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Spectral properties of endohedrally confined helium atom∗
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Based on the B-spline basis method, the properties of the helium atom confined inside an endohedral environment,
such as buckminster fullerene, are studied. In our calculations, the endohedral environment is a parabolic potential well. In
this situation, the phenomenon of “mirror collapse” is exhibited for energy levels of a confined helium atom. The “giant
resonance” of oscillator strength of the dipole transition emerges with the variation of depth of the confining well. The
physical mechanisms of these phenomena are analyzed in this paper.
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1. Introduction

With the success of La@C60
[1] preparation, the ex-

perimental research has successively obtained K@C60,[2]

He@C60,[3] and Ne@C60,[4] and so on. In such an environ-
ment, which is a double-well of the atomic potential, some
novel properties of atoms appear. In the theoretical research of
endohedrally confined atoms,[5–17] only Connerade,[7,9,11,13]

Qiao,[14–16] and Zhang[17] have focused on their spectral prop-
erties. Meanwhile, some researchers have done some exper-
iments on the spectral properties of endohedrally confined
atoms.[18–23] In our work, a B-spline functions[24] method is
applied to calculate the energy level and the dipole oscilla-
tor strength of endohedrally confined helium, when the square
potential well is changed into a parabolic potential one. The
causes of the “mirror collapse” and “giant resonance” phe-
nomena are analyzed.

This paper is organized as follows. In Section 2, the con-
fined helium model and the B-spline functions are introduced.
The results of energy levels and oscillator strength of the en-
dohedrally confined helium are given in Section 3. This paper
is closed by the conclusions in Section 4.

2. Method

For a helium atom in an endohedral environment, the
Hamiltonian is:

Ĥ =−1
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Z
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+

1
r12

+V (r), (1)

where V (r) is the attractive potential shell. In this paper, the
shape of the attractive potential is changed to soften the endo-
hedral environment. The attractive potential shell is defined as

a parabola form

V (r) =

V0
r2− (rA + rB)r+ rArB

(rB− rA)2 , (rA ≤ r ≤ rB),

0, (otherwise),
(2)

where the parameters rA and rB are the inner and outer radii of
the confining potential well, and the values are 5.75 a.u. (the
unit a.u. is the abbreviation of atomic unit) and 7.64 a.u.,[25]

respectively. In quantum mechanics, the equivalent potential
of an electron is

Ve(r) =
l(l +1)

r2 − Z
r
+V (r). (3)

Figure 1 shows the radial distribution of the equivalent
potential of the 1P1 states. It is obviously a double well struc-
ture. The Coulomb well is called the inner well and the con-
fining well is called the outer well. The parameter V0 is the
depth of the outer well.
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Fig. 1. Equivalent potential curve of the 1P1 state. The unit 1 Hartree =
27.2114 eV.

Normally, the radial wave-functions are expanded in three
spatial ranges: 0 < r ≤ rA, rA < r ≤ rB, and rB < r ≤ ∞. In
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this paper, B-spline functions are used to expand the wave-
functions and the boundary conditions are satisfied very sim-
ply.

With the order k, the B-spline functions are defined as

Bi,1(x) =
{

1, (ti ≤ x≤ ti+1),
0 (otherwise), (4)

Bi,k(x) =
x− ti

ti+k−1− ti
Bi,k−1(x)+

ti+k− x
ti+k− ti+1

Bi+1,k−1(x). (5)

Here, {ti} is the knots sequence set on the x axis. In our work,
the order k is set to 7, so the knots sequence is

t1 = t2 = · · ·= t7 = 0, (6)

0 < t8 < · · ·< t29 = t30 = t31 = t32 = rA, (7)

rA < t33 < · · ·< t35 = t36 = t37 = t38 = rB, (8)

rB < t39 < · · ·< t49 = · · ·= t55 = rmax. (9)

The basis set is

ϕn = Bi,k(r1)B j,k(r2)Λ
LM
l1il2 j

(Ω1,Ω2)+(𝑟1⇔ 𝑟2), (10)

which is used to expand the wave-functions of the system.
From the Schrödinger equations, the matrix equation is ob-
tained by

HC = EMC, (11)

where H and M are respectively the Hamiltonian and overlap
matrix. E and C are respectively the eigenvalues and eigen-
vectors, which can be obtained by solving the matrix equa-
tion (11).

