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Fractional-order systems without equilibria: The first example of
hyperchaos and its application to synchronization
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A challenging topic in nonlinear dynamics concerns the study of fractional-order systems without equilibrium points.
In particular, no paper has been published to date regarding the presence of hyperchaos in these systems. This paper aims
to bridge the gap by introducing a new example of fractional-order hyperchaotic system without equilibrium points. The
conducted analysis shows that hyperchaos exists in the proposed system when its order is as low as 3.84. Moreover, an
interesting application of hyperchaotic synchronization to the considered fractional-order system is provided.
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1. Introduction

The concept of fractional calculus was proposed by Leib-
niz in the early 17th century. For a long time, fractional
calculus has been unexplored due to its intrinsic complex-
ity and the lack of an intuitive geometrical and physical
interpretation.[!3! It has only been during the last few decades
that physicists and engineers have understood that problems
encountered in viscoelasticity, dielectric polarization, electro-
magnetic waves, quantitative finance, electrical circuit theory,
and control systems can be more accurately described using
fractional calculus. [+]

More recently, many researchers have shown growing
interest in the study of chaos in fractional-order dynamical
systems. %71 Specifically, great attention has been focused
on chaotic (only one positive Lyapunov exponent) and hy-
perchaotic (two or more positive Lyapunov exponents) be-
haviors of nonlinear fractional systems.!®~'>1 Some examples
include the fractional chaotic Chua’s circuit,®°! the frac-
tional chaotic Lorenz system,[lo] the fractional chaotic Chen
system,!!:12] the fractional hyperchaotic Rossler system,[!3]
and the fractional systems generating multi-scroll and multi-
wing attractors. 141!

It is worth noting that all the above mentioned frac-
tional systems are characterized by one or more equilibrium
points. However, a very challenging topic is about the study
of fractional-order systems without equilibrium points. Note
that the presence of chaos in nonlinear systems without equi-
libria is very surprising since they can have neither homoclinic
nor heteroclinic orbits,['®! and thus the Shilnikov theorem can-
not be applied.!'” In this regard, referring to the presence of
chaos in fractional-order systems with no equilibria, only very
few papers have been published.!!8-2°1 On the other hand, re-
ferring to the presence of hyperchaos in fractional-order sys-
tems without equilibria, to the best of our knowledge, no paper
has been published in the literature so far.
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Based on these considerations, this paper aims to bridge
the gap by introducing a new example of a fractional-order hy-
perchaotic system without equilibrium points. The conducted
analysis shows that the proposed system exhibits hyperchaotic
attractors when the system order is as low as 3.84. Moreover,
an application of hyperchaotic synchronization to the consid-
ered fractional-order system is provided.

The rest of this paper is organized as follows. In Section 2
the fundamentals of fractional calculus and the predictor-
corrector method of solving fractional differential equations
are briefly reported. In Section 3 the considered fractional-
order system with no equilibria is introduced. The pro-
posed system, which represents the fractional-order counter-
part of the integer-order system without equilibria reported
in Ref. [21], is studied by using the predictor—corrector algo-
rithm. An attractor is found when the order of the derivative
is ¢ = 0.96 and its hyperchaotic nature is confirmed by the ap-
plication of a recent numerical method.??! In Section 4 a deep
analysis of the considered fractional system is conducted, in
order to better understand its novel and yet unexplored dynam-
ical properties. Finally, in Section 5 an example of observer-
based synchronization involving the considered hyperchaotic
fractional-order system is described in detail.

2. Theoretical background

The Riemann-Liouville fractional integral operator JZ) of
order g € R is defined in the Lebesque space L [f,?1] by

Jix(r) = r(lq)/,: (1 —7)7 'x(1)d, (1)

where I'(g) is the Gamma function, with JP x(r) = x(¢).!
For y > —1 and a real constant C, two fundamental prop-
erties of the integral operator Jg) are

[(y+1)
[(y+1+gq)

23]

T (1t —10)" = (t—10)"™, 2)
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(1) e
faen ' = rEn

Different definitions of fractional differential operators have
been proposed in Ref. [23]. In this manuscript the Caputo dif-
ferential operator *DZ) is utilized as

1 t x(m)(r)
L(m—q) /to (t—t)a+i-m dz, (4)

[24]

Jc=c (t—1)4. (3)

“Dija(e) = I D) =

where m—1 < g <mand m € N (ie., m = ceil(g))."** Two
fundamental properties of the differential operator *Df are!**!

