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State-to-state quantum dynamics of the
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its reaction mechanism analysis∗

Zhang Jing(张 静)a), Gao Shou-Bao(高守宝)a), Wu Hui(吴 慧)b), and Meng Qing-Tian(孟庆田)a)†

a)College of Physics and Electronics, Shandong Normal University, Jinan 250014, China
b)State Key Laboratory of Molecular Reaction Dynamics, Dalian Institute of Chemical Physics, Chinese Academy of Sciences, Dlian 116023, China

(Received 22 January 2015; revised manuscript received 10 March 2015; published online 20 June 2015)

Quantum state-to-state dynamics of the N(4S)+H2(X
1Σ+)→NH(X3Σ−)+H(2S) reaction is reported in an accurate

novel potential energy surface constructed by Zhai et al. (2011 J. Chem. Phys. 135 104314). The time-dependent wave
packet method, which is implemented on graphics processing units, is used to calculate the differential cross sections. The
influences of the collision energy on the product state-resolved integral cross sections and total differential cross sections
are calculated and discussed. It is found that the products NH are predominated by the backward scattering due to the
small impact parameter collisions, with only minor components being forward and sideways scattered, and have an inverted
rotational distribution and no inversion in vibrational distributions; both rebound and stripping mechanisms exist in the case
of high collision energies.
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1. Introduction
The reactions involving nitrogen atoms play an im-

portant role in atmospheric chemistry and many combus-
tion and explosion processes.[1–3] Thus, nitrogen atom re-
actions, particularly with hydrogen, have received consider-
able attention.[4–12] In this paper, we focus on the simplest
nitrogen triatomic reaction, i.e., the N(4S)+H2(X

1Σ+) →
NH(X3Σ−)+H(2S), an important reaction in thermal decom-
position of cyclotrimethylenetrinitramine (C3H6N6O6) and
cyclotetramethy-lenetetranitramine (C4H8N8O8), which are
nonnegligible ingredients in solid propellants used for rockets
and guns.[2]

Early experimental measurement by Koshi et al. es-
tablished the rate constant of the N(4S)+H2(X

1Σ+) →
NH(X3Σ−)+H(2S) reaction in a high temperature range
of 1600 K–2300 K. An Arrhenius expression was
observed, i.e., K(T ) = (2.8 ± 0.2) × 1014 exp(−33 ±
7(kcal/mol)/RT ) cm3·mol−1·s−1.[4] In order to obtain the
mechanism of this reaction, Koshi et al. also carried out the
quantum-mechanical calculations. The obtained forward and
reverse barriers for quartet state reaction are 35.3 kcal/mol and
4.4 kcal/mol, respectively, which are in good agreement with
the experimental results.

At the forefront of the theoretical studies, with
the purpose of understanding the mechanisms of the
N(4S)+H2(X

1Σ+) reaction, several groups have paid

much attention to constructing the potential energy surface
(PES).[7–9,12] The first PES for the N(4S)+H2(X

1Σ+) re-
action was constructed by Takayanagi et al.[7] based on
high-level second-order multiconfigurational quasi-degenerate
perturbation method (MCQDPT2)//6-311 + G∗∗ calculations,
with the multi-reference configuration interaction (MRCI)
method. Subsequently, Pascual et al.[8] constructed the PES
of the NH2 reactive system and calculated the rate con-
stants of the N(4S)+H2(X

1Σ+) reaction and its reverse re-
action by employing the quasi-classical trajectory (QCT)
method and variational transition state theory (TST). The re-
sults were found to be in good agreement with the avail-
able experimental[4,5] and theoretical data.[7] Poveda and
Varandas[9] also reported an accurate PES for the ground state
of the N(4S)+H2(X

1Σ+) reactive system, based on the dou-
ble many-body expansion (DMBE) theory at the MRCI/aug-
cc-pVQZ level. The characteristics of the PES revealed that
this reaction takes place via an abstraction mechanism rather
than the insertion one. Very recently, Zhai and Han[12] con-
structed a novel global PES for the lowest quartet electronic
state 4A′′ by using the many-body expansion theory and neu-
ral network (NN) method, in which all the ab initio calcula-
tions were done using the MOLPRO package and 8645 MRCI
points based on the larger aug-cc-pV5Z basis set. The ob-
tained barrier height is lower than the previous theoretical
estimates,[6,7,9] which can enhance the reaction probability,
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especially at the lower collision energy. Moreover, the zero-
potential energy is closer to the experimental value.[13,14]

