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Rigidity based formation tracking for multi-agent networks”
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This paper considers the formation tracking problem under a rigidity framework, where the target formation is spec-
ified as a minimally and infinitesimally rigid formation and the desired velocity of the group is available to only a subset
of the agents. The following two cases are considered: the desired velocity is constant, and the desired velocity is time-
varying. In the first case, a distributed linear estimator is constructed for each agent to estimate the desired velocity. The
velocity estimation and a formation acquisition term are employed to design the control inputs for the agents, where the
rigidity matrix plays a central role. In the second case, a distributed non-smooth estimator is constructed to estimate the
time-varying velocity, which is shown to converge in a finite time. Theoretical analysis shows that the formation tracking
problem can be solved under the proposed control algorithms and estimators. Simulation results are also provided to show

the validity of the derived results.
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1. Introduction

Multi-agent systems have attracted much attention in re-
cent years. They offer many advantages over single agent
systems, such as efficiency, robustness, scalability, versatil-
ity, adaptability, and lower cost.[!! A considerable amount
of research effort has been devoted to the distributed control
of multi-agent systems. Examples of interesting research di-
rections include consensus, > formation control,>~7! coor-
dinated tracking,!®°! flocking,!'>!!! and so on.

In the formation control problem, the agents are required
to form a pre-defined formation shape, and then maintain the
shape during translational or rotation movements. Rigid for-
mation can keep the distance between any agent pair (the
shape of the whole group) unchanged, which is not guaran-
teed by an arbitrary formation. Another feature of rigid forma-
tion is that it can be used to stabilize the distances between all
of the agent pairs while employing the information of only a
few agent pairs. This feature is of great significance in a large
group of agents. Rigid formation control has found applica-
tions in various fields, including a wireless sensor network,
surveillance, industrial processes, and so on.[12.13] The ob-
jective of rigid formation tracking is to stabilize the relative
positions of the agents according to a target rigid formation,
while the agents can at the same time track a desired velocity.
The incorporation of the desired velocity in formation control
gives the system an extra ability to suit a complicated environ-
ment. However, this also complicates the design and analysis
of the control algorithm. This paper is interested in the for-
mation tracking problem for multi-agent systems via a rigidity
framework.
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The are many studies in the literature of formation con-
trol. In Ref. [14], the global asymptotic stability of triangular
formations is investigated. Local asymptotic stability of min-
imally infinitesimally rigid formations is analyzed by means
of Lyapunov-based stability analysis.[!3] In Ref. [16], a dis-
tributed coordinated tracking problem for multiple networked
Euler-Lagrange systems is solved under the constraint that
the leader is a neighbor of only a subset of the followers. A
distance-based formation maintenance controller is designed
for cycle-free persistent formations under the condition that
the velocity of the trajectory is sufficiently low.!!”! For multi-
agent formation maintenance and target tracking, a control law
is developed in Ref. [7], where the desired translational ve-
locity and the leader’s relative position and velocity are re-
quired by all of the followers. Using the relative positions of
all of the agents, distance-based formation maintenance and
target tracking schemes are solved by a modified gradient-of-
potential-function law.[!8 Reference [19] presents the design
of control protocols and distributed observers for the leader-
following formation control, which also deals with the forma-
tion as well as the tracking problem. In Ref. [20], the consen-
sus problem with a periodic intermittent communication and
fixed directed topology is investigated, and then the consensus
algorithm is extended to solve the formation control problem
as well as the consensus tracking problem with switching di-
rected topologies. Graph theory is a natural tool to describe
multi-agent formation, a detailed discussion on the rigid graph
theory and its applications is given in Ref. [1].

The contributions of this paper are stated as follows. First,
a desired group velocity is incorporated into the rigid for-
mation control problem. When the desired velocity is time-
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varying, a distributed nonsmooth estimator is constructed to
estimate the velocity and a Lyapunov function is provided to
show the finite-time convergence of the estimator. Second,
a formation acquisition term is derived from the rigidity ma-
trix, which is used to solve the rigid formation control problem
with the aid of the velocity estimator. Theoretical proofs are
provided to show the convergence of the proposed formation
control algorithms.

