
Chin. Phys. B Vol. 24, No. 8 (2015) 084601

On the ascent of infinite dimensional Hamiltonian operators*
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In this paper, the ascent of 2×2 infinite dimensional Hamiltonian operators and a class of 4×4 infinite dimensional
Hamiltonian operators are studied, and the conditions under which the ascent of 2× 2 infinite dimensional Hamiltonian
operator is 1 and the ascent of a class of 4×4 infinite dimensional Hamiltonian operators that arises in study of elasticity is
2 are obtained. Concrete examples are given to illustrate the effectiveness of criterions.
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1. Introduction

The traditional method of separation of variable (also
called Fourier method) is an effective method for solving par-
tial differential equations that can be transformed into the
Strum–Liouville problem after separating variables, such as
vibrating string equation and harmonic equation. The theoret-
ical basis for Fourier method is completeness of eigenvectors
system of self-adjoint operator, so the completeness of eigen-
vectors system is paid considerable attention.[1–5] We recall
that the eigenvector system {eα}α∈A of a linear operator T is
called complete in space X , if span{eα}α∈A = X , where A is
a certain set of indices. In a separable Hilbert space, the com-
pleteness of {eα}α∈A can be expressed by form of series, that
is, for each x∈X if there exists a constant series {Cα}α∈A such
that

x = ∑
α∈A

Cα eα (1)

holds, which may be finite or infinite, convergence in norm
(see Tehorem II.6 in Ref. [6]), then {eα}α∈A is said to be com-
plete in space X .

However, a great number of applied problems, like
the second-order elliptic equation, cannot be reduced to
the Strum–Liouville problem, as a consequence, the Fourier
method fails to work. In order to overcome this problem,
Zhong[7] using the simulation theory between structural me-
chanics and optimal control introduced Hamiltonian systems
into elasticity and proposed the sympletic Fourier method
based on Hamiltonian systems, and which generalizes the tra-
ditional method of separation of variables and possesses far-
reaching significance. It is worth noting that corresponding
operator of a Hamiltonian system is called infinite dimensional

Hamiltonian operator and it has the following block represen-
tation:

H =

[
A B
C −A*

]
: D(H)⊂ X ×X → X ×X , (2)

where A is densely defined closed linear operator, B, C are
self-adjoint operators (see Refs. [8] and [9] and references
therein). An infinite dimensional Hamiltonian operator is gen-
erally non-self-adjoint and perhaps has generalized eigenvec-
tors, but its root vectors system (i.e., the eigenvector and the
generalized eigenvector) is symplectic-orthogonal, and thus
the completeness of symplectic-orthogonal root vectors sys-
tem is the theoretical basis for symplectic Fourier method.
The completeness of symplectic orthogonal eigenvectors sys-
tem has been considered in Refs. [3], [10], and [11]. But the
completeness of the root vectors system has not been com-
pletely understood, especially, the existence problem of gen-
eralized eigenvectors is one of the urgent things in spectral the-
ory of infinite dimensional Hamiltonian operator. Therefore,
the main aim of this note is to study the ascent of 2×2 infinite
dimensional Hamiltonian operators and a class of 4×4 infinite
dimensional Hamiltonian operators and obtain the sufficient
conditions under which the ascent of the infinite dimensional
Hamiltonian operator is 1 or 2.

As we know, the existence of generalized eigenvectors
has to do with the ascent of linear operator. We recall that
the ascent (see for example Taylor[12]) of T at λ (denoted by
Pλ (T )) is the smallest positive integer k such that

N(T −λ )k = N(T −λ )k+1.

If there exists v ̸= 0 such that (T − λ )v = u, where u ∈
N(T −λ ), then v is called generalized eigenvector of the first
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order, and which implies that the ascent of T at λ is lager than
1 (i.e., Pλ (T )≥ 2). Similarly, one may define the generalized
eigenvector whose order is k. The system of eigenvectors and
root vectors (i.e., eigenvectors and generalized eigenvectors)
are overlapped when Pλ (T ) = 1 for all λ ∈ σp(T ).

