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The stability of Majorana fermion in correlated quantum wire*
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In this paper, we investigate the effect of the Coulomb interaction between electrons on the stability of Majorana
fermion in a heterostructure of s-wave superconductor and quantum wire. In particular, by using the bosonization method
and the renormalization group technique, we show that interplay between the so-called umklapp electron–electron scattering
process and the superconducting proximity effect plays an extremely important role in determining the phase diagram of
the system. We find that, at half-filling, the strong umklapp scattering process suppresses not only the superconducting
pairing interaction and hence, destabilizes Majorana fermion in the quantum wire, but aslo results in a Mott insulating state.
However, if the proximity effect is sufficiently strong, the topological superconducting phase can still survive and support
Majorana fermion in the heterostructure. Furthermore, the existence of a critical Luttinger liquid phase is also found in a
narrow region of parameters.
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1. Introduction
The concept of Majorana fermion was proposed by Et-

tore Majorana in 1937.[1] By its definition, the anti-particle of
a Majorana fermion is itself. Therefore, the particle must be
electrically neutral. Originally, one took a neutrino for such
a candidate. However, the anti-neutrino was experimentally
observed later and turned out to be a different particle. Up to
now, the existence of the Majorana fermion in reality is still a
fascinating but unresolved problem.

On the other hand, it is well known in condensed mat-
ter physics that the low-lying excitations in solids behave usu-
ally like quasi-particles in a short period of time, according to
Landau.[2] That made people pondering the possibility that the
Majorana fermion may appear in some condensed matter sys-
tems as a quasi-particle. For instance, Ivanov proposed that a
Majorana fermion-type of quasi-particle can exist in the vortex
core of a p-wave superconductor.[3] During the past decade,
this speculation has been greatly stimulated by research on
topological insulators.[4,5] By the theory of topological insu-
lators, the surface state of a strong topological insulator can
be thought of as a single Dirac cone in the simplest case.[6]

Therefore, the spin of one moving electron will be coupled to
its momentum, forming a helical band structure and reducing
the degrees of freedom by one half. Theoretically, this heli-
cal band structure can be mapped into the spectrum of a spin-
less fermion system. If an s-wave superconductor is now put
near such a topological insulator, it should lead to supercon-
ductivity in the surface of the latter by the so-called proximity
effect.[7] However, unlike the previously known examples, the
induced superconducting state is of p-wave ordering in this

case, as pointed out by Fu and Kane.[8,9] In other words, for
a replacement of the genuine exotic p-wave superconductor,
we can engineer one by putting a three-dimensional topolog-
ical insulator and an ordinary s-wave superconductor in close
proximity. Consequently, Fu and Kane suggested that the Ma-
jorana fermion should appear as the bounded state of zero en-
ergy in a heterostructure of topological insulator and s-wave
superconductor. This proposal recently generated tremendous
interest in search of the Majorana fermion in some artifi-
cially manufactured systems such as carbon nanowires,[10,11]

graphene,[12] the heterostructure of the magnetic quantum dot
and s-wave superconductors,[13] the heterostructure of semi-
conductor films and s-wave superconductors,[14,15] as well
as the heterostructure of semiconductor wires and s-wave
superconductors.[16,17] An important common feature of these
materials is that they possess a strong spin–orbit interaction
which makes the spin and momentum of the electron coupled.

Among the above-mentioned systems, the heterostructure
of quantum wire and the s-wave superconductor suggested by
the authors of Refs. [16] and [17] seems the most promis-
ing one. This model is structurally very simple. It requires
only four main ingredients: one quantum wire, the existence
of strong electronic spin–orbit coupling in the quantum wire,
the presence of an external magnetic field, and an s-wave su-
perconducting film. As those authors argued, under appropri-
ate experimental conditions, Majorana fermion-type of quasi-
particles will appear at the ends of the quantum wire. Very
recently, several groups carried out experimental verifications
on this proposal.[18–23] The initial results showed plausible
evidences for the existence of the Majorana fermion in this
system.[18]
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However, from the theoretical point of view, there are still
some ambiguities which should be clarified. For instance,
the authors of Refs. [16] and [17] did not consider the ef-
fect of the Coulomb interaction on the stability of Majorana
quasi-fermion in their pioneering works. More precisely, they
assumed actually that the properties of charged carriers in
the quantum wire can be described by Landau’s Fermi liquid
theory.[2] The defining feature of such a liquid is the appear-
ance of discontinuity in the density of states at the Fermi sur-
face. Obviously, this is an over-simplified picture. As is well
known, the renormalization effects by the Coulomb interaction
between electrons are extremely strong in a lower-dimensional
many-body system. In particular, for a quantum wire, these
effects can even change its physical properties qualitatively.
As a matter of fact, the electron–electron interaction in a one-
dimensional system easily destroys the discontinuity in the
density of states at the Fermi surface of the charged carri-
ers and replaces it with a power-law singularity.[24] Further-
more, any quasi-particle in this system is no longer a fermion.
They are bosons, i.e., gapless collective sound modes. Such
a quantum state is called Luttinger liquid in the literature.[25]

Therefore, a natural question that arose is whether the Majo-
rana fermion-type of quasi-particles can survive if the effects
of the Coulomb interaction are taken into consideration.

This important issue has been previously addressed by
several groups with a standard method, which is called “g-
ology” treatment.[26–29] First, one classifies the electron scat-
tering interactions with respect to the transferred momenta by
them. Then, one uses the perturbative renormalization group
method to determine their relevance to the low-lying excita-
tion spectrum of the system. By applying “g-ology”, these au-
thors found that the Majorana fermion-type of quasi-particles
at the ends of quantum wire is indeed stable in some region of
parameters. Certainly, this result is very encouraging. How-
ever, for some technical reasons, they did not include a special
type of electronic scattering process, i.e., the so-called umk-
lapp process in their calculations. Since this scattering process
competes strongly with the superconducting proximity effect,
it can definitely destabilize the topological superconducting
phase in the quantum wire and hence, diminish the chance for
Majorana fermions to survive. Therefore, one would naturally
wonder whether negligence of such a scattering process in cal-
culation is justified. In the present work, we shall remedy this
shortcoming.