The rest of this paper is organized as follows. In Sec-
tion 2, notation and mathematical preliminaries are presented.
The formation control problem is defined in Section 3. Con-
trol algorithm design and stability analysis are presented in
Sections 4 and 5, respectively, for the case of constant desired
velocity and the case of time-varying desired velocity. Simu-
lation results are given in Section 6. Finally, Section 7 sum-
marizes the investigation.

2. Preliminaries

Some basic knowledge on graph theory will be given in
this section. An undirected graph is defined as &4 = (7,&),
where ¥ £ {1,2,...,n} is a set of vertices and & C ¥ x ¥
is a set of undirected edges. The order and size of ¢ are de-
noted, respectively, by n 2 |#| and m £ |&|. Denote the set of
neighbors of vertex i by

M(E)={je Vi, )) € &Y.

Let p; € R? be the position of vertex i. A formation can be de-
noted by a pair (¢, p) where p = (pl,...,pI)T € R?*". Based
on an arbitrary ordering of the edges in &, an edge function
dy: R?" — R™ associated with (¢, p) is defined as

Dy (p) £ (s llpi—pjl% )T () €6,
where || - || denotes the Euclidean norm. The rigidity of a for-
mation is defined as follows.

Definition 1'% A formation (¢, p) is rigid if there exists
a neighborhood %, of p € R*" such that @' [Py (p)| N %, =
@e;gl (@ (p)] N %,, where @~ ! is the set of the positions
g € R?" satisfying @y (q) = ®y(p) and % is a complete graph
of n vertices.

For a rigid formation, the distance between any two ver-
tices will not change if the distances of the vertices corre-
sponding to the edges which belong to the rigid graph remain
unchanged during translation and rotation movements. The
rigidity matrix R of a formation F £ (¢, p) is given by

1 0Py (p)

R o 4 c Rm><2n.
(p) =5 rr

Obviously, the rigidity matrix only depends on the relative po-

sitions of the agents. Thus, we write the rigidity matrix as

R(p) in the following, where p;; = p; — pj, (i, j) € &. Based

on the rank property of R(p), the infinitesimal rigidity of F is
defined as follows.

Definition 2[% A formation F = (¢,p), p € R** and
n > 3, is infinitesimally rigid in a two-dimensional space if
rank[R(p)] = 2n—3.

Typically, formations that are rigid but fail to be infinites-
imally rigid have collinear or parallel edges. In the following,
the minimal rigidity of a formation is introduced.

Definition 3! A formation is minimally rigid if it is rigid
and no single interagent distance constraint can be removed
without causing the formation to lose rigidity.

It can be verified that the graph in Fig. 1(a) is rigid. How-
ever, if any edge is removed from the graph, the graph is no
longer rigid (see Fig. 1(b)). Thus, the graph in Fig. 1(a) satis-
fies Definition 3, and is said to be minimally rigid. In a two-
dimensional space, a graph is minimally rigid if and only if
m=2n—3.11

(a) (b)

Fig. 1. Illustration of minimal rigidity.

Lemma 1 If a real matrix A € R™*" has full row rank,
then A AT is positive definite.

Proof For any & € R™, it follows that T (AAT)x =
(ATz)T(ATz) > 0. In particular, if zT(AAT)z = 0, then
ATx = 0. Because A has a full-row rank, the equation
ATz = 0 has one and only one solution = 0. That is,
xT(AAT)z = 0 has one and only has one solution = = 0,
which suggests that A AT is positive definite.

3. Problem description

Consider a system of n agents governed by the single in-
tegrator dynamics

qi = u;, (D

L

where g; 2 (x;,y;)T € R? is the position and u; € R? is the
control input to be designed. Consider an infinitesimally and
minimally rigid formation in R? described by F* £ (¥4,4*),
where & £ (V, &), |V|=n, |&| =m, d = (....d;j,...)T and
di; = |lqf — q;ll,(i,j) € &. Let F* be the desired formation,
and F(t) £ [¢,4(t)] denote the actual formation of the agents,
where (1) 2 [q,(1)", ... qu(0)"]".
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The objective of this paper is to design distributed con-
trols u; based on local information such that,

qj(t)|| = dij, ast — oo, Y(i,j)€E, (2)
i=1,..,n, 3)

lqi() —q;
gi(t) —v4(r) = 0, ast — oo,

where vq(t) € R? is any bounded, continuous function repre-
senting the desired velocity of the multi-agent system, and is
available to only a subset of the agents.