The quantum dynamic studies of the title reaction and
the isotopic variants of this reaction have been considered in
the previous work.[6–8,10–12,15] However, there are few relevant
calculations of the N(4S)+H2(X

1Σ+)→NH(X3Σ−)+H(2S)
reaction at the state-to-state level. Based on the QCT method,
Yu Y Y and Yu Y J,[10] and Zhang et al.[11] calculated the
polarization-dependent differential cross sections (PDDCSs)
and the three angular distributions of P(θr), P(φr), P(θr,φr).
Zhang and Dong[15] also performed a QCT study for the
N(4S)+H2(X

1Σ+) reaction, including the normal DCSs,
P(θr), P(φr). The results revealed that for the ground vibra-
tional state, the reaction was dominated by the backward scat-
tering process. Even so, there are no relevant time-dependent
quantum dynamic calculations to investigate the reaction
mechanism of the abstraction reaction N(4S)+H2(X

1Σ+). As
is well known, the zero-point energy and the tunneling ef-
fect are not taken into consideration in the QCT method, so
this calculation method may produce inaccurate results, espe-
cially nearby the threshold energy. In order to obtain more
detailed and accurate information and an accurate physical
understanding of the reaction dynamics, here we employ the
time-dependent quantum wave packet (TDQWP) method to
calculate the state-to-state quantum scattering dynamics on the
new PES of Zhai and Han[12] in a collision energy range of
1.0 eV–2.0 eV.[16,17] The remainder of this article is organized
as follows. In Section 2, the theoretical methodology is out-
lined. In Section 3 the results and discussion are presented,
and the conclusions are given in Section 4.

2. Theory and methods
2.1. PES

As indicated in Ref. [12], the novel global PES has
been constructed by using many-body expansion with the
NN method for the three-body term.[12,16,18–20] The major fea-
ture of this present PES is the N–H–H collinear transition state
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Fig. 1. Contour plot of the PES for the N–H–H angle of 180◦ in internal
coordinates (energies here are given in eV).

for the N(4S)+H2(X
1Σ+) → NH(X3Σ−)+H(2S) reaction,

which is shown in Fig. 1. It can be clearly seen that at about
(2.1a0, 2.4a0) there is a saddle point with a potential barrier
height of about 1.25 eV (28.8 kcal/mol), and no well at the
collinear configuration of the NH2 reactive system. The ad-
equacy of this new PES for kinetic and dynamic studies has
been demonstrated in Ref. [12].

2.2. TDQWP method

The state-to-state quantum reaction dynamic study can
provide the most detailed information and offer profound in-
sight into the chemical reaction process. With the development
of the modern computer technology, the atom–diatom reac-
tive scattering problems have been mostly solved, including
the simple direct reactions such as H + D2,[21,22] H + HD,[23]

F + H2,[24] and the challenging reactions with deep wells such
as O + H2,[25] or with multiple potential energy surfaces such
as Cl + H2.[26] Here, we report the converged state-to-state dif-
ferential and integral cross sections for the title reaction, in a
collision energy range of 1.0 eV–2.0 eV. These calculations
are carried out with the TDQWP method. While the calcula-
tions of differential cross sections (DCSs) have been reported
for many triatomic reactions and two tetra-atomic systems
up to now,[27] theoretical calculations are still a great chal-
lenge to computational time consumption.[28–34] In this pa-
per, the TDQWP method is efficiently implemented on graph-
ics processing units (GPUs). This new efficient GPU version
of the TDQWP code is developed by Zhang and Han and
has been proved to be more efficient than central processing
units (CPUs) with the test calculations of H + HD and O + HD
reactions.[17,35]

The Hamiltonian of the N(4S) + H2 reaction in body-fixed
(BF) reactant Jacobi coordinates can be written as[36]