*D?OJ,‘{) (1) =x(1), )
Ja (D )x(t) = I iy~ Diyx(r)
= I Diix <>
t—to)

Z X (6)

Based on Caputo’s definition (4), the following general form
of fractional-order differential equation is considered:

*Dg,tx(t) = f(x(z)), x(0)=xp, g€ (0,1). (7)‘
n* —(n—q)(n+1)7,
Ojni1 =9 (n—j+2)1 +(n

1

)

Equation (9) can be rewritten as[>>!

X(tn+l) = xo—|-(hj_2)f(tn+1,x(tn+l))
hd
+F(q+2 Z%n+1f 1, x(t})). (11)

The solution via the ABM method is carried out by first pre-
dicting (x()(1,,1)) using the explicit Adams—Bashforth for-
mula and then correcting (x(#,+1)). Thus, equation (11) is
solved as!?!

xp)(t,,H) =x0+

1 n
@j;oﬁj-nJrlf([j,x(lj)), (12)

h4 (
X(tnt1) = X0 + mf(tnﬂyx ?) (tas1))
h4 1l
o) ,Zo“’”“f t,x(t), - (13)
where
hd
Bjnt1 = ;((ﬂﬂ—j)q—(n—j)q), 0<j<n (19

The error of the algorithm is
e = Max |x(t;) — x;(1;)| = O(hP)

with (j=0,1,...,N), where p = Min(2, 1 +g).[%%]

_j)q+l

It has been demonstrated that the initial value problem (7) is
equivalent to a Volterra integral equation, >

x(1) =xo+ﬁ [a=a7 seaenar ®

in the sense that a continuous function solves Eq. (8) if and
only if it solves Eq. (7).

Now, the Volterra integral equation (8) is solved by apply-
ing the predictor-corrector iterative algorithm, which belongs
to the Adams—Bashforth-Moulton (ABM) scheme. In partic-
ular, the product trapezoidal quadrature formula is used to re-
place the integral in Eq. (8). By taking 0 <¢ < T and by setting
h=T/N(N€ Z"),t,=nh,n=0,1,...,N, equation (8) can

be discretized as[?!
g ntl
x(tn+1) x0+l“(q+2)j§) i1 f(t,x(t))), 9)
where
J=0,
_2(n—j+1)q+l, 1<j<n, Qa0
j=n+1.

\
3. A new hyperchaotic fractional system with no

equilibrium

Referring to hyperchaos in integer-order dynamical
systems,>7-2° very recently the first example of a four-
dimensional (4D) hyperchaotic system with no equilibrium
has been given in Ref. [21]. The integer-order differential
equations of the system in Ref. [21] are

x=y,
y=—x+yz+axzw,
z=1-—y2 1%

W = z+bxz+ cxyz,

where a, b, and ¢ are constant parameters of the system (15).
As shown in Ref. [21], system (15) has no equilibrium and
it has no dynamical behaviors such as pitchfork bifurcation,
Hopf bifurcation, etc. When a =8, b = —2.5, and ¢ = —30,
the system has the hyperchaotic attractor plotted in Ref. [21],
with the Lyapunov exponents given by 1; = 0.87, A, = 0.03,
Az = 0.00, and A4 = —1.01, which show that the system is
hyperchaotic. Note that the presence of hyperchaos in such a
system is very surprising since it can have neither homoclinic
nor heteroclinic orbits, % and thus the Shilnikov theorem!!7]
cannot be used to verify the chaos.

