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Two-color laser modulation of magnetic Feshbach resonances∗
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We investigate the two-color laser modulation of the magnetically induced Feshbach resonance. The two-color laser
is nearly resonant with an optical bound-to-bound transition at the resonance position. The analytical formula of scattering
length is obtained by solving the Heisenberg equation. The scattering length can be modified by changing the Rabi fre-
quencies or optical field frequency. By choosing the suitable optical parameters, the two-body loss coefficient K2 can be
greatly reduced compared to the usual single optical scheme.
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1. Introduction

In the past decade, the control of quantum degenerate
gases of ultracold atoms is widely studied by exploiting col-
lisional resonances.[1–4] Many properties of ultracold gases
depend on the s-wave scatting length.[5–7] Magnetic-field-
induced Feshbach resonance (MFR) is an effective tool and
has been applied widely to the research of alkali atomic gases
to control the interaction between atoms.[8–11] However, MFR
is limited in current experiments due to its relatively longer
time scales and lower spatial resolution. An alternative way
for modulating interatomic interactions is optical Feshbach
resonance (OFR). In the OFR, a photoassociation light is em-
ployed to realize the transition from the continuum state of
the colliding atomic pair to the excited molecular state.[12–14]

Fatemi and co-workers[15] observed optically induced Fesh-
bach resonance in a cold (< 1 mK) sodium vapor. Based on
the coherent free-bound stimulated Raman transition, Thal-
hammer et al.[16] investigated optical Feshbach resonance in
the 87Rb Bose–Einstein condensate. OFR offers more flexible
control over the interaction strength since the laser intensity
can be changed on a small scale.[17–19] However, OFR often
suffers from rapid loss of atoms due to the light-induced in-
elastic collisions between atoms which can be characterized
by the two-body loss coefficient K2.

Optical controls together with magnetic Feshbach reso-
nances have been developed to modify the interatomic inter-
action. Bauer et al.[20,21] explored how to control the scatter-
ing length near the magnetic Feshbach resonance by driving
an optical-induced transition between the ground state and ex-
cited molecular state. They demonstrated that a single-color
laser light can not only noticeably shift an MFR but also re-
duce the rate of particle loss. Mackie[22,23] analyzed the role
of quantum interference between magnetic and optical Fesh-

bach resonances in cold atomic collision, and found that the
quantum interference between photoassociation and Feshbach
s-wave resonance could suppress inelastic and enhance the
elastic scattering cross section. The improved quantum inter-
ference method was applied to the optical control with a wide
tunability of scattering parameters.[24]

In our previous work,[25] we theoretically demonstrated
that a dark state formed by the coherent superposition of two
ground-states of a molecule induced by two optical lasers can
modulate the MFR and suppress the inelastic loss. In the
present work, we propose an alternative scheme for control-
ling the scattering length with a two-color optical field. We
focus our attention on how the two excited molecular bound
states are to be coupled to the ground molecular bound state
by two optical fields. The quantum interference of two molec-
ular excited states is used to modulate the MFR and reduce the
inelastic loss. A many-body approach is used to describe the
optical modulation of MFRs in Bose gas. The analytical ex-
pressions of the scattering length are obtained by solving the
Heisenberg equation. The influences of the two-color optical
field on scattering length and two-body loss-rate coefficient
are discussed.

2. Theoretical method
Our control scheme involving four electronic states is

shown in Fig. 1, where |a〉 represents the scattering contin-
uum state. The hyperfine interaction can couple the scattering
continuum state |a〉⊗ |a〉 of the open channel to a bound vi-
brational state |g〉 in the closed channel. The atom–molecule
coupling between the atom-pair state |a〉⊗ |a〉 and the ground
state |g〉, which is related to the Feshbach resonance, is de-
scribed by the coupling strength α . The two-color laser field
couples the ground state |g〉 to the excited electronic states |e1〉
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Fig. 1. (color online) A scheme for optical modulation of a Feshbach res-
onance with two-color optical fields. The two-color optical fields with
frequencies ω1 and ω2 and Rabi frequencies Ω1 and Ω2 couple the ground
states |g〉 to the excited states |e1〉 and |e2〉, respectively. α denotes the
coupling between the incoming atomic pair state |a〉⊗ |a〉 and |g〉, which
is responsible for a magnetically induced Feshbach resonance.