Throughout this paper, X always denotes the separable
infinite dimensional complex Hilbert space and consider the
orthogonal direct sum X ×X which is a Hilbert space whose
inner product is also denoted by (·, ·). The symbols 𝒞,ℛ, iℛ
denote the set of complex numbers, the set of real numbers, the
set of pure imaginary numbers, respectively. [ x y ]T denotes
the transform of row vector [ x y ]. N(T ) = {x ∈ D(T ) : T x =
0} and σp(T ) denote the kernel and the point spectra (i.e. the
set of all eigenvalues) of operator T , respectively.

2. Preliminaries

We start with the following lemma.
Lemma 1 Let T be a densely defined closed operator

in a Hilbert space X , and for any u ∈ N(T − λ ) there exists
v ∈ N(T *−λ )k such that (u,v) ̸= 0, then the ascent of T at λ

is smaller than k+ 1. If k = 1 then the ascent of T at λ is 1
(i.e., Pλ (T ) = 1).

Proof Suppose Pλ (T ) = k+ 1, then there exists u0 ∈ X
such that

(T −λ )k+1u0 = 0, (T −λ )ku0 ̸= 0,

and which implies (T −λ )ku0 ∈ N(T −λ ). By given condi-
tion, there exists v∈N(T *−λ )k such that ((T −λ )ku0,v) ̸= 0,
that say, (u0,(T * − λ )kv) ̸= 0, which contradicts to (T * −
λ )kv = 0 and thus Pλ (T )≤ k.

Remark 1 For any λ ∈ σp(T ), if Pλ (T ) = 1 then we can
see that the system of eigenvector and root vectors are over-
lapped, i.e., the generalized eigenvector does not appear, in
this case we need only to consider the completeness of eigen-
vectors system. On the contrary, if Pλ (T ) ≥ 2, then there ex-
ist generalized eigenvectors and we may consider the com-
pleteness of root vectors system, and which implies that the
symplectic Fourier method generalizes the traditional Fourier
method, since the self-adjoint operator has no generalized
eigenvectors. Therefore, it is of interest to find conditions un-
der which the ascent of T at λ is 1, 2 or others.

3. The ascent of 2×22×22×2 infinite dimensional Ha-
miltonian operator

Theorem 1 Let H =

[
A B
C −A*

]
: D(H) ⊂ X × X →

X ×X be an infinite dimensional Hamiltonian operator with
σp(H)∖{0} ≠ /0, D(B) ⊆ D(A*) and B is nonnegative and in-
vertible (i.e. 0 ∈ ρ(B)).

(i) If B−1A is a symmetric operator (i.e., (B−1Ax,x) ∈
R,∀x ∈ D(A)). Then for any 0 ̸= λ ∈ σp(H) we have Pλ (H) =

1.
(ii) If C+(A*+λ )B−1(A−λ ) is surjective, λ ∈ σp(H).

Then Pλ (H)≥ 2.
Proof
(P-1) Let u = [ f g ]T ∈ N(H −λ ), then in view of

A f +Bg = λ f ,

C f −A*g = λg,

we obtain

λ
2(B−1 f , f )+λ ( f ,B−1A f )−λ (B−1A f , f )

−(C f , f )− (B−1A f ,A f ) = 0.

Since (B−1A f , f ) ∈ R, so we have λ ( f ,B−1A f ) −
λ (B−1A f , f ) = 0 and

λ
2(B−1 f , f ) = (C f , f )+(B−1A f ,A f ) ∈ℛ,

and thus σp(H)⊂ℛ∪ iℛ.
If σp(H) ⊂ ℛ, for λ ∈ σp(H)∖{0} taking v =

[−λB−1 f −B−1A f − f ]T, then in view of v ∈ D(JHJ) and
H*|D(JHJ) = JHJ, we have

(H*−λ )v = (H*−λ )v = J(H +λ )Jv = 0,

and

(u,v) =

([
f

λB−1 f −B−1A f

]
,

[
−λB−1 f −B−1A f

− f

])
= −2λ (B−1 f , f ) ̸= 0,

hence by Lemma 1, Pλ (H) = 1.
If σp(H)∖{0} ⊂ iℛ, for λ ∈ σp(H)∖{0} taking v =[

−λB−1 f +B−1A f f
]T, then also v ∈ D(H*) and

(H*−λ )v = (H*+λ )v = J(H −λ )Jv = 0,

and

(u,v) =

([
f

λB−1 f −B−1A f

]
,

[
−λB−1 f −B−1A f

− f

])
= −2λ (B−1 f , f ) ̸= 0,

hence by Lemma 1, we also have Pλ (H) = 1.
P-2 Let u = [ f g ]T ∈ N(H − λ ), then g = λB−1 f −

