1 0 0 0

£L=|0 -1 2 -1 0 [,
0 0 -1 2 -1
-1 0 0 0 1

and G =diag {1,0,0,0,0}. The real part of the smallest eigen-
value of £+ G is 0.3820. According to Lemma 5, we set
a = 0.6639 and obtain a feasible solution of (4),

6.3672 0.6732 0.1764 0.1764 9.6975
0.6732 0.6049 0.1541 0.1260 0.7913
Q= 0.1764 0.1541 0.2340 0.1403 0.2581
0.1764 0.1260 0.1403 0.2340 0.2861
9.6975 0.7913 0.2581 0.2861 15.3190

Thus, B = max{A(Q)} = 21.5845, and ¢ = min{A(Q)} =
0.0921. Set y =2 and 7=1. Solving inequality (5), we obtain
a feasible solution

p_ [0.6832 0.2657} .

0.2657 0.1947

According to Theorem 1, the feedback matrix and cou-
pling stength can be chosen as K = [1.7839 0.6025 | and
¢ = 1.6062, respectivly. The H. performance region is
[1.5062,00).

Figures 2 and 3 show the state trajectories of all the
agents. Figure 4 shows the trajectories of the performance
variables Z; with external disturbances. It is shown that states

of all the agents converge to zero.

agent 1
o L agent 2
agent 3
----agent 4
——agent 5

The first states

Time/s

Fig. 2. (color online) Trajectories of the first states of all agents.

agent 1
o agent 2
agent 3
5 ----agent 4
< 6 ——agent 5
o5
wn
3
s 2
0
o}
wn
g I
5 —2
—6 ‘
0 2 4 6 8 10 12

Time/s

Fig. 3. (color online) Trajectories of the second states of all agents.

Performance variables

Time/s

Fig. 4. (color online) Trajectories of performance variables.
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Example 2 In this example, the leader—follower H.
consensus problem is considered. The directed communica-
tion topology is given in Fig. 1(b). We can see that agents 1
and 2 can obtain the leader’s information and agent 1 is the
root. The Laplacian matrix is the same as example 1, and
H = diag{1,1,0,0,0}. We can obtain a feasible solution of

(14)

3.6093 0.1617 0.1379 0.1395 5.6088
0.1617 0.2044 0.0909 0.0693 0.1971
W = | 0.1379 0.0909 0.2340 0.1403 0.2296
0.1395 0.0693 0.1403 0.2340 0.2581
5.6088 0.1971 0.2296 0.2581 9.1566

Thus, f = max {A(W)} = 12.6582, and ¢ = min {41 (W)} =
0.0901. Set Y =2 and 7=1. Solving inequality (5), we obtain
a feasible solution

p_ 1.0175 0.4120
~10.4120 0.2852 |-

According to Theorem 2, the feedback matrix and cou-
pling stength can be chosen as K = [1.4171 0.3962} and
¢ = 1.6062, respectivly.

Figures 5 and 6 show the state trajectories of the leader
and follower agents. Figures 7 and 8 show the trajectories of
the tracking error. Note that the tacking error converges to
zero, and all follower agents can track the leader’s path.

——leader
agent 1
------- agent 2
agent 3
----agent 4
——agent 5

10}

=)

[\

The first states

Time/s

Fig. 5. (color online) Trajectories of the first states of all agents.

—— leader
10 agent 1
------- agent 2
agent 3
--—-agent 4 =
——agent 5 /

The second states
)

Time/s

Fig. 6. (color online) Trajectories of the second states all of agents.

10 agent 1 |
------- agent 2

agent 3
----agent 4

6 ——agent 5

Tracking error of first states

Time/s

Fig. 7. (color online) Tracking error of the first states.

10 agent 1
------- agent 2

\ agent 3

\ ----agent 4

6 ——agent 5

Tracking error of second states
)

Time/s

Fig. 8. (color online) Tracking error of the second states.

6. Conclusions

In this paper, the distributed H.. control problems of
multi-agent systems subject to external disturbances have been
investigated under directed communication topologies which
have a spanning tree. Based on relative states of the neighbor
agents and a subset of absolute information of the agents, local
H.. controllers have been designed. The concept of an H.. per-
formance region has been analyzed. It has been proved that,
under directed networks, the H., performance region depends
on both the communication topology and system dynamics.
Finally, the results have been applied to deal with the leader—
follower H., consensus problem.
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