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The memristor, as the fourth basic circuit element, has drawn worldwide attention since its physical implementation
was released by HP Labs in 2008. However, at the nano-scale, there are many difficulties for memristor physical realiza-
tion. So a better understanding and analysis of a good model will help us to study the characteristics of a memristor. In this
paper, we analyze a possible mechanism for the switching behavior of a memristor with a Pt/TiO2/Pt structure, and explain
the changes of electronic barrier at the interface of Pt/TiO2. Then, a quantitative analysis about each parameter in the expo-
nential model of memristor is conducted based on the calculation results. The analysis results are validated by simulation
results. The efforts made in this paper will provide researchers with theoretical guidance on choosing appropriate values
for (α,β ,χ,γ) in this exponential model.
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1. Introduction

The memristor postulated in classical papers by Dr. Leon
Chua in 1971[1] and 1976[2] as the fourth basic circuit element
has spurred a great deal of research interest since its physi-
cal implementation was released by HP Labs in 2008.[3] Chua
also proposed how to recognize a memristor from its elec-
trical properties.[4,5] Nowadays, only a few groups can fab-
ricate a memristor which satisfies these electrical properties,
and most researchers still use mathematical models and phys-
ical theory to carry on their study by theoretical analysis and
simulation.[6–10]

To date, a large number of mathematical models have
appeared.[11–26] Many models are based on modeling equa-
tions proposed by HP Labs, which approximate the kinetic be-
havior of intrinsic dopants of the memristor in linear[3] and
nonlinear manners.[11–13] In addition, advances in memris-
tor modeling have been discussed, including a model incor-
porating an exponential ionic drift equation, which was used
to model oxygen vacancy movement,[14] a model correlating
more closely to physical characterization data,[15–17] a hyper-
bolic sine model,[15,18–22] approximating the metal–insulator–
metal (MIM) tunnel junction,[23] a model using an ideal
closed-loop operational amplifier,[24] a model based on a light-
dependent resistor,[25] and the threshold flux-controlled mem-
ristor model.[26] However, these published models have failed
to accurately describe the relationship between the model pa-

rameters and the mechanism of the switching behavior, which
is meaningful for the future research of the memristor’s appli-
cation in various areas of electrical technology.

In this paper, we suggest a mechanism for switching be-
havior of Pt/TiO2/Pt structure introduced in Ref. [27], and
discuss the parameters of the exponential model proposed in
Ref. [14]. Then, an in-depth understanding of the switching
mechanism and exponential model is achieved. Additionally,
based on the switching mechanism, we quantitatively analyze
the effect of each parameter in the exponential model of the
memristor’s characteristics, which can provide a theoretical
reference to researchers on how to choose the appropriate pa-
rameters in the exponential model.

The rest of this paper is organized as follows. Section 2
illustrates the mechanism for the switching behavior of TiO2

memristor. In Section 3, we analyze the correlation between
the parameters (α,β ,χ,γ) in the exponential model and the
physical realization of memristors, and give the simulation re-
sults. Finally, our conclusions are drawn in Section 4.

2. Mechanism for the switching behavior of the
memristor
The physical structure of memristor was released by HP

Labs in 2008, as shown in Fig. 1, the upper layer is composed
of stoichiometric titanium dioxide, which is an electrical in-
sulator. In contrast, the bottom layer is doped with oxygen
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vacancies, which makes this layer a conductor.[3] Due to the
difference of work function between metal and metal oxide,
the Schottky barrier is formed at the interface between metal
and insulator. In the bottom layer, the high concentration of
oxygen vacancies serves to collapse the Schottky barrier, and
the Ohmic contact is produced at the interface of Pt/TiO2−x.
In the upper layer, the low concentration of oxygen vacancies
maintains the Schottky barrier at the interface of Pt/TiO2.

Pt

V

Pt

TiO2

TiO↩x

d

Fig. 1. (color online) The structure of Pt/TiO2/Pt memristor.[27]

With an external electrical field, the positively charged
vacancies drift in the given direction. The positive voltage can
make the vacancies drift to TiO2 layer, then the Schottky bar-
rier at the interface of Pt/TiO2 becomes an Ohmic contact and
the memristor is switched to the ON state. When a negative
voltage is applied to memristor, the vacancies in the conduct-
ing channel are repelled away from TiO2 layer and the original
Schottky barrier is regained and the memristor is switched to
the OFF state. This is suggested to be an example of bipolar
switching, in which the ON and OFF states are switched with
opposite bias polarity. This switching mechanism is inspired
by valence-change, as illustrated in Ref. [28].