Referring to fractional-order hyperchaotic systems with-
out equilibria, to the best of our knowledge, no paper has been
published in the literature so far. Based on this consideration,
this study bridges the gap by introducing the first example of
fractional hyperchaos. Specifically, the equations of the pro-
posed system, which represents the fractional-order counter-
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part of system (12), are

*Dix =y,
*Dly = —x+ yz + axzw,

y y (16)
*qu =1 _y2,

*Diw = 7+ bxz+ cxyz,

where *D? denotes the Caputo fractional operator defined in
Eq. (4) with initial time #p = 0, order ¢ € (0,1) and a # 0.4
Like the integer order system (15) and as discussed in Sec-
tion 4, the proposed system (16) has no equilibrium points
for any value of the parameters a, b, and c. By applying the
predictor-corrector algorithm described in Section 2, the solu-
tion of the fractional system (16) can be written as

h4 h4 n
_ _ " (v _ . .
xh([nJrl) =X+ F(C]+2) (y P (tn+l>> + F(q+2) jgo a_/,n+l (y(tj))v
q
Yr(tar1) =yo+ % (—x(l’) (tns1) +YP) (t011) 2P (t1) +axP) (t41)2P) (41 )w'P) (ln+1)>
hd n
- g 12) jgo Qi1 (—x(t) +y(t))z(t)) +ax(tj)z(t;)w(t)) ,
B a7
hd hd n
Zn(tar1) =20+ Tq+2) (1 =P (ty41)yP) (fn+1)) + T(q+2) jgoaj,nﬂ (L=y(t)(t))),
hd
wh(tay1) = wo + m (Z(p) (tas1) + bx(P) (l‘n+1)Z(’7) (thg1) + cx(p) (tn+1)y(”> (tn+1)z(”) (tn+l))
h4 n
+ m jgo O g1 (2(t)) +bx(t))z(t)) + ex(tj)y(t))z(t)))
in which the predicted variables are
1) =0+ s éoﬁj,m 1)),
YO (tni1) = yo+ =— i Bjnr1 (—x(tj) +¥(1)z(t)) +ax(t;)z(t;)w(t;)) ,
[(q) j=0 (18)
1 n
2P (tyr1) =20+ @j&)ﬁj,nﬂ (1=y(1;)y(t))),
1 n
W (b, 11) = wot =— ¥ Bt (2(17) +bx(1))z(17) +ex(t))y(17)z(t))),
r(‘]) j=0

where @11 and 3,1 are given by Eqs. (10) and (14), re-
spectively.

By considering the parameter values a =8, b = —2.5, and
¢ = —30, the discretized equations (17) and (18) are calculated
for several values of order 0 < g < 1. A remarkable finding of
this paper is that hyperchaos exists in the proposed fractional-
order system without equilibrium points when the value of g is
as low as 0.96. The phase portraits of the hyperchaotic attrac-
tor are shown in Figs. 1 and 2 for the sets of initial conditions
given by (0.1, 0.1, 0.1, 0.1) and (0.12, 0.12, 0.12, 0.12), re-
spectively.

The hyperchaotic natures of the attractors reported in
Figs. 1 and 2 are confirmed by computing the Lyapunov
exponents through using the technique based on the recent
paper.[??] Note that, while other numerical methods (like the
Wolf algorithm) only give an estimation of the largest Lya-
punov exponent, the algorithm proposed in Ref. [22] is the
only one (to the best of our knowledge) that is able to provide
the entire spectrum of Lyapunov exponents in fractional-order
systems. Specifically, in Ref. [22] an application of a trans-

formation technique (i.e., the Differential Transform Method)
to fractional differential equations is exploited for calculating
the Lyapunov exponents. In particular, for ¢ = 0.96 and for the
previous sets of initial conditions, i.e., (0.1, 0.1, 0.1, 0.1) and
(0.12, 0.12, 0.12, 0.12), the obtained spectra are (1; = 0.91,
Ay =0.19, 23 =0, 44 = —1.37) and (A; = 0.89, A, = 0.21,
A3 =0, Ay = —1.54), respectively. These spectra include two
positive values, confirming the hyperchaotic natures of the at-

tractors reported in Figs. 1 and 2 when ¢ is as low as 0.96.