Ĥ =− h̄2

2µR

∂ 2

∂R2 +
(Ĵ− ĵ)2

2µRR2 +
ĵ2

2µrr2 +V (𝑅,𝑟,θ)+ ĥ(r), (1)

where R and r are, respectively, the atom–diatom and diatomic
distances, µR is the reduced mass between atom N and diatom
H2, µr is the reduced mass of H2, Ĵ is the total angular mo-
mentum operator, ĵ is the rotational angular momentum op-
erator of H2, V (𝑅,𝑟,θ) is the interaction potential excluding
the diatomic reference potential for the 14A′′ state of the NH2

system, and ĥ(r) is the reference Hamiltonian of H2, defined
as

ĥ(r) =− h̄2

2µr

∂ 2

∂ r2 +Vr(r). (2)

The initial wave function of the reactant is prepared in a
space-fixed (SF) reactant Jacobi coordinates system by using
the Gaussian wave packet in the R direction, and it can be ex-
pressed as

|χi〉= ψ
JMε
αυ0 j0l0 = G(Rα)ϕυ0 j0(rα) |JM j0l0ε〉 , (3)
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where ϕv0 j0(rα) presents the rovibrational eigenfunction of
the H2 molecule, |JM j0l0ε〉 is the SF rotational basis, which
describes the angular motion with M being the projection of
the total angular momentum J, v0, and j0 are, respectively,
the initial vibrational and rotational quantum number of H2

molecule, α and the hereinafter β are the label for the reactant
and product channels, respectively.

After the preparation of the initial wave packet on the
CPU in the SF reactant Jacobi coordinate, this wave func-
tion can be manipulated in BF product Jacobi coordinates by
a split-operator scheme, entirely on GPU, and defined as[17]

ψ
JMp(𝑅,𝑟, t +∆)

= exp
(
− iĤ0

∆

2

)
exp(−iV̂rot∆/2)exp(−iV ∆)

× exp(−iV̂rot∆/2)exp
(
− iĤ0

∆

2

)
ψ

JMp(𝑅,𝑟, t), (4)

where

Ĥ0 =−
h̄2

2µR
· ∂ 2

∂R2 −
h̄2

2µr
· ∂ 2

∂ r2 +Vr(r), (5)

V̂rot =
L̂2

2µRR2 +
ĵ2

2µrr2 , (6)

with L̂ = Ĵ− ĵ.
In the BF representation Jacobi coordinates, the scattering

matrix element can be obtained as[17,37]

Sfi(E) =
1

2πaαi(E)a∗β f(E)

×
∫ +∞

−∞

dt exp(iEt/h̄)
〈
χβ f
∣∣exp(iĤt/h̄) |χαi〉 . (7)

The coefficients are given by

aαi(E) = 〈ϕi| χ+
i

〉
=

〈
i

√
µRkαi

2π
Rh(2)lα (kαiR)

∣∣∣∣G(Rα)

〉
, (8)

aβ f(E) = 〈ϕf| χ+
f

〉
=

〈√
µRkβ f

2π
Rh(1)lβ

(kβ fR)
∣∣∣∣δ (R−R∞)

〉
. (9)

Here, ϕi and ϕf are the initial and final free wave functions,
| χf〉= δ (R−R∞)ϕvf jf(rβ ) |JM jflf〉 represents the radial com-
ponent of the product wave-packet, R∞ is the location of the
dividing surface, h(1) and h(2) are the spherical Hankel func-
tions of the first and the second kind.[38]

Finally, the scattering matrix is transformed into a helicity
representation to derive differential and integral cross sections
by scattering matrix summing over all relevant values of the
total angular momentum quantum number J, and they are ex-
pressed as

dσv′ j′,v0 j0(θ ,E)
dΩ

=
1

(2 j0 +1) ∑
K′

∑
K0

∣∣∣∣ 1
2ikv0 j0

×∑
J
(2J+1)dJ

K′K0
(θ)SJ

v′ j′K′,v0 j0K0

∣∣∣∣2, (10)

σv′ j′,v0 j0

=
1

(2 j0 +1)k2
v0 j0

∑
K′

∑
K0

∑
J
(2J+1)

∣∣∣SJ
v′ j′K′,v0 j0K0

∣∣∣2. (11)

Here, θ is the scattering angle between the incoming N + H2

reactants and the scattered NH + H products, kv0 j0 is the ini-
tial wave vector for the reactant, dJ

K′K0
(θ) is the reduced rota-

tion matrix with K0 and K′ being the projection of the initial
and final total angular momentum J, SJ

v′ j′,v0 j0
is the S-matrix

for transitions from initial vibrotational level v0 j0 of the H2

molecule to final levels v′ j′ of the product NH molecule at an
incident energy E.