In quantum mechanics, the oscillator strength of a dipole
transition is calculated by

fi→f =
1
3

∆E
1

2Ji +1
|Dif|2, (12)

where ∆E = |Ef−Ei|, Ji is the initial state’s total angular quan-
tum number, Dif is the element of the dipole transition matrix
and is defined by

Di f = 〈ψi|𝑟|ψf〉. (13)

As a consequence, for a specific dipole transition, the oscilla-
tor strength is determined by two terms: the energy difference
and the square of the dipole transition matrix element.

3. Results and discussion
By solving Eqs. (1) and (11), the energy levels of the en-

dohedrally confined helium have been calculated. In our work,
11760 basis sets are included in the expansion of the wave
function. As a validation of the B-spline functions methods,
we get the ground state energy to −2.903703 Hartree in the
case that the depth of the outer potential well is 0 Hartree. The
reliability of the method was verified.

3.1. Energy levels

In our calculations, V0 is taken from 0 to 6 Hartree in or-
der to study the helium atom confined in buckminster fullerene
more generally. The results of the calculation of the energy
levels of the 1S0 and 1P1 states of a confined helium, as a func-
tion of the depth of the confining well, are shown in Fig. 2 and
Fig. 3.
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Fig. 2. (color online) 1S0 states’ energy levels for the helium confined
in an attractive well, as a function of the depth of the outer well, with
rA = 5.75 a.u. and rB = 7.64 a.u.
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Fig. 3. (color online) 1P1 states’ energy levels for the helium confined
in an attractive well, as a function of the depth of the outer well, with
rA = 5.75 a.u. and rB = 7.64 a.u.

As shown in Fig. 2 and Fig. 3, the energy levels of the 1S0

and 1P1 states of helium reveal similar phenomena. Now, as an
example, the 1S0 states are used to describe the phenomena. It
can be seen that a few of 1S0 states hold the energies of an un-
confined helium atom when V0 is small. It seems that the outer
confining well has no effect on them. The phenomenon can
be understood by the distribution of the radial wave-functions
of these 1S0 states. Figure 6(a) shows the one-body densities
of the 11S0 and 21S0 states, which can represent the distribu-
tions of these states, with V0 = 1.0 Hartree. This reveals that
the radial wave-functions of these 1S0 states are almost zero
in the range of the outer well. So the outer confining well has
no effect on them. New 1S0 states emerge when the depth of
the outer confining well continues to increase, and their radial
wave-functions are distributed in the range of the outer well.
Thus, new states are bound in attractive confining wells, but
the original states are still bound in Coulomb wells. The new
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1S0 states will change the existing energy sorting. For exam-
ple, when a new 11S0 state emerges, the original 11S0 state
will become a 21S0 state, and 21S0 states will become 31S0

states, and so on.
In quantum mechanics, the condition that a system has

bound states is that the depth of the confining well must
achieve a certain value when the width of the confining well
is fixed. In the double-well model, if the Coulomb poten-
tial is removed, the bound states will appear only when V0 ≥
1.018 Hartree. To understand the influences of the Coulomb
potential and the attractive confined well for the system en-
ergies, we use Table 1 and Table 2 to show the relationship
between them. In Table 1, the energies of 1S0 states of free
helium, only confining attractive potential helium (Coulomb
potential is removed) and double-well helium, are given re-
spectively, with V0 = 4.0 Hartree. The row of the 11S0 state
shows that the energies of the 11S0 state of free helium and
double-well helium are both −2.9037 Hartree. It seems that
the outer well has no effect on the 11S0 state. However, the
21S0 state of double-well helium is a new state, whose energy
is−2.3380 Hartree. This is the result of the cooperation of the
Coulomb potential and the confining attractive potential.

Table 1. The energies of 1S0 states of free helium, only confining po-
tential helium (Coulomb potential is removed) and double-well helium,
with V0 = 4.0 Hartree.

Orbitals Efree Econfined Edouble-well

11S0 −2.9037 −1.7368 −2.9037
21S0 −2.1459 −1.6485 −2.3380
31S0 −2.0613 −1.5263 −2.2494

Table 2. The VCoulomb and Vconfined are expectations of Coulomb poten-
tial and confining an attractive potential with V0 = 4.0 Hartree. R is the
ratio of the expectation of confining attractive potential to the expecta-
tion of total potential.