In order to overcome technical difficulties and simplify
our analysis, we shall combine “g-ology” treatment with the
bosonization method, which maps all the fermionic degrees
of freedom in a one-dimensional system to some bosonic de-
grees of freedom,[30] in our analysis. It is based on the fol-
lowing fact that some interactions between particles are eas-
ier to treat in the bosonic representation than in the original

fermionic one. With this approach, we study first the effects
of the Coulomb interaction between electrons at commensu-
rate fillings in detail. We find that the umklapp scattering can
be indeed neglected in this case. However, the forward scat-
terings may suppress the formation of topological supercon-
ducting state and hence, give rise to a gapless Luttinger liquid
phase in the quantum wire. Then, we consider the half-filling
case, in which the umklapp scattering process becomes ex-
tremely important. We show that it may lead to either a gap-
less Luttinger liquid phase or a Mott insulating phase. But, by
applying the renormalization group technique, we find that, if
the proximity effect between the quantum wire and the s-wave
superconductor is sufficiently strong, a p-wave superconduct-
ing phase can still prevail in the quantum wire. Consequently,
the existence of the Majorana fermion at the ends of the quan-
tum wire is stabilized, even if the umklapp scattering process
is included.

This paper is organized as follows. In Section 2, we intro-
duce the Hamiltonian of the heterostructure of quantum wire
and s-wave superconductor. We derive its energy dispersion
and determine the region of parameters in which a non-trivial
topological superconducting state exists. In Section 3, we map
the Hamiltonian to an effective model. Then, we show that the
Majorana fermion-type of quasi-particles occurs at the ends of
the quantum wire. In Section 4, we apply the bosonization
technique to the effective Hamiltonian and analyze its phase
diagram by the renormalization group method at different fill-
ings. Due to the competition between the umklapp scatter-
ing interaction and the superconducting proximity effect in the
quantum wire, we obtain a very rich phase diagram. It consists
of three parts, i.e., a Luttinger liquid phase, a Mott insulating
phase, and a topological superconducting phase. The latter
exists only in a specific region of parameters. Finally, in Sec-
tion 5, we summarize our main results in this work.

2. The heterostructure of quantum wire and s-
wave superconductor
The layout of a heterostructure is shown Fig. 1. It consists

of a quantum wire in proximity with an s-wave superconduc-
tor. To induce p-wave superconductivity in quantum wire, an
external magnetic field is also introduced. For definiteness, the
s-wave superconductor is laid flat on the xy-plane and the uni-
form magnetic field is perpendicular to its surface. Moreover,
the quantum wire is placed along the direction of the x-axis.
With respect to this setup, the Hamiltonian of the system can
be written as

ℋ=ℋ0 +ℋP +ℋI (1)

with

ℋ0 =
∫

dxψ
†
σ (x)

[(
− h̄2

2m
∂ 2

∂x2 −µ

)
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+α pxσy −Bσz

]
ψσ (x),

ℋP =
∫

dx(∆ψ↑(x)ψ↓(x)+h.c.),

ℋI =
∫

dxUρ↑(x)ρ↓(x). (2)

In ℋ0, µ is the chemical potential of an electron in quantum
wire. α and B denote the Rashba spin–orbit coupling constant
and the external magnetic field, respectively.1) In Hamilto-
nian ℋP, ∆ stands for the pairing amplitude induced by the
s-wave superconductor through the proximity effect and σx,
σy, σz are the conventional Pauli matrices for the electronic
spin degree of freedom. In the interacting Hamiltonian ℋI,
U represents the Coulomb interaction between electrons. For
simplicity, we let it be a contact (δ -function) type of inter-
action. ψσ (x) (ψ†

σ (x)) is the annihilation (creation) operator
which annihilates (creates) an electron with spin σ =↑,↓ at x.
Therefore, ρσ (x) = ψ

†
σ (x)ψσ (x) is understood for the density

operator of the electron.

z
y

x

Bz

s wave superconductor

Fig. 1. (color online) Sketch of the heterostructure of quantum wire and
s-wave superconductor.

When B = 0, the single particle Hamiltonian ℋ0 can be
easily diagonalized. Its energy spectrum is given by E±(k) =
ξk ±αk with ξk ≡ k2/2m−µ . Here, k is the one-dimensional
momentum of an electron in the quantum wire. As shown
in Fig. 2, the Rashba spin–orbital interaction splits the en-
ergy spectrum into two branches, which cross each other at
momentum k = 0. In other words, the single particle en-
ergy level is degenerate at this point. However, this degen-
eracy can be lifted by an external magnetic field. In fact,
when B ̸= 0, the single particle energy spectrum becomes
ℰ±(k) = ξk ±

√
α2k2 +B2. It has an upper band and a lower

band, as shown in Fig. 3. More importantly, since the spin of
an electron is now coupled to its momentum by the spin–orbit
interaction, the quasi-particles should be thought of as spinless
fermions. In other words, an infinitesimal magnetic field can
polarize the charged carriers in the quantum wire.

In the next section, we shall show that two (spinless)
quasi-particles in the lower band can be paired with a p-wave
ordering by Hamiltonian ℋP. Consequently, the Majorana
fermion will be induced at both ends of the quantum wire if its
length is finite, as the authors of Refs. [16] and [17] showed in
their works.

a ≠ ↪ B/

Ek

k

Fig. 2. (color online) Energy spectrum of the spin–orbit interacting
quantum wire without magnetic field.

a ≠ ↪ B ≠ 

a ≠ ↪ B/

Ek

k

Fig. 3. (color online) Energy spectrum of the spin–orbit interacting
quantum wire with magnetic field.