B−1A f . Since operator C+(A*+λ )B−1(A−λ ) is surjective,
so there exists v1 ∈ D(A)∩D(C) such that

(C+(A*+λ )B−1(A−λ ))v1 = A*B−1 f −B−1A f +2λB−1 f .

Therefore, taking v =
[

v1 B−1 f −B−1(A−λ )v1
]T then we

have
(H −λ )v = u,

and which implies Pλ (H)≥ 2. The proof is complete.
Remark 2 When B−1A is symmetric and 0 ∈ σp(H),

then the ascent of H at λ = 0 is larger than 1. In fact, let
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u = [ f g ]T ∈ N(H), and taking v = [ f −B−1A f +B−1 f ]T,
then in view of D(B) ⊆ D(A*), g = −B−1A f = A*B−1 f , and
C f +A*B−1A f = 0 we have v ∈ D(H),v ̸= 0, and

Hv = u,

which implies that the ascent of H at 0 is larger than 1 (i.e.,
exist generalized eigenvectors).

Remark 3 When D(C)⊂ D(A), C is positive and C−1A*

is a symmetric operator then we also obtain a similar conclu-
sion.

Next we shall give an example to illustrate the effective-
ness of Theorem 1.

Example 1 Consider the following partial differential
equation 

∂ 2u
∂ t2 =

∂ 2u
∂x2 ,

u(0, t) = u(1, t) = 0,
u(x,0) = ϕ(y),ut(x,0) = φ(y),

and transform it into Hamiltonian system then we obtain the
following Hamiltonian regular equation

∂

∂ t

[
u
v

]
=

 0 I

∂ 2

∂x2 0

[ u
v

]
,

where ∂v/∂ t = ∂ 2u/∂x2. Let X = L2[0,1], then we obtain the
following Hamiltonian operator

H =

[
A B
C −A*

]
=

 0 I

d2

dx2 0

 ,
where D(C) = {x ∈ X : x′ absolutely continuous ,x′,x′′ ∈
X ,x(0) = x(1) = 0}. It is easy to check that 0 ∈ ρ(B),D(B)⊂
D(A*) and B−1A = 0 is symmetric, so by Theorem 1, we have
Pλ (H) = 1 for any 0 ̸= λ ∈ σp(H) (i.e., the operator H has no
generalized eigenvectors).

On the other hand, through direct calculation we can ob-
tain that the eigenvector system and the root vectors system
of the infinite dimensional Hamiltonian operator H are over-
lapped and are equal to

un =

[
sinkπx

kπ sinkπx

]
, k =±1,±2, . . . ,

corresponding eigenvalues are λk = kπ,k =±1,±2, . . ., which
tallies with the above theoretical result.

4. The ascent of 4×44×44×4 infinite dimensional Ha-
miltonian operator

When Pλ (H) ≥ 2, the operator exists generalized eigen-
vectors, hence one may consider the completeness of the root
vectors system (i.e. the eigenvector and the generalized eigen-
vector). The main aim of this section is to obtain the suffi-
cient conditions under which the ascent of a class of infinite
dimensional Hamiltonian operator is 2 (i.e., except eigenvec-
tors, the infinite dimensional Hamiltonian operator only has
the first-order generalized eigenvectors). But, for general in-
finite dimensional Hamiltonian operators, it is not so easy to
obtain the conditions of the ascent being 2, and because lots
of infinite dimensional Hamiltonian operators which appear in
the study of elasticity are of the form

H =


0 A1 B1 0

A2 0 0 B2
C1 0 0 −A*

2
0 C2 −A*

1 0

 , (3)

see the following examples.
Example 2 The basic equation of a plate strip is as

follows:[13]