2.1. ON switch process of the memristor

When a voltage is applied to the top electrode in Fig. 1,
the positively charged vacancies in the oxide drift to the un-
doped TiO2 layer and result in an increase in the doping con-
centration of the TiO2 layer, which in turn makes the Schottky
barrier width at the interface of Pt/TiO2 narrow. Based on the
principle of quantum tunnelling,[19] when the barrier is as thin
as the De Borglie wave length of electron (now the barrier is
quantum barrier, the electron can tunnel through the barrier by
electron wave property), the electron can tunnel through the
barrier easily in the channels formed by the drift of oxygen
vacancies and then the device is switched ON.

Supposing that the Schottky barrier is formed by a barrier
of height ΦB and half width a. The barrier height ΦB is the dif-
ference between metal work function Wm and semiconductor
electron affinity qχ

[29,30]

ΦB =Wm−qχ . (1)

The electron affinity qχ is measured from the bottom of
conduction band Ec to the vacuum level

qχ =Ws +EF−Ec, (2)

where Ws is the work function of semiconductor, EF is the
Fermi energy level of semiconductor, and Ec is the bottom of
conduction band level. So the barrier height ΦB can be given
by

ΦB =Wm−Ws +Ec−EF. (3)

And the barrier height of semiconductor is

Φs =Wm−Ws. (4)

The barrier height is associated with the material, the re-
lationship between the barrier height ΦB and the barrier width
XD is

XD =

√
2ε0εrΦB

qND
, (5)

where q is electronic charge (q = 1.6× 10−19 C), ε0 is the
permittivity of vacuum, εr is the relative dielectric constant of
TiO2, ND is the concentration of vacancies in semiconductor.
Without the external bias voltage, the probability of an elec-
tron jumping the barrier is

P = vexp
(
− ΦB

k0T

)
, (6)

where v is the probability of electron transition without the
barrier, k0 is Boltzmann constant, and T is temperature.

With the external field, electrons drifting from semicon-
ductor to metal will be aided, while it will be opposed from
metal to semiconductor. This effect is equal to replacing the
effective barrier by ΦB− aqV/d coincided with the direction
of the external field, and ΦB+aqV/d opposite to the direction
of the external field[14,31] when the thickness of oxide layer is
d. Therefore, the probability of an electron jumping the barrier
can be concluded as

P = vexp
(
− ΦB

k0T

)[
exp
(

aq
k0T d

V
)
− exp

(
− aq

k0T d
V
)]

= 2vexp
(
− ΦB

k0T

)
sinh

(
aq

k0T d
V
)
. (7)

Consequently, when n electrons are available to carry the
current, the number N electrons which can jump the barrier
can be obtained by N = nP. So the tunneling current from
semiconductor to metal can be given by multiplying electronic
charge q by N

I1 = Nq = nPq = 2nqvexp
(
− ΦB

k0T

)
sinh

(
aq

k0T d
V
)
. (8)
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2.2. OFF switch process of the memristor

When a voltage V is applied to the top electrode, the
vacancies in the conducting channel are repelled away from
the top interface and the original Schottky barrier is regained.
Based on the thermionic emission theory,[32] just like how
electrons in metal pass through the potential energy barrier
into semiconductor, the electrons in the semiconductor can
penetrate into the metal layer as long as they have sufficient en-
ergies to overcome the potential barrier. We can calculate the
current from semiconductor to metal by multiplying the num-
ber of electrons per unit volume which can hop the barrier by
electronic charge q. The velocity of electrons is resolved into
its three components vx,vy,vz, with the x-axis parallelling to the
transport direction, namely from semiconductor to metal. The
number of electrons in per unit volume is

dn
′
= n0

(
m∗n

2πk0T

)3/2

exp

[
−

m∗n(v
2
x + v2

y + v2
z )