3. The existence of Majorana fermion in quan-
tum wire
In order to make our analysis in the next section

more readable, we shall give a brief review on the ex-
istence of the Majorana fermion in the above-mentioned
heterostructure[16,17] here.

For simplicity, we set the Coulomb interaction U to be
zero in Hamiltonian (1). Therefore, electrons in the quantum
wire can be treated as ideal fermions. Following Refs. [16]
and [17], we write further the Hamiltonian of the heterostruc-
ture of quantum wire and s-wave superconductor into the
Bogoliubov-de Gennes (BdG) form

ℋ =
1
2

∫
dxΨ(x)†ℋBdGΨ(x)

=
1
2

∫
dxΨ(x)†

(
h0 −iσy∆ *

iσy∆ −h0

)
Ψ(x). (3)

Here, Ψ(x) = (ψ↑,ψ↓,ψ
†
↑ ,ψ

†
↓ )

T represents the Nambu spinor.
The diagonal sub-matrix h0 in ℋBdG is actually the single par-
ticle Hamiltonian ℋ0 of the quantum wire. In the first quanti-
zation form, it can be explicitly written as

h0 =

(
− 1

2m
∂ 2

∂x2 −µ

)
−Bσz +α

(
−i

∂

∂x

)
σy. (4)

1)In fact, parameter B is an abbreviation of the Zeeman interaction 1
2 gµBH with g, µB, and H being the Landé factor, the Bohr magneton, and the external

magnetic field, respectively.
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Here, we set h̄ = 1. Hamiltonian (3) can be put into a more
concise form

ℋBdG =

(
− 1

2m
∂ 2

∂x2 −µ

)
τz −Bσzτz

+αα

(
−i

∂

∂x

)
σyτz +∆σyτy (5)

by introducing the Pauli matrices τx, τy, and τz for the particle–
hole degree of freedom in the system. By applying the stan-
dard Bogoliubov canonical transformation, we diagonalize
ℋBdG and obtain its energy spectrum as

E±(k)

= ±
√

ξ 2
k +α2k2 +B2 +∆ 2 ±2

√
ξ 2

k B2 +ξ 2
k α2k2 +B2∆ 2, (6)

where k is the one-dimensional momentum of the electron in
the quantum wire. This energy spectrum is plotted in Fig. 4.
From the graph, we see that two energy gaps open up at points
k = 0 and k = kF by the superconducting parameter ∆ , which
is induced by the proximity effect between the quantum wire
and the s-wave superconductor. We shall denote these gaps by
∆E(0) and ∆E(kF), respectively. It is easy to see that, while
∆E(kF) does not vanish for any external magnetic field B,
∆E(0) =

∣∣∣√µ2 +∆ 2 −B
∣∣∣ becomes zero at Bc =

√
µ2 +∆ 2,

as shown in Fig. 5. The existence of Bc manifests a quan-
tum phase transition from a topological superconducting phase
with B >

√
µ2 +∆ 2 to a trivial superconducting phase with

B <
√

µ2 +∆ 2.[16,17]







↩

↩
↩ ↩  

k

E
k

Fig. 4. (color online) Energy spectrum of the spin–orbit interacting
quantum wire with both magnetic field and proximity interaction.

In the following, we shall concentrate on the case of
large B. In other words, we assume that both conditions
B >

√
µ2 +∆ 2 and B ≫ ∆ are simultaneously satisfied. It

implies that the system is in the topological superconduct-
ing phase. For convenience, we shall go back to the original
Hamiltonian defined in Eq. (1). As shown in Section 2, the en-
ergy spectrum of ℋ0 has an upper branch and a lower branch
when B ̸= 0. Therefore, it can be re-written as

ℋ0 = ∑
k

(
ℰ+(k)ψ†

+(k)ψ+(k)+ℰ−(k)ψ†
−(k)ψ−(k)

)
, (7)

in which ℰ±(k) = k2/2m−µ±
√

B2 +α2k2. Correspondingly,
ψ

†
+(k) (ψ+(k)) and ψ

†
−(k) (ψ−(k)) are the (quasi)electron cre-

ation (annihilation) operators, which are related to the origi-
nal electron operators ψ

†
↑ (k) (ψ↑(k)) and ψ

†
↓ (k) (ψ↓(k)) by a

Bogoliubov-type of unitary transformation, at momentum k.

1

0
0 1

Eg↼↽

Eg↼kF↽

B/√µ2+∆2

G
a
p
/
∆

Fig. 5. (color online) Variation of gaps ∆Eg(0) (the solid line) and
∆Eg(kF) (the dashed line) as magnetic field B changes.

Next, we substitute this unitary transformation of fermion
operators into Hamiltonian ℋP. In terms of the new set of op-
erators ψ

†
+(k),ψ+(k),ψ

†
−(k), and ψ−(k), we have

ℋ = ℋ0 +ℋP = ∑
p
(ℰ+(k)ψ†

+(k)ψ+(k)+ℰ−(k)ψ†
−(k)ψ−(k)

+∆p(k)ψ+(k)ψ+(−k)−∆p(k)ψ−(k)ψ−(−k)

+∆s(k)ψ+(k)ψ−(−k)+h.c.) (8)

with

∆s(k) =
iB∆√

B2 +α2k2
and ∆p(k) =

iαk

2
√

B2 +α2k2
∆ .

