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Electron impact excitation of helium atom*
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A method to deal with the electron impact excitation cross sections of an atom from low to high incident energies
are presented. This method combines the partial wave method and the first Born approximation (FBA), i.e., replacing the
several lowest partial wave cross sections of the total cross sections within FBA by the corresponding exact partial wave
cross sections. A new set of codes are developed to calculate the FBA partial wave cross sections. Using this method,
the convergent e-He collision cross sections of optical-forbidden and optical-allowed transitions at low to high incident
energies are obtained. The calculation results demonstrate the validity and efficiency of the method.
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1. Introduction

Atomic data of the electron impact excitation pro-
cess are indispensable in many fields, including radiation

3 and

physics,[!! plasma physics,?! atmospheric physics,!
astrophysics.[>! Helium is an abundant element in the uni-
verse, whose electron impact excitation cross sections are im-
portant physical parameters for diagnosing helium abundances
in astrophysics.[6-1!

With only two electrons, the helium atom provides a
testing ground for developing a general method to deal with
electron scattering with complex atoms or ions. Many cal-
culations of electron—helium scattering have been performed
experimentally (see review articles!!'~1%! and the references
therein) and theoretically.!'>2] However, most of those stud-
ies mainly focused on the cross sections near the excitation
threshold. Reference [21] (Fursa and Bray 1995) applied the
convergent close-coupling (CCC) method to calculate e-He
scattering cross section excited from the ground state in the in-
cident energy range from 1.5 eV to 500 eV, where the overall
agreement with the experimental datal®! is good, but without
a detailed resonance structure.

It is known that the excitation cross sections of an atom
impacted by low-energy electron can be dealt with by the par-
tial wave method using R-matrix codes.>*=3!1 At the high inci-
dent energy, the first Born approximation (FBA) is applicable
and the generalized oscillator strength (GOS, i.e. the differ-
ential cross sections) can be calculated, e.g., by the codes we
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32.33] To calcu-

developed from the traditional R-matrix codes.!
late the electron impact excitation cross sections of the atom at
intermediate incident energy is still a difficult task, especially
for optical-allowed transition, since here FBA is inapplicable
and a huge number of partial wave cross sections (PWCS’s)
need to be accounted.

In this work, an approach to deal with the electron im-
pact excitation cross sections of atom at low to high incident
energies in a consistent way are presented and validated by
the e-He collision calculations. More specifically, the exact
PWCS’s and the PWCS’s within FBA of e-He collision in the
whole energy range (from low to high incident energies) are
calculated for [1s?]1'S — [1s2s]2!S and [15?]1'S — [1s2p]2!P
transitions. The exact PWCS’s are calculated by using the tra-
ditional R-matrix method. To calculate the PWCS’s within
FBA, a new set of codes are developed based on the tradi-
tional R-matrix codes. The calculation results show that the
two kinds of PWCS’s decrease with the increasing angular
momentum L and the increasing incident energy. The com-
parisons between the two kinds of PWCS’s manifest that the
exact and FBA PWCS’s merge together gradually with the in-
creasing L. The two features give some hint that the differ-
ence between the exact and FBA total cross sections mainly
originate from the lowest several PWCS’s. Thus the approach
of combining the partial wave method and FBA is presented,
i.e., replacing a few FBA PWCS’s (L < L) of the FBA to-
tal cross sections by the corresponding exact PWCS’s. The
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convergent total cross sections of e-He collision for monopole
and dipole transitions at low to high incident energies are ob-
tained by using this method. Our calculation results agree with
the previous experimental measurement!>3! and CCC calcula-
tion results!?!! overall. Moreover, in our calculations the res-
onance structures near the excitation threshold are displayed.
Therefore, the e-He collision calculations demonstrate that the
excitation cross sections of an atom impacted by electrons at
low to high incident energies can be dealt with efficiently in
a consistent way by combining the partial wave method and
FBA.

2. Theoretical method
2.1. R-matrix method

Since the detailed descriptions of the R-matrix method to
deal with the electron—atom collision process have been pre-

sented elsewhere, 24311

a brief outline will be given here. This
method begins by partitioning the subconfiguration space of
the colliding electron into two regions by a sphere of radius a
centered on the nucleus. The value of a is chosen such that
the exchange interactions between the colliding electron and
the other target electrons are negligible for » > a, where r is
the distance of the colliding electron relative to the centroid
of the target atom. Thus in the external region (r > a), the
colliding electron mainly feels a long-range static polarization
potentials.