Orbitals VCoulomb Vconfined R

11S0 −6.753156 −1.808361×10−11 2.677801×10−12

21S0 −6.017686×10−1 −2.862518 8.262936×10−1

31S0 −6.0149648×10−1 −2.8633745 8.264014×10−1

In Table 2, the VCoulomb and Vonfined are expectations
of Coulomb potential and confining attractive potential with
V0 = 4.0 Hartree, respectively. R is the ratio of the expectation
of the confining attractive potential to the expectation of the
total potential. R is calculated by

R =Vconfined/(Vconfined +VCoulomb). (14)

It can be seen that the Coulomb potential makes the major
contribution to the 11S0 state, and the confining attractive po-
tential makes the dominant contribution to the 21S0 state. So
the 11S0 state is the original state, and the confining attrac-
tive potential contribution can be ignored. The 21S0 state is a
new state, and the Coulomb potential contribution is relatively
small compared with the confining attractive potential. It is

worth noting whether it is a new or an original state, the en-
ergy is the result of the combination of Coulomb potential and
confining attractive potential.

Now let us focus on the analysis of the 1S0 states. The
11S0 state holds −2.9037 Hartree, which is the 11S0 state en-
ergy of an unconfined helium atom. The first 1S0 state energy
line is a horizontal line, as the depth of the outer attractive well
increases until its depth reaches to −4.773 Hartree. Then, the
11S0 state energy decreases very quickly, and its energy shows
linear decreasing with the deepening of the outer confining
well. To understand this phenomenon, the one-body density
of the 11S0 state is calculated, as a function of the outer at-
tractive well. For V0 = −4.771 Hartree, the one-body density
of the 11S0 state is distributed around the nucleus, which in-
dicates the first 1S0 state is a free helium ground state, which
can be seen from Fig. 6(b). For V0 = −4.773 Hartree, the
figure 6(c) shows that the one-body density of the 11S0 state
is distributed around the nucleus and the confining well, in-
dicating that the 11S0 state is the compound of a confining
state and an unconfined helium ground state. In Fig. 6(d) with
V0 = −4.775 Hartree, the one-body density of the 11S0 state
is distributed in the range of the outer confining well, indicat-
ing that the first 1S0 state is a bound state. The second 1S0

state has a similar behavior as the first 1S0 state has shown for-
merly. In Fig. 2, its energy holds −2.1459 Hartree when V0 is
small, which is the value of the 21S0 state energy of the uncon-
fined helium, and the state stays in the Coulomb well. At the
point V0 =−3.728 Hartree, the energy of the second 1S0 state
suddenly decreases and continues to decrease with the deep-
ening of the outer confining well till V0 = −4.773 Hartree.
The state “collapses” into the confining well. Then, when
V0 > −4.773 Hartree, the state “collapses” into Coulomb po-
tential and stays there. At the point V0 = −4.891 Hartree, the
state “collapses” into the outer attractive well again and stays
there finally. Some other 1S0 and 1P1 states’ behaviors have
the same phenomena, which are shown in Fig. 2 and Fig. 3,
respectively.

The phenomenon of “collapse” can also be understood
from the ratio of the expectation of the confining attractive po-
tential to the expectation of the total potential. Figure 4 shows
that the ratio R is very small for the 11S0 state when V0 is small,
which implies that the Coulomb potential is dominant for the
11S0 state. At the point V0 =−4.773 Hartree, the ratio R sud-
denly increases, which indicates that the 11S0 state “collapses”
into the confining well. Then, the ratio R is a large value when
V0 ≥ −4.773 Hartree, indicating that the outer attractive well
is dominant for the 11S0 state. The 21S0 state’s ratio reveals
the same phenomenon. The ratio R is small when the 21S0

state is bound in the Coulomb well, and it is very large when
the 21S0 state is bound in the outer well. At the “collapse”
point, the ratio R suddenly changes. The phenomenon also ex-
ists in other states of 1S0 and 1P1, which are shown in Fig. 4
and Fig. 5.
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Fig. 4. Ratio R of 1S0 states of the helium confined attractive well,
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pectation of confined attractive potential to the expectation of total
potential.

Fig. 5. Ratio R of 1P1 states of the helium confined attractive well,
changing the depth of the confining well. R is the ratio of the ex-
pectation of confined attractive potential to the expectation of total
potential.
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Fig. 6. (color online) One-body densities of the 11S0 and 21S0 states of endohedrally confined helium atom. The depth of an attractive well is: (a)
V0 = 1.0 Hartree, (b) V0 = 4.771 Hartree, (c) V0 = 4.773 Hartree, (d) V0 = 4.775 Hartree, respectively.