Interestingly, ∆s(k) and ∆p(k) can be thought of as the super-
conducting pairing amplitudes of quasi-particles. In particu-
lar, ∆p(k) yields a p-wave pairing in the quantum wire. In
other words, a p-wave superconductor required for the exis-
tence of the Majorana fermion[3] may be realized in such a
heterostructure of quantum wire and s-wave superconductor.
Indeed, in the large-B limit, one can ignore the upper band in
the spectrum of quasi-particles and keep only the contribution
from the lower band. Consequently, the low-energy effective
Hamiltonian of the quantum wire is given by

ℋeff ≈ ∑
k

[
E−(k)ψ

†
−(k)ψ−(k)+∆p(k)ψ+(k)ψ+(−k)

−∆p(k)ψ−(k)ψ−(−k)
]

≈ ∑
k

[(
k2

2m
−µ −B− α2k2

2B

)
ψ

†
−(k)ψ−(k)

+∆pψ+(k)ψ+(−k)−∆pψ−(k)ψ−(−k)
]

= ∑
k

[(
k2

2m* −µeff

)
ψ

†
−(k)ψ−(k)
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+∆pψ+(k)ψ+(−k)−∆pψ−(k)ψ−(−k)
]
, (9)

where µeff = µ + B and m* = 1(1/m)− (α2/B) are the ef-
fective chemical potential and mass of quasi-particles, respec-
tively. Furthermore, the p-wave superconducting pairing am-
plitude is reduced to ∆p ≈ iαk∆/2B in the large-B limit. Now,
it is easy to see that ℋeff is the Hamiltonian of a p-wave pairing
spinless fermion system.

When the length of the quantum wire is finite, the mo-
mentum of quasi-particle is no longer a conserved quantity. In
this case, it is more convenient to re-write the effect Hamil-
tonian into a first quantization form. By dropping the lower
band index of fermion operators, we obtain

ℋeff =
∫

dx
[

ψ
†(x)

(
− 1

2m*
∂ 2

∂x2 −µeff

)
ψ(x)

+
α∆

2B

(
ψ(x)

∂ψ(x)
∂x

+h.c.
)]

. (10)

It is actually the continuum version of the Kitaev chain Hamil-
tonian studied in Ref. [31]. This model can be exactly solved.
One found that it possesses bounded states of zero energy at
both ends of the quantum wire. These states behave like Majo-
rana fermions. In other words, a nonzero p-wave pairing am-
plitude can induce Majorana fermion-type of quasi-particles
in a one-dimensional spinless fermion system of finite length.
Therefore, we conclude that Majorana fermions can survive in
the quantum wire if the renormalized p-wave pairing ampli-
tude by the additional Coulomb interaction between electrons
is still nonzero. Otherwise, they are destabilized. It is this cri-
terion by which we shall determine the stability of Majorana
fermion in the following analysis.

4. Majorana fermion in the correlated quantum
wire
With the above preparations, we are now ready to inves-

tigate the stability of Majorana fermion in the quantum wire
when the correlation effects between electrons are taken into
consideration. Naturally, parameter U is nonzero in this case
and hence, Hamiltonian ℋI should be added to ℋ. As men-
tioned in the Introduction, we shall apply both the bosoniza-
tion method and the renormalization group analysis to deal
with the effects caused by this interaction term.

Since the quantum wire is a one-dimensional system, it
makes application of the bosonization method possible. The
motivation behind this approach is based on the fact that any
low-energy excitation mode in a one-dimensional many-body
fermion system can be taken as a superposition of collec-
tive bosonic sound modes.[24] In other words, a low-energy
fermion state is equivalent to a coherent boson state in one
dimension. Therefore, one expects that the fermion operator

ψ(x) should be proportional to a coherent operator exp[iϕ(x)],
with ϕ(x) being a boson operator.[30] We would like to empha-
size that this useful equivalence relation fails in higher dimen-
sional space.

First, we apply the bosonization method to Hamilto-
nian (10) and re-write it with respect to the bosonic degrees
of freedom. For this purpose, we need to linearize the Hamil-
tonian around the two Fermi points kF and −kF. Following the
standard procedure given in Ref. [30], we expand the spinless
fermion operator as

ψ(x) = e ikFx
ψR(x)+ e−ikFx

ψL(x) (11)

and then substitute it into Hamiltonian (10). It yields

ℋeff = −ivFψ
†
R(x)

∂ψR(x)
∂x

+ ivFψ
†
L(x)

∂ψL(x)
∂x

+∆eff

(
ψL(x)ψR(x)−ψ

†
R(x)ψ

†
L(x)

)
. (12)

In this Hamiltonian, vF = kF/m* is the effective Fermi velocity
and ∆eff = iαkF∆/B. The fermions represented by ψ

†
R(x) and

ψ
†
L(x) are called the right and the left movers, respectively.

It should be pointed out that any term which contains either
factor e ikFx or e−ikFx is dropped out from the Hamiltonian be-
cause they are fast oscillating. Therefore, as long as the low-
energy excitations are concerned, these terms are immaterial.

Similarly, one can also linearize the interaction Hamilto-
nian ℋI. Without further ado, we write it into the following
form of “g-ology”

ℋI = g2ψ
†
R(x)ψ

†
L(x)ψL(x)ψR(x)

+
g4

2

[(
ψ

†
R(x)ψR(x)

)2
+
(

ψ
†
L(x)ψL(x)

)2
]

+gu

(
e−4ikFx

ψ
†
R(x)

∂ψ
†
R(x)

∂x
ψL(x)

∂ψL(x)
∂x

+h.c.
)
.

(13)

Here, parameters g2 =Uα2k2
F/4B and g4 =Uα2k2

F/4B repre-
sent the amplitudes of forward scattering processes while

gu =−Uα2k2
F

4B
stands for the umklapp scattering process. The existence of
factor e±4ikFx in the gu-term makes it only important for the
half-filling case, in which kF = π/2.