4. Formation maintenance with constant trans-
lational velocity

In this section, we consider a case where the desired ve-
locity vq is constant. Define the relative position of two agents
as

qz/ ql qj, (17]) 657

andlet ¢ = (...,q},..)" € R?™. The distance error is given by

eij = Gijll —dij,  (i,j) €&,

The dynamics of the distance error are

. d
€ij = dt(\/ quU)

= (qijqij)l/zq;rj(ui_uj)
(i —uy) @
ejj+dij '
Define the following positive definite, radially unbounded
function:
1
weg L (al-d)y
1
= 1 Z |QlJH (HQI]||+dl])]
Li)es
1
~ 2 Z)‘, leij(eij +2dij)]*. (3)

The derivative of Eq. (5) along Eq. (4) is given by
=1y dleij(eij +2d;))|?

(ij)es dt

= A=

=5 X eijlei+2dij)[éijleij +2dij) +eijeéij]
()€€
1
=5 L eijlej+2dy)
(i.j)e&
a(ui —uj)
ejj+ d,'j

a7 (ui —uj)
€ij +d,'j

Z e,-j(eij +2d,»j)q,-Tj(ul~ — uj).
(i,j)e€

(eij+2di,-) +eij

From the definition of R(§), we know that each row of R(§)
consists of g;; and gj;. Thus, W can be written in a vector
form as

W =o"(e)R(q)u, (©6)
)s-

where o(e) £ |.. JT € R™ and u =
(ul,...,ul)T € R?.

For each agent i, an estimator is designed to track the de-

ceij(eij + 2d;j

sired velocity vq

(9:(r) —
JjEA(E)
i=1,...,n, @)

0;(t)) — aio(0i(t) —va),

where ¥;(¢) is the i-th agent’s estimate of vq4, a;o > 0 if agent i
has access to v4, and ;o = 0 otherwise. We assume that there
is at least one agent which has access to vy.

The control input w is then designed as

u=—kR'(q)o(e) +8(1), ®)
where (1) = (vlT( )y (t))T and k > 0. Let 9;(t) = 0;(t) —
va and B(t) = [8](t ) oY (1)]T. Note that vq is constant.
Equation (7) can be written in a vector form as
o(1) = —(Z@hL)o(t) — (Ao @ I)o(r)
= —(HaL)b(1), ©)

where . is the Laplacian matrix associated with ¢, Ay =
diag(ajo,---,an0), aip > 0 and there is at least one nonzero a;o,
and H £ £+ Ao.

For a rigid graph, it is at least connected because other-
wise if one or more nodes are not connected with other nodes,
then this part of nodes can move freely without keeping dis-
tance to other nodes, which is in conflict with the nature of
rigidity. Thus, ¢ is connected. It follows that H is positive
definite.['®) A Lyapunov function candidate V can be defined
as follows:

1

1or 1
+ 50 (He )

1
2 ~T
- ; (ldy P — 3%+ 5.5

where k is defined in Eq. (8). Let w
a level set Q. as

V =

S

(Ho L) 'o,

-lk \

= (g% (1), 97 (1))T. Define

Q. = {wlv < ¢},

where c is a sufficiently small positive number.

The main result of this section is stated in the following
theorem.

Theorem 1 For system (1) under the control law (8) and
the estimator (7), if F* is the desired formation and w(0) €
Q(c), then the control objective (2) and (3) can be achieved,
and the formation error and the estimation error converge to
zero exponentially.
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Proof The derivative of V along (6) and (9) is given by

. 1
V=0c(e)R(G)u— Z'F;T'D. (10)
Substituting Eq. (8) into Eq. (10) yields

V = —ko" () R(G)R"(§)o(¢) + o (¢) R(G) — %vTv

Because © = ¥ + 1, ® vq, and it is straightforward to verify
that 0T (e) R(§) (1, ®vq) = 0. Tt follows that
V = k0" () R@R (@o(e) + 0" () R(@)7 - 5"
< ko (O R@F (@o(e) - 8"
+ 5 (k0" (O R@ R (@or(e) + 070)
< ko (O R@ R (@)o(e) - 5"
<0.