3. Results and discussion
3.1. Numerical aspects

To obtain the converged results, many convergence tests
are carried out for J = 0 to determine the optimal numerical
parameters, which are summarized in Table 1. Meanwhile
the state-to-state calculations for all values of angular mo-
mentum J up to 50 are conducted to obtain the convergent
integral cross sections (ICSs) of the N(4S)+H2(X

1Σ+) →
NH(X3Σ−)+H(2S) reaction for collision energies up to
2.0 eV. In this work, K is one of the key convergence parame-
ters, which sets an upper limit on the helicity quantum number.
The convergence tests are shown in Table 2. It can be seen that
for the selected J and higher collision energy Ecol = 1.92 eV,
the number of K (K = min(14,J + 1)) is sufficient to yield
converged results. In this paper, we only focus on the lowest
reactant state H2 (v0 = 0, j0 = 0), which is sufficient to com-
pare with the experimental results.

Table 1. Parameters used in the time-dependent wave packet calcula-
tions (All parameters are in atomic unit a.u. unless otherwise stated).

Grid/basis range and size R ∈ [0.1,15.0], Ntotal
R = 180,

Nint
R = 120, r ∈ [0.5,14.0],

Ntotal
r = 600, Nrb = 90,

Nvb = 4, Jmax = 80
Initial wave packet R0 = 10.5, δ = 0.5, E0=1.5
Absorption length in R and r 4.0/4.0
Absorption strength in R and r 0.018/0.018
Total propagation time 8000
Time step 5

Table 2. Convergence test of N + H2(v0 = 0, j0 = 0)→NH(v′, j′ =
0)+H reaction probabilities as a function of K (with Ecol = 1.92 eV,
J = 30 and 40).

Ecol = 1.92 eV K
NH(v′, j′ = 0)+H

v′ = 0 v′ = 1

J = 30
6 0.0600 0.0061

10 0.0597 0.0061
14 0.0596 0.0060

J = 40
6 0.0141 0.0002

10 0.0137 0.0001
14 0.0135 0.0001
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3.2. Total reaction probabilities and rate constants

In Fig. 2, we display the total reaction probabilities
each as a function of the collision energy for several partial
waves, which are only obtained by one of the open prod-
uct channels, because of their symmetry characteristics of the
N(4S)+H2(X

1Σ+)→NH(X3Σ−)+H(2S) reaction. It can be
clearly seen that with the increasing of J, the threshold en-
ergy shifts toward the higher collision energy. This behavior
is apparently due to the centrifugal barrier which is increased
with increasing J. The threshold energy of the J = 50 par-
tial wave is approximately 2.0 eV. This demonstrates that the
convergence of the J values is equal to 50 in this present col-
lision energy range for calculating the cross sections. For the
J = 0 partial wave, the threshold energy is equal to 1.13 eV,
which agrees well with the forward barriers of the ground-
state reaction reported to be 1.09 eV (25.1 kcal/mol).[4] We
also calculate the initial state-selected reaction cross section
as a function of the collision energy, which is shown in Fig. 3.
Because of the existence of the potential barrier, the integral
cross section displays a certain threshold energy, which in-
creases monotonically with the energy. This behavior corrobo-
rates that the title reaction, which takes place via an abstraction
mechanism,[4] is an endothermic reaction.
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Fig. 2. (color online) Total quantum scattering reaction probabilities
each as a function of the collision energy for the N(4S)+H2(X