Next, as argued at the beginning of this section, we write
the fermion operators in the form of bosonic coherent opera-
tors. For spinless fermion, the formula is well known.[30] We
simply have

ψR(x) =
FR√
2πa

exp(iφR(x)),

ψL(x) =
FL√
2πa

exp(−iφL(x)), (14)

where φR,L(x) are the corresponding boson field operators.
Operators FR,L are called the Klein factors. They satisfy the
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fermion anti-commutation relations. Constant a denotes the
microscopic distance cut-off, which is introduced to make
each step of our calculations finite. In the final step, we shall
let it tend to zero. Substituting Eq. (14) into Eqs. (12) and (13),
we obtain the bosonized effective Hamiltonian of the interact-
ing quantum wire as

ℋ =
1

2π

[
uK
(

∂θ(x)
∂x

)2

+
u
K

(
∂φ(x)

∂x

)2
]

+
∆eff

πa
cos2θ(x)+

gu

2π2a2 cos(4φ(x)−4kFx), (15)

in which the new boson field operators are defined by

φ(x)≡−1
2
[φR(x)+φL(x)] , θ(x)≡ 1

2
[φR(x)−φL(x)] . (16)

These operators satisfy the commutation relation[
φ(x),

1
π

∂θ(x′)
∂x′

]
= iδ (x− x′). (17)

Therefore, operator Π ≡ (1/π)∂xθ is defined to be the canon-
ical momentum of φ(x). Moreover, parameter

u = vF

√(
1+

g4

2πvF

)2

−
(

g2

2πvF

)2

is the renormalized Fermi velocity and the dimensionless co-
efficient

K =

√(
1+

g4 −g2

2πvF

)
/

(
1+

g4 +g2

2πvF

)
=

1√
1+

U
4πvF

α2k2
F

B2

describes the interaction strength between quasi-particles. In
particular, when the interaction is attractive, K > 1. Similarly,
for the repulsive interactions, K < 1.

To determine the phase diagram of Hamiltonian (15), we
apply the renormalization group analysis.[32,33] The basic idea
of this method is to integrate out the higher-energy degrees of
freedom of a many-body system but keep the effects of virtual
transition processes intact.[34] Following the standard proce-
dure, we expand first the partition function of the system as

Z
Z0

=
1
Z0

∫
𝒟φ e−ℋ̂eff e−ℋ̂I ≡ ⟨e−ℋ̂I⟩0

≈ 1−⟨ℋ̂I⟩0 +
1
2
⟨ℋ̂2

I ⟩0. (18)

Here, operators ℋ̂eff and ℋ̂I are integrals of the Hamiltonian
densities ℋeff(x) and ℋI(x) over the quantum wire, respec-
tively. Z0 is the partition function of ℋ̂eff alone. Then, we
apply the so-called operator production expansion (OPE) for-
mulas to each product in the third term 1

2 ⟨ℋ̂
2
I ⟩0 and keep only

the singular parts of the averaged value. By integrating out
variable x from a to ae dl , we get the one-loop contribution

of 1
2 ⟨ℋ̂

2
I ⟩0. Finally, by combining the result with the second

term ⟨ℋ̂I⟩0 in the same equation, we establish the flow equa-
tions satisfied by parameters K, ∆eff, and gu with respect to
scaling a → ae dl . The solutions of these equations yield the
phase diagram of the system. A more detailed explanation of
this procedure will be given in Appendix A of this paper. One
can also find some of its concrete applications in our previous
works[35,36] on the phase diagrams of some frustrated local-
ized spin ladders.

After a quite complicated but otherwise straightforward
calculation, we obtain the following flow equations for param-
eters K, ∆eff, and gu

dy∆

dl
=

(
2− 1

K

)
y∆ ,

dygu

dl
= (2−4K)ygu ,

dK
dl

= y2
∆ −K2y2

gu , (19)

where y∆ ≡ 2∆eff/
√

π and ygu ≡ 2gu/
√

π3. To find solutions
of this equation, let us first consider the case in which the elec-
tron filling factor of the quantum wire is different from half-
filling.

As argued above, the umklapp scattering interaction rep-
resented by gu can be neglected in this case since kF ̸= π/2.
Therefore, by setting gu = 0, the above equations are reduced
to

dy∆

dl
=

(
2− 1

K

)
y∆ ,

dK
dl

= y2
∆ . (20)

These equations have a trivial solution (K = 1
2 ,y∆ = 0). It

represents a fixed point with ∆eff = 0, which indicates the ab-
sence of p-wave pairing in the system. On the other hand,
since the renormalization group flow equations hold only in
the sense of perturbation, the region of parameters around this
fixed point deserve more careful scrutiny. For convenience, we
define K = 1/2+ yK/2. Substituting it into the reduced flow
equations, we obtain

dy∆

dl
= 2yKy∆ ,

dyK

dl
= 2y2

∆ . (21)

Multiplying the first equation by y∆ and the second one by yK ,
we can re-write these equations into

d
dl

(
y2

∆ − y2
K
)
= 0. (22)

Therefore, we have solution y2
∆
− y2

K ≡ C, where C is a con-
stant. Obviously, for different values of C, the flow curve of
parameters varies. Consequently, a whole set of flows are gen-
erated, as shown in Fig. 6. We notice that these flow curves
are separated by two lines denoted by y∆ = yK and y∆ =−yK ,
respectively. Moreover, since the flow curves are symmetric
about the line of y∆ = 0, we need only to consider the cases of
y∆ > 0 in the following analysis.