Within the reaction zone r < qa, the interactions between
the colliding electron and the target electrons involve electron
exchange and correlation interactions, which is a many-body
problem and is solved variationally as a whole to obtain the
logarithmic derivative boundary matrix R(E). Therefore, in

the reaction-zone the electron correlations for the (N + 1)-

electron system including the target atom and a colliding elec-
tron are calculated adequately by the variational method. The
wavefunction ¥ for the (N + 1)-electron system of eigen-
energy E in the reaction zone are expanded as

Y=Y Ap ¥, M
k

where ¥ are the energy-independent bases, which are ex-
panded by the following way

Y. = AZal]k(p MIJ(rN+1 +ijk¢]7 2
where A is the antisymmetrization operator which accounts for
the electron exchange between the target electrons and the col-
liding electron. @; are the channel wavefunctions obtained by
coupling the N-electron target wave functions with the angu-
lar momentum and spin of the colliding electron. u;; are the
continuum orbitals. ¢; are (N + 1)-electron wave functions
formed from the bound-type orbitals to ensure the complete-
ness of the total wave functions and take account of the elec-
tron correlations within the reaction zone. The coefficients a; j
and b j; are obtained by diagonalizing the Hamiltonian matrix
of the (N + 1)-electron system. Using the R-matrix method,
we can deal with the interactions between the target electrons
and the colliding electron in various channels within the reac-
tion zone.

2.2. Scattering amplitude

In an electron impact excitation process, the differential
cross section do/d€Q is equal to (k' /k)|f(k')|* (atomic units
are used throughout the paper if not specified). Here f (lAc’ ) is
the scattering amplitude, which can be calculated by the fol-

lowing formula,3#

A 1 1 Kr
finj(K) = g livi = 2ﬂ<el 1, @[(LS TNV (ry vy, )| PT)
- o
= —5 (e @ (LS| T| ey, & Lzsn FEER, 3)

where T;_,; is the T-matrix. k (k') and x (x') are the wave
vector and spin wave function of the initial (final) state of
the impact electron. &;(LS%) and ®;(L’'S'w’) are the initial-
and final-state wave functions of the target with the definite
angular momentum L (L), spin § (§'), and parity & (7/).
|eikmy &(LSE)) is the wave function of an (N + 1)-electron
system. ¥ characterizes the asymptotic behavior of the ini-
tial state for the (N + 1)-electron system. V(7| - - - ry,7) is the

fEK) =

WES IR

1 mg mymy

interaction operator between the impact electron and the tar-
get, which is equal to Zlgg:l ﬁ +Z/r (Z is the charge of
the atomic nucleus) if the interaction is Coulombic. N is the
number of electrons in the target. r and r are, respectively,
the coordinates of the impact electron and the ¢-th electron
in the target relative to the centroid of the target. The partial

LSﬂ(k/) is

wave scattering amplitude f;37

21+ 1)V2Y (R TETLM 'y | LML)
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here the direction of incident electron is defined as the Z axis.
I (I') and s (s") are the angular momentum and spin of the
impact (scattered) electron. The total angular momentum L,

spin S, and parity 7 of the (N + 1)-electron system are good

LST
U=y

the reduced transition matrix elements in LS7 representation,

quantum numbers in an electron impact process. are
which only connect the initial and final states with the same
LS because of the conservation of the good quantum num-
bers. Moreover, Tlgsf are independent of the magnetic quan-
tum numbers because of the rotational invariance of the scat-
tering interaction. In this work, we adopt the set 2’ orbital ba-
sis of Ref. [20] to calculate the e-He collision excitation cross
sections by the partial wave method using the FARM code.[*%!

More specifically, the adopted orbital basis includes the spec-
|

troscopy orbitals nl (n = 1-3, I = 0-2) and the pseudo orbitals
il (n = 4-6, [ = 0-4), and 11 physical states are used to ex-
pand the (N + 1)-electron system. The detailed description of
the procedure to prepare the orbital basis and the convergence
of the calculated total cross sections based on the basis can be
found in Ref. [20]. In this work we only extend the calcula-
tions to a higher incident energy range.