Because V < 0, for w(0) € ., we can conclude that w(t) €
Q. for all + > 0. Because the target formation F'* is infinites-
imally and minimally rigid, R(g*) has a full row rank. From
“)RT(g") is posi-
tive definite. The eigenvalues of R(§*)R"(g*) are continu-

Lemma 1, we know that the matrix R(§

ous functions of the elements of the matrix. This is because
the coefficients of the characteristic polynomial of a matrix is
a continuous function of the elements of the matrix, and the
eigenvalues of the matrix are continuous functions of the co-
efficients. Thus, for a sufficiently small positive number c,
w € Q(c) can ensure that § belongs to the open neighborhood
where R(G)R"(§) has a positive minimal eigenvalue. Define
the set S = {G|Amin[R(G)RT(q)] > 0}, where A, denotes

the minimum eigenvalue. It follows that

. 1 . T 1 ~T ~
< ——= _—
V < 2k1nf(S)a‘ (e)o(e) T

< —AV, (1)

where inf(S) denotes the infimum of set S, and A =
min{2kinf(S),1/Amax[(H @ 1) ~']}. Amax denotes the maxi-
mum eigenvalue. Thus, from Eq. (11), it follows that 6 (e) =
0, = 0 is exponentially stable.*!]

The exponential stability of 6(e¢) = 0,% = 0 implies that
llgi(t) — q;j(?)|| — dij as t — oo for all (i, j) € & and 0; — vq
as t — oo for all i € ¥. Finally, since 6(e) — 0 as t — oo and
R(§) is bounded, we have that u — © as t — oo. Because we
have proven that ©; — vq exponentially as t — oo, it follows
from Eq. (1) that ¢;(¢#) —vgq(t) > 0ast —oo,i=1,...,n. The
proof is thus completed.

5. Formation maintenance with time-varying
translational velocity

In this section, we consider a case where vq4(#) is time-
varying. It is assumed that the derivative of the desired veloc-
ity v4(t) is bounded, and this bound is denoted by 7.

Inspired by Ref. [8], the following non-smooth algorithm
is proposed to estimate the time-varying desired translational
velocity v4(?):

8u(r) = —ﬁsgn{ Y (60—

fajm]+a,-o[@,-<r>—vd<r>1},
JEN
i=1,..n, (12)

where ¥;(¢) is the i-th agent’s estimate of v4(r), f is a pos-
Define
. The objective of (12) is to guar-

itive constant, and sgn(-) is the signum function.
(1) = [o1(1)T, ..., 0,(t)T]T
antee that 9;(¢) — v4() in finite time. The control law can be
designed as

u=—kR'(§)o(e) +0(t). (13)

Theorem 2 For system (1) under the control law (13)
and the estimator (12), if F'* is the desired formation, w(0) €
£2(c), and B > 7, then the control objective (2) and (3) can be
achieved, and the formation error converges to zero asymptot-
ically.

Proof In the following, we first prove that ¢(t) — 1, ®
v4(?) in finite time. From Eq. (12), it follows that

Bi(t) = /ssgn{ Y [5(0)

0,(0)+ awti0)] | - ().
JEN
i=1,..,n. (14)
Rewrite Eq. (14) in a vector form as

0(r) = —Bsgn[(H @ I,) 8] — 1, @7q(1),

[sgn(x1),...,sgn(x,)]T. Design the following

Lyapunov function as:

where sgn(x) =

Y(3)= -9 (H®IL)v.
The derivative of ¥(®) is given by

¥(5) = 5 (Ho L)
= B0 (H® IL)sgn[(H © I,)d]
— 0 (H® L)1, @04(1)]

)0li

2n

—va() Y [(H ® L)#);,

i=1

where [(H ® I,)®); represents the i-th element of (H ® I)®.
Recall that v4(#) is bounded, and this bound is 7. It thus fol-
lows that

2n 2n
¥(o) = _ﬁ; [(H @ L)8i| —va(r) ) [(H @ I)d];
i= i=1
2n
< -BY |(Hoh)o +y2 (H® I)d);
i=1 i=1
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2n

-B-7)

i=1

—(B=VII(H® L)s],

[(H @ I)o];

< —(B-MI(HeL)B|?>
< (B 1\ Aminl(H© )T (H o L) 5]
S 2

2Amin[(H @ L)T(H® I)] 1
—(13—7)\/ T (O D) Wy

_ _a.},1/2,

where a = (ff — }/)\/ M’"i"[ﬁﬁiggggmzﬂ > 0. It can be veri-

fied that there exists €, such that

€ d¥ 2
/ r= e <,
0 ¥z ©

According to Theorem 3 in Ref. [22], we can conclude that
© — 0 in finite time T, that is ©;(¢) = vq(¢) fori = 1,...,n after
time 7.