When the Coulomb repulsion between electrons is strong,
i.e., K < 1/2, yK = 2K −1 < 0 holds. In this case, there exist
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two possibilities. First, if the induced superconducting pairing
interaction is weak such that parameter y∆ = 2∆eff/

√
π satis-

fies relation C = y2
∆
− y2

K < 0, then we see from Fig. 6 that the
renormalized parameters will flow to a fixed point (ỹ∆ = 0,
K̃ < 1/2), which describes a Luttinger liquid phase. How-
ever, if the induced superconducting pairing interaction is suf-
ficiently strong and the integral constant C becomes positive,
we find that both parameters y∆ and K tend to infinity. It char-
acterizes a topological superconducting phase. Since the low
energy physics of the quantum wire is governed by these fixed
points, we conclude that, although a Coulomb repulsion be-
tween electrons is hostile for the existence of topological su-
perconducting phase and may lead to the occurrence of a gap-
less Luttinger liquid phase in the quantum wire, a sufficiently
strong proximity effect will eventually win over the competi-
tion and produce a topological superconducting phase.

topologcial

superconduction

topologcial

superconduction

Luttinger

liquid

∆

Κ<1/2 Κ>1/2 Κ

Fig. 6. (color online) The RG flow trajectories of parameters in the case
of non-half-filling. The phase diagram of the quantum wire consists of a
Luttinger liquid phase and a topological superconducting phase, as ob-
tained from Eq. (20). The origin point stands for (K = 1/2,∆ = 0). The
blue line represents the attracting fixed points of ∆ = 0, K < 1/2, which
control the gapless Tomonaga–Luttinger liquid phase. The topological
superconducting phase is characterized by the points, which flow even-
tually to ∆ = ∞ or ∆ =−∞.

Next, we consider the case of K > 1/2. It indicates that
the Coulomb repulsion between electrons is weak. Since pa-
rameter yK = 2K − 1 is now positive, the induced supercon-
ducting pairing interaction is relevant by the first equation in
Eq. (21). Therefore, the renormalized parameters will flow to
fixed points (y∆ =±∞,K = ∞), which represent the existence
of a topological superconducting phase.

Finally, we study the half-filled case, in which the umk-
lapp scattering process between electrons plays an important
role. Now, we need to solve the complete set of flow equa-
tions (19). These equations have two trivial solutions (K =

1/2,y∆ = ygu/2) and (K = 1/2,y∆ = −ygu/2), which repre-
sent two fixed points (or lines), respectively. As done above,
we shall introduce new variables

K = 1/2+ yK/2 ≡ 1/2+ y3, y1 ≡ 2y∆ − ygu ,

y2 ≡ 2y∆ + ygu (23)

around these fixed points (lines) and re-write the flow equa-
tions as

dy1

dl
= y2y3,

dy2

dl
= y3y1,

dy3

dl
= y1y2. (24)

These equations can be easily integrated. For instance, if we
multiply the first equation by y1 and the second one by y2, then
their difference gives

y1
dy1

dl
− y2

dy2

dl
=

1
2

d
dl

(
y2

1 − y2
2
)
= 0. (25)

The integration of this equation is a constant. More precisely,
we have

y12 ≡ y2
1 − y2

2 = (2y∆ − ygu)
2 − (2y∆ + ygu)

2 = A. (26)

Similarly, we obtain also

y23 ≡ y2
2 − y2

3 = (2y∆ + ygu)
2 − (2yK)

2 = B,

y13 ≡ y2
1 − y2

3 = (2y∆ − ygu)
2 − (2yK)

2 =C, (27)

where B and C are integral constants. By varying constants A,
B, and C, we can draw the renormalization group flow curves
of yK , y∆ , and ygu in the three-dimensional parameter space.
However, it is a cumbersome task. Therefore, we shall di-
rectly derive some important conclusions from these solutions
without explicitly showing their diagrams.

First, we find the existence of two critical surfaces deter-
mined by equations B = 0 and C = 0, which can be put into a
unified form

(2yK −|2y∆ |+ |ygu |)(2yK + |2y∆ |− |ygu |) = 0. (28)

Consequently, the three-dimensional space of parameters is di-
vided into two regions by a critical plane whose equation is

2yK + |2y∆ |− |ygu |= 0. (29)

Since the flow curves of parameters do not cross the critical
plane, we should separately study the properties of the system
in these regions.

(i) In the region of 2yK + |2y∆ |− |ygu |< 0, we need only
to follow the flow curves with yK < 0. This is due to the fact
that the flow equations (24) are established around the fixed
lines (K = 1/2,y∆ = ygu/2) and (K = 1/2,y∆ = −ygu/2), on
which |2y∆ |−|ygu |= 0 holds. Therefore, each flow curve must
pass a point with yK < 0 in this region. Following these curves,
we see that, as yK →−∞, parameters |ygu | → ∞ and |y∆ | → 0.
It implies that the superconducting pairing amplitude will be
suppressed as the strength of the Coulomb repulsion between
electrons gets stronger. Therefore, the quantum wire is a Mott
insulator and Majorana fermion quasi-particles disappear at its
ends in this region.

(ii) For the region in which 2yK + |2y∆ | − |ygu | > 0, we
follow the flow curves with yK > 0. As yK goes to infinity,
we see that |ygu | → 0 and |y∆ | → ∞. It tells us that, as the
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Coulomb repulsion gets weaker, the superconducting pairing
interaction wins over. In the meantime, the umklapp scatter-
ing process becomes less important and can eventually be ne-
glected. Therefore, the quantum wire is in a topological super-
conducting state, which supports Majorana fermions.

Special attention should be paid to the case of K = 1/2.
By its definition, the initial value of parameter yK is now equal
to zero, i.e., yK(0) = 0. Substituting it into Eq. (19), we find
that both parameters y∆ and ygu become marginal. Therefore,
if relation |2y∆ (0)|− |ygu(0)|= 0 is initially satisfied, the flow
curve will be completely contained in the critical plane and
the system is in a gapless Luttinger liquid state. However,
if the initial values of y∆ and ygu satisfy |2y∆ (0)| > |ygu(0)|,
then 2yK + |2y∆ | − |ygu | > 0 holds. According to conclu-
sion (i), it implies that, the superconducting pairing interaction
is marginally relevant while the umklapp scattering process
is marginally irrelevant under renormalization. Similarly, by
conclusion (ii), if condition |2y∆ (0)| < |ygu(0)| holds, the su-
perconducting pairing interaction should become marginally
irrelevant while the umklapp scattering process is marginally
relevant under renormalization .