2.3. Generalized oscillator strength

According to Bethe theory,3%37! if the incident energy
of the impact electron is high enough, the asymptotic wave
function ¥ of the (N + 1)-electron system can be evaluated
by |e'* "y, &;(LS#)) within FBA,*® and the corresponding
FBA amplitude is

FBA) 2 L @A) 1 g ikor &
AR = g L ey a0 v ey 0 (L5R)
2 N
— _K L’S’ﬂ?’ Z lKra‘¢ )>7 (3)

a=1

where Tl-(j?A) is the T-matrix within FBA. K = k — k' is the
momentum transfer of the impact electron. In the last line of
Eq. (5), the coordinate r of the impact electron is integrated 33!
and the infinite partial wave cross sections are calculated as a
whole.

The generalized oscillator strength (GOS) Fi_, j(AE,K) of
the target is defined as,

Fi,j(AE,K)
2AE al
- 2
- @mi‘j*‘ (#)P. ©
From Eq. (6), we can see that the accuracy of GOS is deter-
mined by the accuracy of the target wave function ®(LS7).
Moreover, in the limit of K — 0, GOS is equal to the optical
oscillator strength (OOS), which will be useful to test the ac-
curacy of the calculated GOS by using the optical experimen-
tal measurement. In our previous work, 3! the high precision
GOS of helium excited from the ground state to n!'S, n'P, n'D
(n — o) and adjacent continuum states are calculated by using
our developed codes.

2.4. Total and partial wave cross sections within FBA

Within FBA the relation between the differential cross

section dG,(_> ; '/ d& and transition matrix Tl(_> ; ) s
FBA
doigj ) 1K

(FBA) |2

iQ ke )

After performing the summation of the final state and the av-
erage of the initial state, i.e. the integration of &, and the sum
of M’ i M G and m s and the average over k ML, MS, and my,

we obtain the FBA total cross sections Ggle),
| (FBA)
A = = [ T gkdl
1—] 47[ dQ
1 1K 1

< ¥ Y |,_>F?A Pdkdk,  (8)

My Mgms M,L“/M/S“/mAJ

FBA

where [L] means 2L+ 1 and |T )| can be expanded as

(FBA)
ISl

= (™ LTV e Ty, BLST))

(3 Vi (Yo )
lm,l’

CLML SM
’M’ I'ml S'M! 5 .s’m’,
LSM;Mgm S
% CLML SMg (FBA)LS®
LMj lmy SMS smg i

m; 7l rh
Z LML §M§
L’M’ T / S’M’ R m ’
LSMLMS
LM; SMg *(FBA)LSw
~~L_7 S T( ) . (9)
LMiJmi SM§7sms =]
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According to the orthogonality of the Clebsch—Gordon
coefficient and spherical harmonic functions, we obtain

/Ylml Ylm dk 6[15m[ml;

/Yll/

/_(k/)d/g/ - 5[/[/ 6’”1/’7‘1’”

SM. M
Vs S =8Oy
Z SIM § sm, S/M’ KL sm S§ MMy
M/S’mxl
SMs SMg 8. _
Z C.S:MsrsmeS‘M@sms - SSSMSMS’
Mzm,
Shits
LML, My _ i}
~Z CLIM/ l/m CIZ:/M 5LL6MLMi7
M’ jymy
LMy My s s
Z ZMz,Zml ZMi,lml - LLSMLMI:. (10)

Mzm]

So the total cross section within FBA is

(FBA) _ 87mk 1 (FBA)LST |2
O, = e 2 WSS
- ko [L)IS] sz -
8k’ 1 -
= Y S|y LSS LS|
ko [L] [S} L.;l/

|yLSls INEESY al (FBALST (1)

N
Z LSm
where 7y represents all the other information to define the target
state uniquely. Based on the traditional R-matrix codes we de-
velop a new set of codes to calculate the PWCS’s within FBA
presented in formula (11). In this work, we adopt the same
set of orbital bases, including spectroscopy orbitals 1s, 2s, 2p,
3s, 3p, 3d and pseudo-orbitals 4s, 4p, 4d used in our previous
helium GOS calculations,?? to calculate the e-He collision
excitation PWCS’s within FBA by using our updated codes.
The difference between the exact PWCS and the FBA
PWCS is

O_L(C) _ GI(‘Exact) . GI(‘FBA). (12)
If 0'L<C) decreases fast with the increasing angular momen-
tum L, the convergent total cross sections can be obtained by

the FBA total cross sections plus limited GL<C), ie.