1Σ+)→
NH(X3Σ−)+H(2S) reaction at several values of J.
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Considering the collision energy range studied, we plot
the rate constants only in a temperature range of 1300 K–
4000 K in Fig. 4. The initial state-specific thermal rate con-
stant is obtained from the integration of the integral cross sec-
tion. The available experimental data and theoretical results
of QCT and other theories [4–6,8,39] are also shown in this fig-
ure. It is clear that our results based on the accurate state-
to-state calculation agree well with the computational data of
Pascual et al.[8] by using the QCT method, while the other re-
sults are smaller than our ones. The underestimation of other
results can be attributed to the fact that the anharmonic effect
is not considered in the improved canonical variational theory
(ICVT) results.[40] Since the QCT results of Pascual et al.[8]

have been proved to be in reasonable agreement with experi-
mental measurements, a minor disagreement between our re-
sults and the QCT ones is also acceptable.
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Fig. 4. Rate constants in a temperature range of 1300 K–1400 K. Also
shown are the available experimental data and results of QCT and other
theories.

In order to clarify the J dependence of the total reac-
tion probabilities, we plot the reaction probabilities each as
a function of total angular momentum at four different colli-
sion energies in Fig. 5. From Eq. (11) we can find that the
J-dependent partial wave contribution to the integral cross
sections is weighted over a 2J+1 factor. As can be seen from
Fig. 5(a) that for Ecol = 1.3 eV, this distribution, which is arch-
shaped approximately, increases with J, reaches a maximum
at a certain J and then decreases to zero before reaching the
last available value of J. With the increase of collision en-
ergy, a marked shift of the most populated J for integral cross
section occurs towards larger J values. As is well known,
the J dependence of the total probability is an analogue of
the classical opacity function, i.e., the reaction probability is a
function of the impact parameter. Thus different J dependence
means different impact parameter dependence. According to
the above description, for the N(4S) + H2 abstraction reaction,
two reaction mechanisms are proposed: a rebound mechanism
and a stripping mechanism. The rebound collisions can be as-
sociated with small impact parameter collisions and lead to a
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backward scattering, while the striping scatterings correspond
to the relatively large impact parameter collisions and tend to
produce the forward and sideways scattering.[41] In order to
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Fig. 5. (color online) (a) 2J + 1 weighted opacity functions
and (b) total reaction probabilities for the N(4S)+H2(X

1Σ+)→
NH(X3Σ−)+H(2S) reaction at selected collision energies of 1.3,
1.5, 1.7, and 1.9 eV each as a function of the total angular momen-
tum J.

see more clearly the reaction mechanism of the N(4S) + H2 re-
action, we also plot Fig. 5(b). From Fig. 5(b), we can clearly
see that at lower collision energies the populated J values for
reaction probabilities mainly focus on the small values, and
as the collision energy increases, the contributed value range
of J is gradually enlarged. Based on the above descriptions,
we can predict that the backward scattering is predominated at
low collision energies by the rebounding collision mechanism,
and the sideways and forward scatterings are dominant at high
collision energies by the stripping collision mechanism.

3.3. Product state distributions

Figure 3 also displays the NH vibrational distributions
of the N(4S)+H2(X

1Σ+)→ NH(X3Σ−)+H(2S) reaction in
the 4A′′ state, which are obtained by summing all available
rotational state populations in each open vibrational channel.
From this figure, we can see that the products NH molecules
are almost in the ground vibrational state, until the collision
energy increases up to 1.6 eV, the excited vibrational state
products begin to appear. This behavior can be attributed to
the endergonic reaction. Considering the collision energy we
investigated, the NH product is found to be predominantly in
v′ = 0 and v′ = 1 states. While with the increasing of collision
energy, the increasing amplitude of the ICSs in the v′ = 1 state
are less than in the v′ = 0 state.
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collision energies. Curves representing the case of v′ = 1 and v′ = 2 are multiplied by factors of 102, 10, and 10 for the collision
energies of 1.5 eV, 1.7 eV, and 1.9 eV, respectively.