At the “collapse” point, V0 = −4.773 Hartree from
Fig. 6(c), the first and the second 1S0 states are both strong
mixtures of an unconfined helium state and a confined he-
lium state, which leads to the result that their energy lines
do not cross. Thus, at the avoided crossing point, V0 =

−4.773 Hartree, the first 1S0 state suddenly “collapses” into
the outer confining well, which previously is bound in the
inner Coulomb well. Simultaneously, the second 1S0 state
“collapses” into the inner Coulomb well, which previously

is bound in the outer confining well. The behaviors of the
1S0 states are called “mirror collapse.” Figures 2 and 3 show
that other states also have the same phenomena. The point of
avoided crossing is a cut-off point of the horizontal lines and
the oblique lines, which reveals that those states are respec-
tively bound in the inner Coulomb well and the outer confin-
ing well. It is worth noting that all oblique lines are parallel,
which demonstrates that the energies of all states bound in the
outer attractive well decrease at the same rate, i.e. at the same
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rate as the deepening of the outer well.

3.2. Dipole oscillator strengths

The 1S0–1P1 dipole oscillator strengths of the endohe-
drally confined helium are calculated with Eqs. (12) and (13)
in our work. For a certain dipole transition, such as 11S0–21P1

dipole transition, the energy difference is certain, so the dipole
transition matrix element determines the oscillator strength.
The dipole transition matrix element is related to the over-
lap of the wave-functions of the states involved in the tran-
sition. However, these wave functions are closely related to
their one-body densities. So, the dipole transition matrix ele-
ment is closely related to the overlap of one-body densities of
the states involved in the transition.

The 11S0–21P1 oscillator strengths are calculated and
shown in Fig. 7(a) as functions of the depth of the confining
potential well. When V0 is a small value, 11S0 and 21P1 states
are both bound in Coulomb potential and the overlap of one-
body density of them is normal, so that the oscillator strength
has the same value corresponding to that of an unconfined he-
lium atom, which can be seen from Fig. 7(a) and Fig. 7(b).
At V0 = −4.449 Hartree, the 21P1 state collapses into the
outer well, but the 11S0 state is still bound in the Coulomb
well. Then the oscillator strength suddenly decreases to a
very small value from Fig. 7(a), but it is not zero. The rea-
son is that the overlap of one-body densities of 11S0 and 21P1

states is close to zero from Fig. 7(c) with V0 = −4.6 Hartree.
By increasing the depth of the outer well, when the depth
V0 = −4.773 Hartree, the 11S0 state collapses into the outer

well. In this case, from Fig. 7(d) with V0 = −4.9 Hartree,
11S0 and 21P1 states are all bound in the outer well so that
their one-body densities overlap almost completely. So the
value of oscillator strength is a large value, which is two orders
of magnitude greater than the normal value of an unconfined
helium atom. This phenomenon of very strong resonance en-
hancement of oscillator strength is called “giant resonance.”
At the same time, from Fig. 8(a), the 11S0 and 21P1 states are
bound in the Coulomb well when V0 is small, so the oscilla-
tor strength is normal. At the point V0 = −4.6 Hartree, the
11S0 state is still bound in the Coulomb well, but the 21P1

state is bound in the confining well. At that moment, the os-
cillator strength is very small. When V0 ≥ −4.773 Hartree,
the 11S0 and 21P1 states are both bound in the outer well, the
oscillator strength is enhanced and the phenomenon of “gi-
ant resonance” appears. Not only the oscillator strength of
11S0–21P1 dipole transition, but also other dipole transitions
have the phenomenon about “giant resonance,” for example,
11S0–31P1 dipole transition, 21S0–31P1 dipole transition, and
so on. Figure 9 shows the results of the oscillator strength of
11S0–31P1 dipole transition and the corresponding one-body
densities of 11S0 and 31P1 states in different depths of the
outer attractive well. Figure 10 shows the results of the os-
cillator strengths of the dipole transitions of 21S0–21P1 and
21S0–31P1. Figures 8(b), 8(c), and 8(d) show the ratio R of
states that are included in the dipole transitions, and corre-
sponding to the 11S0–31P1 dipole transition, 21S0–31P1 dipole
transition, and 21S0–31P1 dipole transition, respectively.
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Fig. 7. (color online) (a) The 11S0–21P1 oscillator strengths of confined helium with changing depth of outer confining potential well; inset shows the
enlarged figure of the dotted box. (b)–(d) one-body densities of 11S0 and 21P1 states of endohedrally confined helium atom. The depth of an attractive well
is: (b) V0 = 4.4 Hartree, (c) V0 = 4.6 Hartree, (d) V0 = 4.9 Hartree, respectively.