CUI

Z"L

(FBA) Exact
= O+ Z

total

(Exact) __(FBA)
total - tOtdl

FBA))' (13)

It means that a few lowest FBA PWCS’s (L < L) of the total
cross sections within FBA are replaced by the corresponding
exact PWCS’s. Beyond L the difference between the exact
and FBA PWCS’s is negligible. This approach is anticipated
to be more efficient than the partial wave method to calculate
the total cross sections at intermediate incident energy, espe-
cially for the optical-allowed transition.

3. Results and discussion
3.1. Monopole transition

Figure 1 shows the comparisons between our calculated
eight lowest PWCS’s (L = 0 ~ 7) for [I1s2]1'S — [1s2s]2'S
transition according to the formula (4) (labeled as “Exact”)
and the formula (11) (labeled as “FBA”) respectively. In Fig. 1,
it can be seen that the two kinds of PWCS’s decrease fast
with the increasing angular momentum L and the increasing
incident energy. The maximum of the two kinds of PWCS’s
for L =7 are only about 10% of those for L = 0 respectively.
The two kinds of PWCS curves gradually merge together with
the increasing L at the intermediate and high incident energies
(> 200 eV). So the main contribution of the differences be-
tween G(Emt) nd o FBA)

total total
lowest PWCS’s. In addition, it can be seen that the resonance

should originate from the several

structures mainly present in the low exact PWCS’s with L <5
near the excitation threshold. No resonance structure appears
in the FBA PWCS’s.

Figure 2 shows the total cross sections for [1s*]1'S —
[1s2s]2'S transition calculated by partial wave method and
FBA method respectively. In Fig. 2, at the low incident ener-
gies (from threshold to 50 eV) the blue, red, and black dashed
lines (corresponding to the summations of the lowest 6, 11,

(Exact)

and 16 o} respectively) nearly merge together; while at

the higher incident energies, their difference becomes larger.

(Exact)

It seems that the summations of 11 and 16 o; agree to the

CCC results in the overall energy range while the summation

of 6 O_I(JExact)

is smaller at incident energies larger than 50 eV.
This manifests that a convergence of the total cross sections
near threshold (E; < 50 eV) can be obtained by counting the
lowest 6 PWCS’s for the optical-forbidden transition, while
at intermediate and high incident energies (E; > 50 eV) 11 or

even 16 PWCS’s are necessary to be accounted. On the other

hand, within FBA the summation of the lowest 11 O'L(FBA) is
close to Gt(t IA) while the summation of the lowest 6 GL(FBA> is

lower than G( Ba ). At high incident energies (E; > 400 eV),

total
the summation of 11 GéExaCt) and the summation of 11 GéFBA)

merge together, which means the FBA is applicable here.

GL(C) is the difference between O{Exam) and O'(FBA) .
In Fig. 2 the solid curves, corresponding to GSEM +
Yi—o- 50'L (blue) and t(otal +Yi-0-10 O'L (red) respec-

tively, agree with our convergent results (the red and black
dashed curves calculated by partial wave method). This means
the approach to calculate the total cross sections at low to high
incident energies, i.e., replacing a few FBA PWCS’s (L < Lcyt)
of the FBA total cross sections by the corresponding exact

PWCS’s, is applicable for the monopole transition.
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Fig. 1. (color online) The comparisons between the PWCS’s (L = 0-7) for [1s?]1'S — [1s2s]2!S transition calculated according to
the formula (4) (solid line labeled as “Exact”) and the formula (11) (dashed line labeled as “FBA”) respectively.
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Fig. 2. (color online) The total cross sections for [1s?]1'S — [152s]2!'S
transition calculated by the different methods including the partial wave
method (labeled as “Exact”) and the FBA method (labeled as “FBA”).