In order to further investigate the dynamic behaviour of
the system (16) for other values of the order g, the spectrum of
the Lyapunov exponents is computed as a function of param-
eter g. The spectrum (see Fig. 3) shows that the two largest
Lyapunov exponents remain positive when ¢ varies in the in-
terval [0.96, 1]. The plot in Fig. 3 indicates that the proposed
fractional-order system (16) is hyperchaotic for different val-
ues of parameter g. Note that when ¢ = 1, the plot is in agree-
ment with the results given in Ref. [21] for the integer-order

counterpart of the proposed system (16).
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Fig. 1. (color online) Hyperchaotic attractors of the fractional-order system without equilibrium points (16) with ¢ = 0.96 and initial conditions
(0.1, 0.1, 0.1, 0.1): (a) attractor in the (x,w)-plane, (b) attractor in the (y, w)-plane, (c) attractor in the (z,w)-plane, (d) attractor in the (y,z)-
plane.

w

Fig. 2. (color online) Hyperchaotic attractors of the fractional-order system without equilibrium points (16) with ¢ = 0.96 and initial conditions
(0.12,0.12, 0.12, 0.12): (a) attractor in the (x, w)-plane, (b) attractor in the (z,w)-plane.

o LE1 4. Discussion

0.9

0.8l ——LE2

ol An analysis of the considered fractional-order sys-
0.6l tem (16) is conducted in order to better understand its dynam-
0.5¢ ical properties as well as its hyperchaotic behavior. For this
0.4

purpose, it is worth recalling that given a dynamical systems,
0.3}

0.2
0.1}

a bifurcation occurs when a small smooth change made to be

a parameter value (the bifurcation parameter) causes a sudden

Two largest Lyapunov exponents

0 qualitative or topological change in its behavior. In particu-
- '10.96 0.965 0.97 0.975 0.98 0.985 0.99 0.995 1 lar, a local bifurcation occurs when a parameter change causes
q the stability of an equilibrium to change. On the other hand,

Fig. 3. (color online) Plots of the two largest Lyapunov exponents of sys- a global bifurcation occurs when an invariant set, such as a

tem (16) versus fractional-order g. periodic orbit, collides with an equilibrium. (30]
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Since the presence of equilibrium plays a key role in the
occurring of bifurcations, it is important to check whether
there exists a parameter value that makes an equilibrium point
to appear in the considered system (16). This check is carried
out by taking *D? () = 0 in system (16), i.e.,

0=y, (19a)
0= —x+yz+axzw, (19b)
0=1-—y, (19¢)
0 =z+ bxz+ cxyz. (19d)

From Egs. (19a) and (19c¢), it can be readily deduced that con-
straint y = 0 is inconsistent with y = +1, indicating that sys-
tem (16) has no equilibrium for any value of parameters a, b,
and c. In other words, it is impossible for an equilibrium point
to appear in system (16), for any choice of parameters a, b, and
c. As a consequence, any change in parameters a, b, and c can
generate neither local nor global bifurcations in system (16),
indicating that a or b or ¢ cannot be considered as a bifurca-
tion parameter. Such a result is in perfect accordance with the
results found in Ref. [21] for the corresponding integer-order
hyperchaotic system.

Recall that very recently, chaotic systems without equi-
librium points have been categorized as chaotic systems with
hidden attractors>'=33 since their basins of attraction do not
intersect with small neighborhoods of any equilibrium points
and, consequently, there is no regular way to predict the exis-
tence nor coexistence of hidden attractors. The proposed sys-
tem (16) belongs to the class of chaotic systems with hidden

attractors. However, the considered system (16) has a differ-

ent behavior from other chaotic systems with hidden attrac-
tors found in the literature, since these systems are constructed
by adding a tiny perturbation to a simple chaotic flow hav-
ing a single equilibrium or a line equilibrium.**! For exam-
ple, the authors of Ref. [35] applied a tiny perturbation to the
Sprott E system to change the stability of its single equilib-
rium to a stable one. In the same way, a tiny perturbation
makes the Sprott D system with a degenerate equilibrium have
no equilibrium.®®! In addition, the authors of Ref. [37] have
implemented a systematic search algorithm to find a catalog
of chaotic flows with no equilibria, whereas the authors of
Ref. [38] have carried out a series of simple chaotic flows with
a line of equilibria. In conclusion, the dynamic behavior of
the proposed fractional-order system (16) represents a novelty
in the literature, since the absence of equilibria is a structural
property of the system which is not affected by any tiny per-
turbation of a single or line equilibrium.