083101-5



Chin. Phys. B Vol. 24, No. 8 (2015) 083101

The depth of outer well/Hartree

0 1 2 3 4 5 6

The depth of outer well/Hartree

0 1 2 3 4 5 6

The depth of outer well/Hartree

0 1 2 3 4 5 6

The depth of outer well/Hartree

0 1 2 3 4 5 6

1.0

0.8

0.6

0.4

0.2

0
1.0

0.8

0.6

0.4

0.2

0

R

1.0

0.8

0.6

0.4

0.2

0
1.0

0.8

0.6

0.4

0.2

0

R

1.0

0.8

0.6

0.4

0.2

0
1.0

0.8

0.6

0.4

0.2

0

R

1.0

0.8

0.6

0.4

0.2

0
1.0

0.8

0.6

0.4

0.2

0

R

2s 2s

2p

1s1s

3p

2p 3p

(a) (b)

(c) (d)

Fig. 8. The ratio of the states involved in the dipole transition. (a) The dipole transition of 11S0–21P1, (b) the dipole transition of 11S0–31P1, (c) the dipole
transition of 21S0–21P1, (d) the dipole transition of 21S0–31P1.

The depth of outer well/Hartree

0 1 2 3 4 5 6

Radius/a.u.

0 2 4 6 8 10

Radius/a.u.

0 2 4 6 8 10

Radius/a.u.

0 2 4 6 8 10

Radius/a.u.

0 2 4 6 8 10

Radius/a.u.

0 2 4 6 8 10

O
sc

il
la

to
r 

st
re

n
g
th

s/
a
.u

.

100

80

60

40

20

0

0.20

0.15

0.10

0.05

0

O
n
e
-
b
o
d
y
 d

e
n
si

ty

1.0

0.8

0.6

0.4

0.2

0

O
n
e
-
b
o
d
y
 d

e
n
si

ty

1.0

0.8

0.6

0.4

0.2

0

O
n
e
-
b
o
d
y
 d

e
n
si

ty

1.0

0.8

0.6

0.4

0.2

0

O
n
e
-
b
o
d
y
 d

e
n
si

ty

1.0

0.8

0.6

0.4

0.2

0

O
n
e
-
b
o
d
y
 d

e
n
si

ty

1.0

0.8

0.6

0.4

0.2

0

(a) (b)

(c) (d)

(e) (f)

4.44.34.2 4.5 4.6 4.7 4.8

1s 1s

3p

1s

1s

1s
1s

3p

3p

3p

3p

3p

1s
3p

1s
3p

1s
3p 1s

3p

0.90

0.88

0.86

0.84

0.82

0.80
6.5 6.6 6.7 6.8 6.9

Fig. 9. (color online) (a) The 11S0–31P1 oscillator strengths of confined helium with changing depth of outer confining potential well; inset shows the
enlarged figure of the dotted box. (b)–(e) one-body densities of 11S0 and 31P1 states of endohedrally confined helium atom. The depth of an attractive well
is: (b) V0 = 4.3 Hartree, (c) V0 = 4.4 Hartree, (d) V0 = 4.5 Hartree, (e) V0 = 4.7 Hartree, (f) V0 = 4.9 Hartree, in which the inset shows the enlarged figure
of the dotted box, respectively.
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Fig. 10. The 21S0−21P1 and 21S0–31P1 oscillator strengths of confined helium with changing depth of the outer confining potential well; inset shows the
enlarged figure of the dotted box. (a) The 21S0–21P1 oscillator strength, (b) the 21S0–31P1 oscillator strength.

4. Conclusion
The spectral properties of an endohedrally confined he-

lium atom were calculated with the B-spline functions method.
With the evolution of the energy spectrum as a function of the
depth of the outer attractive well, the phenomenon of “mir-
ror collapse” exists in endohedrally confined helium. And
the phenomenon of “giant resonance” of the dipole oscillator
strength appears with the increase of the depth of the confin-
ing well. These phenomena are due to the jumps of the wave-
function between the Coulomb well and the confining attrac-
tive well, with the changing depth of the outer attractive well.
It is readily apparent that the phenomena can also be under-
stood from the major potential contribution changes between
the Coulomb potential and the confining attractive potential,
with the deepening of the outer attractive well.

The endohedral environment gives rise to some new ques-
tions about confined atoms. For example, the control of laser
population, the prominent resonance in the photoionization
cross section, and multiple photoionization, with endohedrally
confined atoms.[26–28] Related work is being pursued.
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