For more clarity, figure 3 shows the ratios of the calcu-

lated total cross sections by different methods in Fig. 2 relative

(FBA)
to Gtotal

wave method is valid and at the high incident energy the FBA

. Itis known that at the low incident energy the partial

is applicable. In Fig. 3, near the excitation threshold the red

solid (GS?IA) +Y71-0-10 GL(C)) line merges with the red dashed
line (calculated by partial wave method), and at the high inci-
dent energy the red solid line is closest to one among all the
lines, where one means being equal to the FBA results. There-
fore, in the overall incident energy range, from threshold to
high incident energies, the red solid line converges better than
the other results obtained by partial wave or FBA method. This
demonstrates that the approach, i.e., replacing the several low-
est partial wave cross sections of the total cross sections within
FBA by the corresponding exact partial wave cross sections,
can deal with the electron impact excitation cross sections of
atom for monopole transition from low to high incident ener-
gies in an efficient and consistent way. Moreover, the reso-
nance structures are guaranteed since the main resonance fea-
tures are kept in the lowest several exact PWCS’s as shown in
Fig. 1.

In Fig. 3, the blue dashed line (the summation of the 6
exact PWCS’s) agree with the red solid lines in the range of
E;/AE < 3, the red dashed line (the summation of the 11 exact
PWCS’s) agree with the red solid lines until to E;/AE ~ 12.
This demonstrates that at the high incident energies (E;/AE >
12) more PWCS’s need to be accounted for the total cross sec-
tions. The red and blue dotted lines (the summation of the
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FBA PWCS’s) start from one at the threshold and then be-
come lower than one gradually. This also means that with the
increasing incident energies more FBA PWCS’s need to be ac-
counted for in the convergent FBA total cross sections.

1.2

0.8

Ratio
=)
o
I

U(FBA)+Z(L o O)G.(C))/G.(FBA) -
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Z(LI 0-10)9( | *N)/o(EED |
0 L L L
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E/AE

Fig. 3. (color online) The ratios of the calculated total cross section
curves by the different methods in Fig. 2 relative to the total cross sec-
tions within FBA.

[1s%]11S—[1s2p]2'P

3.2. Dipole transition

Figure 4 shows the comparisons between our calculated
eight lowest PWCS’s (L = 0 ~ 7) for [1s2]1'S — [1s2p]2'P
transition according to the formula (4) (labeled as “Exact”)
and the formula (11) (Iabeled as “FBA”) respectively. In Fig. 4,
it can be seen that for L > 0 the two kinds of PWCS’s de-
crease with the increasing L and the increasing incident en-
ergy. The FBA PWCS’s decrease faster with the increasing L
than the exact PWCS’s. On the other hand, the FBA and exact
PWCS curves gradually merge together with the increasing L
in the overall energy range. Therefore, the main contribution
of the difference between ¢ =%V and o ioA)

total total
from the several lowest PWCS’s. Comparing with Fig. 1, the

should result

PWCS’s for dipole transition decrease slower than those for
monopole transition, which means the convergent process by
using the partial wave method for dipole transition is slower
than that for monopole transition, i.e., much more PWCS’s
need to be accounted for in the convergent total cross sections
for dipole transition. In addition, in Fig. 4 the resonance struc-
tures mainly display in the exact PWCS’s with L < 3 near the
excitation threshold, and no resonance structure appears in the
FBA PWCS’s.
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Fig. 4. (color online) The comparisons between the PWCS’s for [1s2]1'S — [1s2p]2!P transition calculated according to the for-
mula (4) (solid line labeled as “Exact”) and the formula (11) (dashed line labeled as “FBA”) respectively.
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Figure 5 shows the total cross sections for [1s?]1'S —
[1s2p]2!P transition calculated by partial wave method and
FBA method respectively. In Fig. 5, it can be seen that
in the whole incident energy range only the red solid line
(e, olBA
measurement