In summary, by renormalization group analysis, we find
that, for K > 1/2, the umklapp scattering process can indeed
be neglected. Therefore, the correlated quantum wire is still
in a topological superconducting state and supports the Ma-
jorana fermion type of quasi-particles at its ends. However,
when K < 1/2 holds, the superconducting pairing interaction
becomes irrelevant and the umklapp scattering process will
eventually prevail. Unlike the gapless Luttinger liquid state
in the non-half filling case, it leads to a Mott insulating ground
state, and hence, destabilizes the existence of the Majorana
fermion in the quantum wire. Finally, the situation is rather
complicated if K = 1/2. In this case, both the superconduct-
ing pairing interaction and the umklapp scattering process are
marginal. Therefore, the quantum wire can be in either a gap-
less Luttinger liquid state, a topological superconducting state
or a Mott insulating state, depending on the initial values of
parameters y∆ and ygu .

5. Summary
In this paper, we studied the effect of the Coulomb in-

teraction between electrons on the stability of the Majorana
fermion type of quasi-particles in a heterostructure of quantum
wire and s-wave superconductor. In particular, we consider the
competition between the so-called umklapp electron–electron
scattering process, which was neglected in some previous in-
vestigations, and the superconducting proximity effect in such
a system. By applying the bosonization method and the real-
space renormalization technique, we established first the flow
equations satisfied by various coupling constants. Then, by
solving these equations, we find that a strong umklapp scat-

tering process can indeed subdue the superconducting pairing
interaction in the quantum wire and lead to a Mott insulating
state, which is quite different from the gapless Tomonaga–
Luttinger liquid phase in the non-half-filled case. Naturally,
that makes the Majorana fermion at the ends of the quantum
wire vanish. However, if the proximity effect between the
quantum wire and the s-wave superconductor is sufficiently
strong, the topological superconducting ordering can still sur-
vive. Therefore, Majorana fermion quasi-particles are stabi-
lized in the heterostructure. Moreover, we find also the pos-
sible existence of a gapless Luttinger liquid state in a narrow
region of parameters for the system.
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Appendix A
In this appendix, we shall describe the renormalization

group analysis used above in a more detailed manner. Un-
like most of cases in which the renormalization group calcu-
lations are done in momentum space (one can find a concrete
example in Ref. [37]), we shall carry out our analysis in real
space[30,33] here. This approach is more convenient for our
purpose because the quantum wire in the heterostructure has a
finite length. That makes the momentum of electron no longer
a good quantum number.

As we have already shown in Section 4, the partition func-
tion of a general quantum many-body system can be written as

Z
Z0

=
1
Z0

∫
𝒟φ e−ℋ̂eff e−ℋ̂I ≡ ⟨e−ℋ̂I⟩0

≈ 1−⟨ℋ̂I⟩0 +
1
2
⟨ℋ̂2

I ⟩0. (A1)

Now, we assume that operator ℋ̂I has the following form

ℋ̂I =
∫

ddx∑
n

gn

ad−∆n
Ôn(x), (A2)

where Ôn(x) stands for a local operator and gn is the corre-
sponding coupling constant. We let d denote the space–time
dimension of the system and a be a microscopic distance cut-
off. Furthermore, ∆n is the scaling dimension of operator Ôn.
Its introduction makes the coupling constant gn dimensionless.
Then, the above expansion can be re-written into

Z
Z0

= 1−
∫

ddx∑
n

gn

ad−∆n
⟨Ôn(x)⟩0 +

1
2

∫
ddx1

∫
ddx2

× ∑
n,m

gngm

a2d−∆n−∆m
⟨Ôn(x1)Ôm(x2)⟩0. (A3)

To evaluate ⟨Ôn(x1)Ôm(x2)⟩0 in this expansion, we apply
the so-called operator product expansion formula developed in
quantum field theory. Take two operators Ôi(x) and Ô j(y). If
the distance between x and y is sufficiently small comparing
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with all the length scales of relevant physical processes, then
their product can be expanded as

Ôi(x)Ô j(y)∼ ∑
k

Ci jk

|x− y|∆i+∆ j−∆k
Ôk

(
x+ y

2

)
. (A4)

Constants {Ci jk} are called the OPE coefficients. This equa-
tion should be understood in the following sense that, for an-
other local operator Φ(z), correlation equation

⟨Ôi(x)Ô j(x)Φ(z)⟩0

= ∑
k

Ci jk

|x− y|∆i+∆ j−∆k

〈
Ôk

(
x+ y

2

)
Φ(z)

〉
0

(A5)

holds if the distances from z to either x or y is much larger than
|x− y|.

Now, we are ready to derive the flow equations satisfied
by the coupling constants {gn}. In the first step, we change
the microscopic cut-off from a to aeδ l with δ l > 0 being an
infinitely small quantity. Under this scaling transformation,

the factor gn/ad−∆n in the integrals of Z/Z0 is renormalized
to g′n/ad−∆n e(d−∆n)δ l . Since the choice of microscopic length
cut-off should not affect the physical results, we require that