∂ 2Mx

∂x2 −2
∂ 2Mxy

∂x∂y
+

∂ 2My

∂y2 = 0. (4)

Let

X = L2[0,b]×L2[0,b]×L2[0,b]×L2[0,b],

then the corresponding infinite dimensional Hamiltonian op-
erator of the system (4) is

H =



0 v
d
dy

D(1− v2) 0

− d
dy

0 0 2D(1− v)

0 0 0 − d
dy

0 − d2

Ddy2 v
d
dy

0


,

where D > 0 and

D(H) =




ψ1(x)

ψ2(x)

ψ3(x)

ψ4(x)

 ∈ X :

ψ1(0) = ψ1(b) = 0,
dψ2(0)

Ddx
− vψ3(0) = 0,

dψ2(b)
Ddx

− vψ3(b) = 0,

ψi(x) are absolutely continuous and ψ ′
i (x) ∈ L2[0,b], i = 1,3,4,

ψ ′
2(x) are absolutely continuous and ψ ′′

2 (x) ∈ L2[0,b]


.
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Example 3[14] The free vibration of rectangular thin
plates with two opposite edges simply supported is given by

D
(

∂ 2

∂x2 +
∂ 2

∂y2

)
W −ρωW = 0, (5)

where W (x,y) is the vibration model, ρ is the mass density, D
is the bending stiffness, and ω is the natural frequency. The
boundary conditions for simply supported edges y = 0 and
y = 1 are

W |y=0,y=1 = 0,
∂ 2W
∂y2

∣∣∣∣
y=0,y=1

= 0.

Let X = L2[0,1]× L2[0,1]× L2[0,1]× L2[0,1], then the cor-
responding infinite dimensional Hamiltonian operator of sys-
tem (5) is

H =



0 I 0 0

− d2

dy2 −
√

ρω2/D 0 0 −I

0 0 0
d2

dy2 −
√

ρω2/D

0 0 −I 0


,

where

D(H) =




W

θ

u

v

 ∈ X :

W (0) =W (1) = 0,
v(0) = v(1) = 0,

W ′,v′ are absolutely continuous and W ′′(x),v′′ ∈ L2[0,1]

 .

Consequently, in this section the ascent of infinite dimen-
sional Hamiltonian operators of form (3) is considered, and
the sufficient condition of Pλ (H) = 2 is given.

Theorem 2 Let

H =


0 A1 B1 0

A2 0 0 B2

C1 0 0 −A*
2

0 C2 −A*
1 0


be infinite dimensional Hamiltonian operator with Bi >

M,Ci ≥ 0,D(Bi) ⊂ D(A*
i ), i = 1,2, or Bi < −M,Ci ≤

0,D(Bi) ⊂ D(A*
i ), i = 1,2,M > 0. Let λ ∈ σp(H) and U =

[ f1 f2 g1 g2 ]
T be a corresponding eigenvector, if there exists

α2 > 1/4 such that

(A*
2B−1

2 −B−1
1 A1) f2 =

2λ

2α −1
B−1

1 f1, (6)

(A*
1B−1

1 −B−1
2 A2) f1 =

2λ

−2α −1
B−1

2 f2 (7)

hold then the accent of H at λ is 2.

Proof Suppose 0 ̸= λ ∈ σp(H) and U = [ f1 f2 g1 g2 ]

be a corresponding eigenvector. In view of (H −λ )U = 0 and
the invertibility of Bi, i = 1,2, we have

g1 = λB−1
1 f1 −B−1

1 A1 f2 and g2 = λB−1
2 f2 −B−1

2 A2 f1,

and thus

(C1 −λ
2B−1

1 +A*
2B−1

2 A2) f1 = λ (A*
2B−1

2 −B−1
1 A1) f2, (8)

(C2 −λ
2B−1

2 +A*
1B−1

1 A1) f2 = λ (A*
1B−1

1 −B−1
2 A2) f1. (9)