)+ Yi—o0—10 G£C>) agrees with the experimental

(23] without missing the resonance structures and

in a better degree than the CCC theoretical results!*!] at the in-
termediate incident energy around 100 eV. Therefore, the red

line can be regarded as our convergent total cross section re-
sults. This means the approach of GSZA)

of limited o,

plus the summation
is applicable to calculate the excitation cross
sections for dipole transition. The blue, red, and black dashed
lines, i.e., the summations of the lowest 6, 11, and 16 exact
PWCS’s, agree with the red line only near the threshold and
then deviate gradually. For instance, at 200-eV incident en-
ergy, the summation of the lowest 16 exact PWCS’s is about
0.21, which is only about 66% of the convergent value 0.32. In
fact, different from the fast convergence process of monopole
transition, for dipole transition the convergence process is slow
and it is difficult to obtain the convergent total cross sections
by the partial wave method at intermediate and high incident
energies. Near the threshold (about 21eV), the summations of
the lowest 6 and 11 FBA PWCS’s are initially close to and then
become smaller than Gt(OI:fIA). At high incident energies (about
E; > 350 eV), the summations of PWCS’s labeled by “Exact”
and “FBA” merge together but are smaller than the FBA total
cross sections.

0.7
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Fig. 5. (color online) The total cross sections for [1s?]1'S — [1s2p]2'P
transition calculated by the different methods including the partial wave
method (labeled as “Exact”) and the FBA method (labeled as “FBA”).

To see this more clearly, figure 6 shows the ratio curves
of the total cross sections calculated by different methods in
Fig. 5 relative to ¢/~

& total
convergent values. It is obvious that the blue dashed line (the

. In Fig. 6, the red solid line is our

summation of the lowest 6 exact PWCS’s) agrees with the red

solid line in the range of E;/AE < 3. The red dashed line (the
summation of the lowest 11 exact PWCS’s) agrees with the red
solid line till to E; /AE ~ 12, and for E;/AE > 12 more higher
PWCS’s need to be accounted for the total cross sections. The
ratios of the dotted lines (the summation of the FBA PWCS’s)
start from one and then deviate gradually. This feature means
that with the increasing incident energies more FBA PWCS’s
need to be accounted for in the FBA total cross sections. On
the other hand, with the increasing incident energies the dotted
and dashed lines get closer to each other. In the high energy
(Ei/AE > 30), the value of the red solid line is very close to
one. Therefore, for dipole transition, at the intermediate and
high incident energies the method of replacing the several low-
est partial wave cross sections of the total cross sections within
FBA by the corresponding exact partial wave cross sections is
more efficient than the partial wave method. Moreover, this
method guarantees the resonance structures near the excitation
threshold and the satisfaction of FBA at high incident energies.
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Fig. 6. (color online) The ratios of the calculated total cross section
curves by the different methods in Fig. 5 relative to the total cross sec-
tions within FBA.

4. Conclusion

Finally we would make the following conclusion. A
method to deal with the electron atom collision excitation
cross sections from low to high incident energies in a consis-
tent way is presented. This method combines the partial wave
method and the FBA method, i.e., replacing the lowest several
FBA PWCS’s of the FBA total cross sections by the corre-
sponding exact PWCS’s. To calculate the FBA PWCS’s a new
set of codes are developed based on the traditional R-matrix
codes. The e-He collision calculations demonstrate the va-
lidity and the efficiency of the method for optical-allowed and
optical-forbidden transitions. More specifically, our calculated
exact and FBA PWCS’s of e-He collision decrease with the
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increasing angular momentum L and the increasing incident
energies. The two kinds of PWCS’s merge together with the
increasing angular momentum L at intermediate and high inci-
dent energies. These features manifest that the difference be-
tween the exact and FBA total cross sections mainly originates
from the lowest several PWCS’s. Thus the convergent total
cross sections at low to high incident energy can be obtained
by replacing the several lowest partial wave cross sections of
the total cross sections within FBA by the corresponding exact
partial wave cross sections. Moreover, using this method the
resonance structures of the total cross sections near the thresh-
old are guaranteed since the resonances mainly present in the
several lowest exact PWCS’s near the threshold. Although the
CCC method is valid at all incident energies, it concentrates
on a single energy at a time and is very time-consuming to ex-
hibit the resonance structures. The illustrated method in this
work, inherited from the R-matrix method, has the ability to
generate accurate results on a fine energy mesh after the single
time consuming step of solving the problem within the ‘inner’
region and is more timesaving and efficient.
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