Figure 6 displays the product rotational state distributions
each as a function of the NH rotational quantum number j′

at several selected collision energies Ecol = 1.3, 1.5, 1.7, and
1.9 eV. This figure shows that the rotational excitation is very

high for v′ = 0, and considerably drops for v′ = 1. Com-
pared with the product vibrational distributions, the rotational
states of the NH product are inverted at all vibrational lev-
els for the four different collision energies. Obviously, the
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integral cross section maximum shifts toward higher j′ val-
ues and the amplitude of the maximum increases with the in-
crease of collision energy. At Ecol = 1.3 eV, for instance, the
NH rotational distribution for v′ = 0 peaks at about j′ = 3
with a cross section of 0.0164 Å2. This peak shifts toward
j′ = 8, with a corresponding increase in cross section about
0.10 Å2, when Ecol = 1.9 eV. More rotational channels ef-
fectively open at high collision energies. This behavior can
be attributed to the occurrence of the sideways and forward
scattering,[42] which can cause the products to obtain the ro-
tational energy. The larger the collision energy of the reac-
tants, the larger the rotational energies of the obtained product
are, and the corresponding rotational quantum number also be-
comes larger. From the point of view of the conservation of to-
tal angular momentum,[43] a lower impact parameter collision
tends to produce the rotational cold NH products, which are
usually corresponding to backward scattering. Similarly, large
impact parameter collision between the N and H–H molecule
usually leads to rotationally excited products, which are as-
sociated with sideways and forward scattering. Based on the
above descriptions, we can also predict that the title reaction
is almost dominated by the backward scattering at lower col-
lision energies, while with the increasing of collision energy,
the sideways and forward scatterings appear and increase.

3.4. Differential cross sections

The total differential cross sections (DCS) of the N + H2

(v0 = 0, j0 = 0) reaction at four different collision energies
of 1.3, 1.5, 1.7, and 1.9 eV each as a function of the scatter-
ing angles are shown in Fig. 7. At lower collision energy of
1.3 eV, the products NH molecules experience almost exclu-
sively backward scattering with only minor components being
forward scattered. Near the threshold energy value, our result
is larger than the result of Zhang and Dong.[15] This behav-
ior can be attributed to the omissions of the zero-point energy
and the tunneling effect in the QCT method. As the colli-
sion energy increases, both the backward and forward scat-
terings increase. The above descriptions are in accordance
with our expected results from the quantum opacity function.
As mentioned in Subsection 3.3, the backward scatterings of-
ten occur at small impact parameters, while for the forward
and sideways scatterings, more reactive collisions with larger
impact parameters contribute. So the increases of forward
and sideways scattering products are due to the participation
in larger impact parameter collisions as the collision energy
rises. For the H + HCl reaction and its isotopomers, a simi-
lar phenomenon was also found.[41] Backward scatterings in
the A + BC abstraction reactions are often associated with a
rebound mechanism and the forward and sideways scatterings
indicate a striping mechanism. Based on the above statement,
thus we come to a conclusion that at lower collision energies,

the reaction is predominated by the rebound reaction mecha-
nism, while for the high collision energies both stripping and
rebound mechanisms coexist.
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Fig. 7. (color online) The total differential cross sections for the
N(4S)+H2(X

1Σ+)→ NH(X3Σ−)+H(2S) reaction at four colli-
sion energies.

4. Conclusions
An efficient GPU version of the TDQWP code is em-

ployed to study the

N(4S)+H2(X
1
Σ
+)→ NH(X3

Σ
−)+H(2S)

reaction on the novel 4A′′ PES constructed by Zhai et el. In
this work, we present the total and state-to-state integral cross
sections and differential cross sections of the title reaction at
collision energies up to 2.0 eV. The total integral cross sections
increase monotonically with the collision energy rising, while
there exists a threshold energy due to the existence of the po-
tential barriers at the exit channel. These results indicate that
the title reaction is an abstraction reaction. It is also found that
the rotational distribution of the NH product is inverted in all
vibrational states for our considered collision energies, while
the vibrational distribution of the NH product is not. At low
collision energies, the product NH is almost exclusively back-
ward scattered with only minor components being forward and
sideways scattered. With the increasing of the collision ener-
gies, the forward scattering is also increased slightly, which
means both stripping and rebound mechanisms coexist in the
case of high collision energies.
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