2k0T

]
× dvxdvydvz, (9)

where n0 is concentration of electrons in the conduction band
in thermal equilibrium

n0 = 2
(2πm∗nk0T )3/2

h3 exp
(
−Ec−EF

k0T

)
. (10)

In per unit electrode area, when the volume is equal to vx, the
number of electrons which can arrive at the interface between
metal and semiconductor in per unit time is

dN = n0

(
m∗n

2πk0T

)3/2

exp

[
−

m∗n(v
2
x + v2

y + v2
z )

2k0T

]
× vxdvxdvydvz, (11)

where m∗n is the effective mass of electron, h is the Planck con-
stant. When the potential of semiconductor is Vs0, Φs =−qVs0.
From Eqs. (3) and (4), the barrier height of metal ΦB is

ΦB = Ec−EF−qVs0. (12)

If Vs0 +V < 0, the electrons which can penetrate the barrier
must satisfy the following condition:

1
2

m∗nv2
x ≥−q(Vs0 +V ). (13)

The minimum velocity required in the x-direction is vx0

vx0 =

[
−2q(Vs0 +V )

m∗n

]1/2

. (14)

Because there is no exist barrier in the y-direction and in the
z-direction, neither of the velocities in these two directions are
limited. Current can be obtained by multiplying electron num-
ber N by electron charge q, so the current density formed by
the electrons from semiconductor to metal is

J2a = qn0

(
m∗n

2πk0T

)3/2 ∫ ∞

−∞

dvz

∫
∞

−∞

dvy

×
∫

∞

vx0

exp

[
−

m∗n(v
2
x + v2

y + v2
z )

2k0T

]
vxdvx

= qn0

(
m∗n

2πk0T

)3/2 2πk0T
m∗n

k0T
m∗n

× exp
(
−

m∗nv2
x0

2k0T

)
. (15)

By substituting Eqs. (10), (12), (14) into Eq. (15), we get

J2a =
4πqm∗nk2

0
h3 T 2 exp

(
−Ec−EF

k0T

)
exp
[

qVs0 +qV
k0T

]
= A∗T 2 exp

(
− ΦB

k0T

)
exp
(

qV
k0T

)
, (16)

and

A∗ =
4πqm∗nk2

0
h3 . (17)

A∗ is the effective Richardson constant for thermionic
emission.[33]

The electrons in the metal are distributed in less than 0.1-
nm film, while the thickness of the space charge layer (the
electrons at the semiconductor surface) in a semiconductor is
usually at the micron level. Therefore, the potential change
caused by external voltage mainly concentrates in the semi-
conductor. The barrier height from metal into semiconductor
remains the same. Therefore, the current density J2b formed
by the electrons from metal to semiconductor remains con-
stant, which equals to the current flowing from the semicon-
ductor into the metal when thermal equilibrium prevails; i.e.,
when V = 0. This corresponding current density is obtained
from Eq. (16) by setting V = 0,

J2b =−A∗T 2 exp
(
− ΦB

k0T

)
. (18)

Supposing the area of electrode is S, so the total current is
given by

I2 = S× (J2a + J2b)

= SA∗T 2 exp
(
− ΦB

k0T

)[
exp
(

qV
k0T

)
−1
]
. (19)

The tunneling current and the thermionic emission current ex-
ist simultaneously. It is important which one is at the leading
position. So the current through the memristor is the sum of
tunneling current and thermionic emission current:

I = I1 + I2

= 2nqvexp
(
− ΦB

k0T

)
sinh

(
aq

k0T d
V
)

+ SA∗T 2 exp
(
− ΦB

k0T

)[
exp
(

qV
k0T

)
−1
]
. (20)
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3. Qualitative analysis of parameters in memris-
tor modeling
Yang et al.[27] used the following model to describe the I–

V switching characteristics of the memristor. This model can
reproduce the I–V characteristics and has been widely used to
model the physical structure of memristor

I = ω
n
β sinh(αV )+χ(exp(γV )−1), (21)

where ω is the state variable of memristor, and is normalized
to [0,1]. When the memristor is in the ON state, ω is close
to 1 and ωn is close to 1, the current is dominated by the first
term in Eq. (21). When the memristor is in the OFF state, ω

is close to 0 and ωn is close to 0, the current is dominated by
the second term in Eq. (21). The exponent n determines the ef-
fect of ω on the I–V curve. For the simplicity, the parameters
(α,β ,χ,γ) are mainly discussed in this paper.