Taking

V =



α

λ
f1

−α

λ
f2

B−1
1 f1 +αB−1

1 f1 +
α

λ
B−1

1 A1 f2

B−1
2 f2 −αB−1

2 f2 −
α

λ
B−1

2 A2 f1


,

then on account of Eqs. (6)–(9) we have

(H −λ )V =U,

that it to say, the accent of λ satisfies Pλ (H)≥ 2.
On the other hand, taking

Ũ =
[
−g1 g2 − f1 f2

]T
and

Ṽ =



−B−1
1 f1 −αB−1

1 f1 −
α

λ
B−1

1 A1 f2

B−1
2 f2 −αB−1

2 f2 −
α

λ
B−1

2 A2 f1

−α

λ
f1

−α

λ
f2


,

then on account of Eqs. (6) and (7) and H*|D(JHJ) = JHJ, we
have

(H*−λ )Ũ = J(H +λ )JŨ = 0,

and
(H*−λ )Ṽ = J(H +λ )JṼ = Ũ ,

that it to say, Ṽ ∈ N((H*−λ )2). By considering Eqs. (6)–(9),
we also have

(U,Ṽ ) = (−2α −1)(B−1
1 f1, f1)+(1−2α)(B−1

2 f2, f2).

Since α2 > 1/4, so (−2α −1)(1−2α)> 0, as a consequence
(U,Ṽ ) ̸= 0 and by Lemma 1 we have Pλ (H) ≤ 2, and thus
Pλ (H) = 2.
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When 0 ∈ σp(H), let U = [ f1 f2 g1 g2 ]
T be a corre-

sponding eigenvector, taking

V =


f1

f2

B−1
1 f1 −B−1

1 A1 f2

B−1
2 f2 −B−1

2 A2 f1

 ,
then we have

HV =U,

that it to say, the accent of λ = 0 satisfies P0(H)≥ 2.
On the other hand, taking

Ṽ =


−B−1

1 f1 +B−1
1 A1 f2

−B−1
2 f2 +B−1

2 A2 f1

f1

f2

 ,
then we have

(H*)2Ṽ = 0,

and

(U,Ṽ ) =−(B−1
1 f1, f1)− (B−1

2 f2, f2) ̸= 0.

By Lemma 1 we have P0(H)≤ 2, and thus P0(H) = 2.
Remark 4 In Example 2, it is easy to check that Bi >

M,Ci ≥ 0,D(Bi)⊂ D(A*
i ), i = 1,2, furthermore, the eigenvec-

tors and eigenvalues of operator H are

Uk =



D(1− v)
λk

sinλky

D(1− v)
λk

cosλky

sinλky

cosλky


, λk =

kπ

b
,k =±1,±2, . . . .

Taking α = 3+ v/2(v−1), then α2 > 1/4 (since the Poisson
ratio v satisfies 0 ≤ v ≤ 0.5 ) and

(A*
2B−1

2 −B−1
1 A1) f2 =

v−1
2(1+ v)

sinλky =
2λk

2α −1
B−1

1 f1,

(A*
1B−1

1 −B−1
2 A2) f1 =

1− v
2(v+1)

cosλky =
2λk

−2α −1
B−1

2 f2.

By Theorem 2, the accent of λ ∈ σp(H) is 2.
On the other hand, through direct calculation we can see

(see also Ref. [13]) that the operator H has the first-order gen-

eralized eigenvectors (i.e., Pλk
(H) = 2)

Vk =



−D(3+ v)
2λ 2

k
sinλky

D(3+ v)
2λ 2

k
cosλky

− 1
2λk

sinλky

1
2λk

cosλky


, k =±1,±2, . . . ,

and which tallies with the above theoretical result.

5. Conclusions
Fourier method is based on the completeness of eigen-

functions system with self-adjoint operator. Since the ascent
of the self-adjoint operator is 1, so the eigenvector system and
the root vector system are overlapped. However, the symplec-
tic Fourier method based on infinite dimensional Hamiltonian
operator whose ascent is maybe lager than 1, therefore, it is
of interest to find conditions under which the ascent of infinite
dimensional Hamiltonian operator is 1 or 2. Hence, in this pa-
per we obtain the conditions under which the ascent of 2× 2
infinite dimensional Hamiltonian operator is 1 and the ascent
of a class of 4×4 infinite dimensional Hamiltonian operators
is 2. Our results are helpful to provide theoretical basis for
symplectic Fourier method.
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