After time T, the control law of (13) becomes
u=—kR"(§)o(e) +1,2v4(2). (15)
Substituting Eq. (15) into Eq. (6) yields

W = —ka'()R(QR" (§)o(e) + 0" () R(Q)(1y @ va(r))
= —ko"(e)R(§)R"(§)o(e).

=l

Following a similar proof to that of Theorem 1, it can be shown
that R(§) R (§) is positive definite for w(0) € .. It thus fol-
lows that

W < —kinf(S)o T (e)o(e)
— _4kinf(S)W.

The rest of the proof is similar to that of Theorem 1, and is
hence omitted.

6. Simulation results

In this section, we present two simulation examples for
the formation problem with constant and time-varying de-
sired velocity, respectively. In both examples, we consider
a group of four agents. The desired formation is a square
shown in Fig. 2 where the agents are located at the four ver-
tices. There are five edges in the graph. It can be verified
that the formation given in Fig. 2 is minimally rigid. Let
aio = 1, axo = azp = ago = 0. The desired distances be-
tween the agents are given by diy = dy3z = d3q4 = ds1 = 10,
dy3 = 10+/2. The initial conditions of the agents are selected as
4(0) = (¢7(0) g§(0) ¢} (0) ¢} (0))" = (0.3 1.20.10.10.9 —
0.1 1.2 1.2)T and ©(0) = 2 x rand(1,8) — 1. The control gain
k in Egs. (8) and (13) is set to 0.5, and 3 in Eq. (12) is set to
1.2.

Fig. 2. Desired formation.

For the constant desired velocity case, let vg = 1. Figure 3
shows the agents’ trajectories, which shows that the agents can
achieve the formation asymptotically. Figure 4 shows that the
inter-agent distance errors converge to zero. Figure 5 describes
the velocities of all of the agents which converge to the desired
velocity vq = 1.

For the time-varying desired velocity case, let v4(f) =
cos(t). Figure 6 shows that the agents can achieve the forma-
tion asymptotically. Figure 7 describes the inter-agent distance
errors which converge to zero. Figure 8 shows the velocities
of all the agents which converge to the given time-varying ve-
locity v4(t) = cos(z).

50
40 r
30
E 20
D
10
— (z1,1)
_(w27y2)
0 (3,Ys3)
_(1’4794)
—10 * * * * *
—10 0 10 20 30 40 50

z/m

Fig. 3. (color online) Agents’ trajectories in the constant velocity case.

=

0 0.05 0.10 0.15 0.20 0.25
Time/s

Fig. 4. (color online) Inter-agent distance errors for (i, j) € & in the
constant velocity case.
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— V1
0.8 — %,
— Uy
S ﬁzy
0.4r —— Use
— ﬁi‘y
| ~
0 Vie
E 0 Vay
&
—0.4 |
—0.8 L L L L L L L

0 5 10 15 20 25 30 35 40
Time/s

Fig. 5. (color online) Agents’ velocities in the constant velocity case.

Fig. 6. (color online) Agents’ trajectories in the time-varying velocity
case.

7. Conclusion

In this paper, the distributed tracking problem of a min-
imally and infinitesimally rigid formation has been investi-
gated. Two control algorithms have been designed to stabi-
lize the inter-agent distances while allowing the formation to
follow a constant or a time-varying velocity. In both cases,
the desired trajectory velocity is assumed to be available to a
subset of the agents. Distributed estimators have been con-
structed for each agent to estimate the desired velocity. The
estimates are further employed to construct the control inputs
of the agents where the rigidity matrix plays a central role. It
has been proven that both the formation error and the estimator
error can converge to zero. Finally, numerical examples have
been proposed to verify the derived results.
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