Remark 1 Yang et al.[27] suggested that the parame-
ters (α,β ,χ,γ) were fitting constants, dimensionless, and de-
pended on physical properties of the material of memristor.
Next, the model equation (21) is compared with theoreti-
cal derivation expression (20). A quantitative analysis about
the parameters (α,β ,χ,γ) effect on the I–V characteristic of
memristor is conducted from a physical point of view.

In this section, we use the model (21) and establish the
HSPICE code to analyze qualitatively each parameter’s effect
on the properties of the memristor and discuss the reasons
causing the phenomenon. We call the part with big current
values “low resistance” (Rlow) and that with small current val-
ues “high resistance” (Rhigh). On the condition that the input
signal is ideal sinusoidal signal with the frequency 1 kHz and
the amplitude 1 V, the I–V characteristic curves of memristor
become a twisted hysteresis. The high resistance Rhigh and the
low resistance Rlow are measured with a voltage 0.7 V. At the
same time, the I–V characteristics of the memristor are also
discussed with applied voltage of different frequency.

3.1. Qualitative analysis of parameter α’s influence on
memristor

The first term in Eq. (21) represents the tunneling current
produced by the electrons tunneling through barrier when the
memristor is in ON state. From Eq. (8), the parameter α is

α =
aq

k0T d
. (22)

Given the material of memristor, the parameter α is only
associated with the half width of barrier a. According to
Eq. (5), the parameter α is proportional to

√
1/ND with ΦB

constant. When the concentration of oxygen vacancies ND de-
creases, the barrier width XD and half barrier width a increase
from Eq. (5). At the same time, the increasing a results in the
decreasing barrier height ΦB− aqV/d and increasing barrier

height ΦB + aqV/d. According to Eq. (7), the probability of
the electrons through the barrier P increases with the barrier
height decreasing. Hence, the number of electrons tunneling
through the barrier raises at the electric field direction and re-
duces at the opposite direction, which together lead to the in-
creasing forward current. Therefore, when the parameter α

increases (due to the above-mentioned decrease in the oxygen
vacancy concentration ND and consequent increase in half bar-
rier width a), the current increases. The above analysis can be
validated by the following simulation results.

Figure 2 shows the I/V characteristic when parameter α

takes different values (i.e., 2, 2.5, 3, 3.5). When α = 2, the
maximum positive current and negative current are 215 nA
and−210 nA, respectively. When α = 3.5, the maximum pos-
itive current and negative current are 1085 nA and −850 nA,
respectively. With the increase of α , the conductivity of mem-
ristor increases.
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Fig. 2. The I/V characteristics for different parameter α .

If the frequency of the applied voltage is changed, such as
f = 500 Hz, 2 kHz, 5 kHz, 10 kHz, as α increases, both of the
high and low resistances of the memristor decrease, as shown
in Table 1; namely, the conductivity of memristor increases.

Table 1. High and low resistances under different frequency input volt-
age signals and different α (the unit of the resisitance is in MΩ).

f = 500 Hz f = 2 kHz f = 5 kHz f = 10 kHz

Rhigh Rlow Rhigh Rlow Rhigh Rlow Rhigh Rlow

α = 2 209.9 4.8 209.9 13.72 207.7 124.1 198.6 176.9

α = 2.5 167.4 3.3 167.9 9.46 166.3 92.8 158.8 138.8

α = 3 130.8 2.29 131.3 6.64 129.9 68.6 123.4 106.1

α = 3.5 100.3 1.6 100.6 4.65 99.3 50.4 93.6 79.3

3.2. Qualitative analysis of parameter βββ ’s influence on the
memristor

Comparing the first term in Eq. (21) with Eq. (8), the pa-
rameter β is given by

β = 2nqvexp
(
− ΦB

k0T

)
, (23)
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the parameter β is determined by ΦB (the barrier height) and v
(the transition probability without barrier). The barrier height
ΦB does not change when the material remains the same. So
the parameter β is proportional to v. Given the same number
of electrons, a large value of v indicates that more electrons
likely penetrate the barrier to generate the current. Therefore,
a larger value v will give a larger current.