Z
Z0

= 1−
∫

ddx∑
n

gn

ad−∆n
⟨Ôn(x)⟩0 +

1
2

∫
|x1−x2|>a

ddx1 ddx2

×∑
n,m

gngm

a2d−∆n−∆m
⟨Ôn(x1)Ôm(x2)⟩0

= 1−
∫

ddx∑
n

g′n
ad−∆n e(d−∆n)δ l

⟨Ôn(x)⟩0

+
1
2

∫
|x1−x2|>aeδ l

ddx1 ddx2

×∑
n,m

g′ng′m
a2d−∆n−∆m e(2d−∆n−∆m)δ l

⟨Ôn(x1)Ôm(x2)⟩0 (A6)

hold.
Let us consider first the second integral on the right-hand

side of the above equation. We have

1
2

∫
|x1−x2|>aeδ l

ddx1 ddx2 ∑
n,m

g′ng′m
a2d−∆n−∆m e(2d−∆n−∆m)δ l

⟨Ôn(x1)Ôm(x2)⟩0

=
1
2 ∑

n,m

∫
|x1−x2|>a

ddx1 ddx2

(
g′n e−(d−∆n)δ l

)(
g′m e−(d−∆m)δ l

)
a2d−∆n−∆m

⟨Ôn(x1)Ôm(x2)⟩0

− 1
2 ∑

n,m

∫
aeδ l>|x1−x2|>a

ddx1 ddx2

(
g′n e−(d−∆n)δ l

)(
g′m e−(d−∆m)δ l

)
a2d−∆n−∆m

⟨Ôn(x1)Ôm(x2)⟩0

=
1
2 ∑

n,m

∫
|x1−x2|>a

ddx1 ddx2

(
g′n e−(d−∆n)δ l

)(
g′m e−(d−∆m)δ l

)
a2d−∆n−∆m

⟨Ôn(x1)Ôm(x2)⟩0

− 1
2 ∑

n,m

∫
aeδ l>|x1−x2|>a

ddx1 ddx2

(
g′n e−(d−∆n)δ l

)(
g′m e−(d−∆m)δ l

)
a2d−∆n−∆m ∑

k

Cmnk

|x1 − x2|∆n+∆m−∆k

〈
Ôk

(
x1 + x2

2
)

)〉
0
. (A7)

In the last step of our derivation, the formula of operator product expansion is used. Next, we introduce new variables x =

(x1 + x2)/2 and x′ = x1 − x2 to simplify the second integral on the right-hand side of Eq. (A7). It is reduced to

− 1
2 ∑

n,m

∫
aeδ l>|x|>a

ddxddx′

(
g′n e−(d−∆n)δ l

)(
g′m e−(d−∆m)δ l

)
a2d−∆n−∆m ∑

k

Cmnk

|x|∆n+∆m−∆k

〈
Ôk(x)

〉
0

≈−1
2 ∑

n,m

∫
aeδ l>|x|>a

ddxddx′

(
g′n e−(d−∆n)δ l

)(
g′m e−(d−∆m)δ l

)
a2d−∆n−∆m ∑

k

Cmnk

a∆n+∆m−∆k

〈
Ôk(x)

〉
0

≈−δ lΩd

2 ∑
n,m

∑
k

∫
ddx

Cmnk

(
g′n e−(d−∆n)δ l

)(
g′m e−(d−∆m)δ l

)
ad−∆k

〈
Ôk(x)

〉
0 , (A8)

where Ωd is the solid angle of a d-dimensional sphere.
Substituting both Eqs. (A7) and (A8) into the right-hand side of Eq. (A6), we finally obtain

Z
Z0

= 1−∑
k

∫ ddx
ad−∆k

[
g′k e−(d−∆k)δ l +

δ lΩd

2 ∑
n,m

Cmnk

(
g′n e−(d−∆n)δ l

)(
g′m e−(d−∆m)δ l

)]〈
Ôk(x)

〉
0

+
1
2 ∑

n,m

∫
|x1−x2|>a

ddx1 ddx2

(
g′n e−(d−∆n)δ l

)(
g′m e−(d−∆m)δ l

)
a2d−∆n−∆m

⟨Ôn(x1)Ôm(x2)⟩0. (A9)
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If we let

g′k e−(d−∆k)δ l +
δ lΩd

2 ∑
n,m

Cmnk

(
g′n e−(d−∆n)δ l

)
×
(

g′m e−(d−∆m)δ l
)
= gk (A10)

and replace factors g′n e−(d−∆n)δ l and g′m e−(d−∆m)δ l in the dou-
ble integral with gn and gm, respectively, then the left-hand
side of Eq. (A6) is recovered. By solving Eq. (A10) for g′k,
we are able to derive renormalized values of the coupling con-
stants up to the one-loop level. It reads

g′k =
[

gk −
δ lΩd

2 ∑
n,m

Cmnk

(
g′n e−(d−∆n)δ l

)
×
(

g′m e−(d−∆m)δ l
)]

e(d−∆k)δ l . (A11)

The errors caused by such a procedure are attributed to higher-
order (two-loop) corrections and hence, can be neglected.

Equation (A11) can be re-written as a differential equa-
tion, which is called the flow equation for coupling constant
gk. For this purpose, we expand each factor on the right-hand
side of the equation to the first order of δ l. We obtain

g′k =
(

gk −
δ lΩd

2 ∑
n,m

Cmnkgngm

)
(1+(d −∆k)δ l)+O

(
(δ l)2)

= gk +gk(d −∆k)δ l − δ lΩd

2 ∑
n,m

Cmnkgngm +O
(
(δ l)2) .

(A12)

By shifting gk from the right-hand side to the left-hand side of
Eq. (A12) and dividing the difference by δ l, we reach finally
the flow equation

dgk

dl
= (d −∆k)gk −

Ωd

2 ∑
n,m

Cnmkgngm

= (d −∆k)gk −∑
n,m

C̃nmkgngm, (A13)

in limit δ l → 0. The solutions of all of these equations deter-
mine the phase diagram of the corresponding quantum many-
body system.

For the operators involved in the interacting Hamiltonian
ℋ̂I of Eq. (15), their treatment can be found in Chapter 4 of
Ref. [33]. Therefore, we are able to write down flow equa-
tion (19) for the correlated quantum wire without further ado.
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