In order to further investigate the dynamic properties of
the proposed 4D fractional-order system (16), the Poincare
map and the power spectrum are constructed. In particular,
the Poincare map is useful for understanding the system dy-
namics, since it preserves many properties of the original sys-
tem but has a lower-dimensional state space. By taking w =0
as the crossing plane, figure 4(a) shows the Poincaré map in
the three-dimensional (3D) (x,y, z)-space, whereas figure 4(b)
shows the Poincaré map in the two-dimensional (2D) (x,z)-
plane. Note the presence of several distinct sets of points in the
Poincare map, clearly indicating the presence of rich chaotic

dynamics in the proposed fractional-order system.

Fig. 4. (color online) Poincare maps of the proposed fractional-order system without equilibrium points (16) when w = 0: (a) map in the 3D

(,y,z)-space; (b) map in the 2D (x,z)-plane.

Referring to the power spectra, recall that chaotic dynamics is characterized by a continuous, broad-band and noise-like

frequency spectrum. In particular, the frequency spectra of signals x(z) and w(z), numerically obtained from the proposed

fractional-order hyperchaotic system (16), are shown in Figs. 5(a) and 5(b), respectively. As can be seen from Fig. 5, the spectra
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clearly show continuous and noise-like backgrounds, confirming that the fractional system (16) has a chaotic behavior.

50 50
_ (a) s
mN 0 EN 0
~ ~
g2 _s50 8 _s50
= =
7 —100 Z —100
g g
% —150 :’,; —150
- -
% — 200 fimdehi N AR AR R i ”\“”” ity ““‘ \“ il % —200 \‘k\"‘
g o5l MV T ; 950 e
|
|
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—300 2 4 6 8 10 —30% 2 4 6 8 10
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Fig. 5. (color online) Frequency spectra obtained from the fractional-order system without equilibrium points (16): (a) hyperchaotic signal
x(1); (b) hyperchaotic signal w(r).

5. Application to hyperchaos synchronization nization is the observer-based method, where the response

system is designed to behave as an observer of the drive

This Section is devoted to the study of the synchroniza- 49,50]

system.[

tion between hyperchaotic fractional-order systems.**~#!1 For The aim of this section is to provide an example of

this purpose, recall that the chaos synchronization between
two dynamical systems (called drive and response systems,
respectively) consists in making the state variables of the re-
sponse system synchronized in time with the drive system

42-48

states.[4>*8] A well-established technique to obtain synchro-

*Dix (1) 0 100 x(1) 000 0
pam | [ Zoeo) (o) [Too) ([ »00+s0:m 0
) _ + —2(1) 7] 20)
Dz (1) 0000]| z() 010 )\ ) o) 30:(0)y(0)2(r) 1
“Diw (1) 0010/ \w() 001 A Yz 0
whereas the synchronizing vector signal s(z) is
x(t)
¥(1)z(t) +8x(t)z(t)w(t) ()
s(t) = —2(1) s A @n
—2.5x(1)z(t) — 30x(2)y(t)z(z) ()
where K € R*>*%is a gain matrix to be determined.>"!
By using the synchronization method proposed in Refs. [49]{51], the response system is
*DI% (1) 0 100\ /%) 000 s s 0 000
“DA§ (1) 1000 | [ 90 100 F(OR(r) + 8H()2(1) (1) 0 100 .
by _ y 4 —92(1) + + (s(r)—8(1)),
DIZ(t) 0000 2(1) 010 2.58(1)2(t) — 308()9(0)2() 1 010
“DN (1) 0010/ \ () 001 ‘ Tz 0 001
(22)
where §(¢) is the observer prediction of the synchronizing signal s(r), that is,
$(0)200) +83(0)2(1)0 () o
—2.58(1)2(¢) — 30%(1)$(2)2(1) ()

observer-based synchronization applied to the hyperchaotic
fractional-order system (16) with ¢ = 0.96 and a = 8, b =
—2.5, and ¢ = —30. For this purpose, by exploiting the the-
oretical results developed in Refs. [49]-{51], the drive system
can be written in the form of
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By defining the synchronization error between drive and response systems as

o () (3
)| | y@ $(t
an |7 z0 ||z | @4
eq(t) w(t) Ww(t)

from Egs. (20)—(23) it can be shown that the following linear fractional-order error system is obtained:

*Dley (t) 0100 000 e (1)
“Dies (1) -1000 100 | [ fn ke ks ki e (t)
. = - ka1 kaz ka3 koa (25
De3(t) 0000 010 ki ko ks k 63(1)
*Diey(r) 0010 001 31 F32 733 B34 es(t)
Now, it can be readily verified that the (4 x 12)-controllability matrix derived from Eq. (25), i.e.,
000 0100\ /000 0100\°/000 0100\ /000
100 -1000 100 —-1000 100 —-1000 100 (26)
010 0 000 010 0 000 010 0 000 010
001 0010 001 0010 001 0010 001

is full rank. Therefore, according to Theorem 1 stated in Ref. [52], the eigenvalues of the error system (25) can be assigned

anywhere in the stability region defined by the following inequality:

0100 000
21000 100 kit ki ki3 kia -
arg eig 0000 — 010 ko1 kop koz kog > 0.965. (27)
0010 001 k3y k3 k33 k34
Note that the complex region of asymptotic stability, Based on this choice, by using a standard Mat-

defined by inequality (27) for g = 0.96, is larger than the  lab®routine, the following feedback gain matrix is obtained:
region corresponding to the integer-order case (the well-

knole open left half plane) since it includes a part of kit kiy ki3 ki 93.64 —091 —1 063
the right half plane shaped as a complementary wedge Koy kop ko3 koy | = | —21.62 =337 —6.75 11.18
(Fig. 6). This distinctive property of fractional-order sys- k31 k3p k33 kag 16.34 —4.43 —11.48 6.26
tems can be exploited in the considered hyperchaotic synchro- (28)

nization. For this purpose, the eigenvalues are selected to ~ which gives the linear error system
be (0.2 +1i9.5, 0.2-19.5, 0.54110.04, 0.5—-110.04 ), ie.,
they have positive real parts but lie in the stability region de- *DY e
picted in Fig. 6. *Df

0 1 0 0 61( )
—94.64 091 1 —0.63 e (1)
21.62 3.37 6.75 —11.18 | | e3(r)
—16.34 4.43 12.48 —6.26 eq (1)

g=1
\ with eigenvalues

by oY A_0.96 (M1, 42,43, Aa) = (0.24i9.5, 0.2—i9.5, 0.5+i10.04, 0.5-10.04) .

q% From Fig. 7, it can be observed that the fractional error

system (29) is asymptotically stabilized at the origin (see in-

v

Re equality (27)), even though all the eigenvalues have positive

real parts.

A4 Note that the plots reported in Fig. 7 are in agreement with
the theoretical results expressed by condition (27) and proved

in Ref. [52]. This indicates that the considered observer-

Fig. 6. Stability region (in grey color) of the error system (25) un- based method enables hyperchaotic synchronization between
der condition (27) for ¢ = 0.96. The figure is not in scale. The se-
lected eigenvalues (0.2+19.5,0.2—19.5,0.5+110.04,0.5—110.04)
have positive real parts but belong to the stability region. system (22) to be effective]y achieved.

the fractional drive system (20) and the fractional response
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Fig. 7. (color online) Time behaviors of the error system (29) for ¢ = 0.96.

6. Conclusions

The presence of hyperchaos in fractional-order systems
without equilibrium points represents a new exciting phe-
nomenon and an unexplored field of research. In this pa-
per, this topic is investigated by introducing a new example
of fractional-order hyperchaotic system without equilibrium.
The considered approach uses the predictor-corrector algo-
rithm to find the hyperchaotic attractor when the order of the
derivative is ¢ = 0.96. The considered fractional system is dis-
cussed, with the aim to further investigate its novel dynamical
properties. Finally, an application of the observer-based syn-
chronization to the proposed hyperchaotic fractional system is

illustrated in detail.
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