Figure 3 shows the simulation results. When β is 5, 7,
9, and 11, the corresponding maximum positive current is
113.4 nA, 187.2 nA, 236.5 nA, and 316.9 nA. Then the con-
ductivity of memristor increases.
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Fig. 3. The I/V characteristics for different parameter β .

As shown in Table 2, if the frequency of the applied volt-
age is changed, as β increases, both of the high and low resis-
tances of the memristor decrease; namely, the conductivity of
memristor increases.

Table 2. High and low resistances under different frequency input volt-
age signals and different β (the unit of the resisitance is in MΩ.

f = 500 Hz f = 2 kHz f = 5 kHz f = 10 kHz

Rhigh Rlow Rhigh Rlow Rhigh Rlow Rhigh Rlow

β = 5 275.6 8.6 274.5 24.05 272.4 183.2 257.3 236.5

β = 7 238.1 6.19 237.3 17.5 235.7 148 223.6 202.3

β = 9 209.9 4.8 209.9 13.72 207.7 124.1 198.6 176.9

β = 11 186.7 3.15 186.7 11.3 185.7 106.9 177.2 156.6

3.3. Qualitative analysis of parameter χχχ’s influence on the
memristor

The second term of Eq. (21) represents the thermionic
current when memristor is switched OFF. The parameter χ is
obtained from Eq. (19)

χ = SA∗T 2 exp
(
− ΦB

k0T

)
. (24)

Parameter χ is determined by both electrode’s area S and
temperature T , and is independent of the bias voltage. When
the electrode’s area S remains unchanged, the thermionic
emission current through memristor changes exponentially

with temperature T . Based on the thermionic emission theory,
higher temperature results in the higher electrons’ kinetic en-
ergy, which allows more electrons satisfy Eq. (13). As a result,
the current flowing through the memristor becomes larger.

Where the temperature is unchanged, χ is proportional
to the area of electrode. Recalling the analysis of the OFF
switching process above, the current density through memris-
tor is calculated by summing up the total number of electrons
penetrating the barrier in unit area per unit time. Then, the
current is the product of the current density and electrode’s
area. So the number of electrons tunneling through barrier in-
creases with the increased electrode area S, causing the current
through memristor to increase.

Figure 4 shows the I–V curves when χ is 0.01, 0.1, 0.5,
and 1, respectively. When χ is changed from 0.01 to 0.1, only
minimal change is observed in the I–V characteristics. How-
ever, when χ is adjusted from 0.5 to 1, the current increases
significantly from 458 nA to 722 nA. When χ = 1, the high
resistance part approaches the low resistance part. This hap-
pens because as the temperature T goes up, the electron emis-
sion speeds up dramatically. Then, a steep increase of current
through the memristor can be observed.
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Fig. 4. The I/V characteristics of different parameter χ .

As shown in Table 3, with applied voltage of different fre-
quency, as χ increases, both of the high and low resistances of
the memristor decrease, then the current increases, which is
the same as the analysis above.

Table 3. High and low resistances under different frequency input volt-
age signals and different χ (the unit of the resisitance is in MΩ).

f = 500 Hz f = 2 kHz f = 5 kHz f = 10 kHz

Rhigh Rlow Rhigh Rlow Rhigh Rlow Rhigh Rlow

χ = 0.01 209.9 4.8 209.9 13.72 207.7 124.1 198.6 176.9

χ = 0.1 40.7 4.4 40.46 10.77 40.2 35.7 36.45 36.25

χ = 0.5 8.87 3.16 36.65 5.51 8.5 7.9 8.12 8.09

χ = 1 4.48 2.34 4.48 3.43 4.4 3.95 4.06 4.05
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3.4. Qualitative analysis of parameter γγγ’s influence on the
memristor

The doping concentration of the memristor discussed in
Section 2 is 0.5%. With the external field applied, the oxygen
vacancies transfer to the Pt/TiO2−x interface, which makes the
oxygen vacancies concentration at the interface of the Pt/TiO2

decrease. So it is pure TiO2. γ can be given by comparing
Eqs. (21) and (19) which is mainly used to present the rela-
tionship between the current through the memristor and the
external voltage V

γ =
q

k0T
. (25)

The parameter γ is inversely related to temperature T . So this
part will mainly discuss the influence of temperature T on the
conductivity under the condition of low oxygen vacancy con-
centration. Based on the theory of the semiconductor’s con-
ductivity, the drift mobility is determined by the lattice scat-
tering under the circumstance of the low oxygen vacancy con-
centration. As temperature T increases, the scattering proba-
bility becomes bigger, finally it makes drift mobility decrease.
Owing to the reverse relationship between the resistivity and
electron drift mobility, the resistivity of memristor becomes
big as the drift mobility decreases. Eventually, it makes the
current through memristor become small. In other words, the
reduction in γ (due to the above mentioned increase in temper-
ature T ) causes the current through the memristor to decrease.

The I–V characteristics of memristor are shown in Fig. 5
when γ is set to 4, 6, 7, and 8. The change of parameter γ

has a little influence on the memristor when γ = 4,6. When
γ = 7,8, the current dramatically increases from 316 nA to
487 nA. We can observe that the high resistance part comes
closely to the low resistance part when γ = 8. According to
the theory of quantum tunneling, when the temperature T falls
low enough, the tunneling current becomes dominant, which
causes the high resistance close to the low resistance.

Voltage/V

C
u
rr

e
n
t/

1
0

-
7
 A

-0.8 -0.4 0 0.4 0.8

5

3

1

-1

-3

γ/

γ/

γ/

γ/

Fig. 5. The I/V characteristics of different parameter γ .

In Table 4, with different frequency applied voltage, as γ

increases, both of the high and low resistances of the memris-
tor decrease, and then the current increases, which is the same
as the analysis above.

Table 4. High and low resistances under different frequency input volt-
age signals and different γ (the unit of the resisitance is in MΩ).

f = 500 Hz f = 2 kHz f = 5 kHz f = 10 kHz

Rhigh Rlow Rhigh Rlow Rhigh Rlow Rhigh Rlow

γ = 4 209.9 4.8 209.9 13.72 207.7 124.1 198.6 176.9

γ = 6 83.73 4.67 83.3 12.46 81.9 65.4 68.63 67.85

γ = 7 46.4 4.46 46.05 11.11 44.9 40.01 36.1 35.8

γ = 8 24.4 4.09 24.14 8.89 23.3 22.95 17.6 17.3

Remark 2 As illustrated in Subsection 2.2, when a nega-
tive voltage is applied to the memristor, the thermionic emis-
sion current generated by switch-OFF process is at the leading
position. When the external negative voltage is applied to the
top Pt electrode, the barrier height at the semiconductor in-
creases. The number of electrons flowing from semiconductor
to metal decreases, and then the electrons flowing from metal
to semiconductor play the dominant role. Because the barrier
height at the metal is relatively large, it is difficult for elec-
trons in the metal to surmount. Then the number of electrons
flowing from metal to semiconductor is very small. Namely,
the current from semiconductor to metal is very small. Also,
the barrier at the metal remains unchanged when the external
voltage changes, so the current from semiconductor to metal
is constant. Therefore, the external voltage has no effect on
the current when a negative voltage is applied to memristor.
Because the parameters χ and γ present the voltage’s effect
on the current of memristor when the memristor is switched
OFF, the changes in parameters χ and γ have no effect on the
negative part of the I–V curve.

4. Conclusions
In this paper, the mechanism for the switching behav-

ior of the memristor has been elaborated, which includes the
quantum tunnel effect when the memristor is switched to the
ON state, and Schottky thermionic-emission theory when the
memristor is switched to the OFF state. Based on the mecha-
nism and the exponential ionic drift equation, the relationships
between each parameter in exponential model and the switch-
ing mechanism are analyzed at great length. The changes in
the physical parameters of the switching process bring about
the variations in the parameter α , β , χ ,γ of the exponential
model. When these parameters become bigger, the current
through memristor increases, which is validated by the sim-
ulation results on HSPICE. It is believed that the analysis of
the parameter α , β , χ ,γ may be useful for the choice of the
parameters’ proper values, which is meaningful for future re-
search.
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