and |e2〉. The two-color laser field modulated by two coherent
and simultaneous pulses can be expressed as[26]

E(t) = E1 cos(ω1t)+E2 cos(ω2t), (1)

where E1 and E2 are the field amplitudes, and ω1 and ω2 are
the center frequencies of the fundamental fields. The Hamil-
tonian is written as[25]

Ĥ =
∫

d3𝑥∑
j

Ψ̂
†
j (𝑥)H j(𝑥)Ψ̂j(𝑥)

+
1
2

∫
d3𝑥1 d3𝑥2Ψ̂

†
a (𝑥1)Ψ̂

†
a (𝑥2)UbgΨ̂a(𝑥1)Ψ̂a(𝑥2)

+ h̄
∫

d3𝑥1 d3𝑥2[Ψ̂
†

1 (𝑋12)α(𝑥12)Ψ̂p(𝑥1,𝑥2)]+H.c.]

+ Ĥint, (2)

where the optical field-system interaction Hamiltonian is given
by

Ĥint = −h̄
∫

d3𝑥[cos(ω1t)Ψ̂ †
e1
(𝑥)Ω1Ψ̂g(𝑥)

+ cos(ω2t)Ψ̂ †
e2
(𝑥)Ω2Ψ̂g(𝑥)+H.c.], (3)

with Ψ̂j(𝑥) (Ψ̂ †
j (𝑥)) ( j = a,g,e1,e2) being the bosonic an-

nihilation (creation) field operator. H j is the single-particle
Hamiltonian. 𝑥12 = 𝑥1 −𝑥2 is the relative coordinate and
𝑋12 = (𝑥1 +𝑥2)/2 the center-of-mass coordinate. Ω1(2) =

〈g|d|e1(2)〉ε1(2)/h̄ is the Rabi frequency corresponding to the
transition |g〉 → |e1〉 (|g〉 → |e2〉). Two-atom elastic collisions
far away from the Feshbach resonance depends on Ubg and the
atom–molecule coupling relevant to the Feshbach resonance is
described by α(𝑥12). The molecule–molecule interactions are
neglected due to the low density of molecules. Since the num-
ber of incoming particles in the gas is small enough, α(𝑥12)

approximates to a constant α . We assumed that the popu-
lation in each state is Bose-condensed and can be described
by a mean field ψ j(𝑥) = 〈Ψ̂j(𝑥)〉, j = (a,g,e1,e2). Taking
the expectation value of the Heisenberg equation of motion
ih̄dΨ̂j/dt = [Ψ̂j, Ĥ] and using the commutation relation of the

annihilation and creation operator, we obtain the mean-field
equation,

i
dψa

dt
=

E int
a

h̄
ψa +

Ubg

h̄
|ψa|2ψa +2α

∗
ψ
∗
a ψg, (4a)

i
dψg

dt
= αψ

2
a +

E int
g

h̄
ψg−Ω

∗
1 ψe1 cos(ω1t)

−Ω
∗
2 ψe2 cos(ω2t), (4b)

i
dψe1

dt
=

E int
e1

h̄
ψe1 −Ω1ψg cos(ω1t), (4c)

i
dψe2

dt
=

E int
e2

h̄
ψe2 −Ω2ψg cos(ω2t). (4d)

The single-particle Hamiltonian containing kinetic operator
and internal energy E int

j is given by

H j(𝑥) =−
h̄2

2m j
∇

2 +E int
j , (5)

where m j = m(2− δa j) is the mass of atom in the state j and
δi j is the Kronecker symbol. The internal energy E int

j depends
nonlinearly on magnetic field B. In the vicinity of the posi-
tion B0 of Feshbach resonance, this dependence is linear and
expressed as

E int
j =−µ j(B−B0)+ h̄ωe1δe1 j + h̄ωe2δe2 j, (6)

where µ j is the magnetic dipole moment. At B = B0, the |a〉
and |g〉 states are degenerate, and the energy of the |e1〉 (|e2〉)
state is h̄ωe1 (h̄ωe2).

We now perform a transformation by ψe1 → ϕe1 e iω1t and
ψe2 → ϕe2 e iω2t . By using the rotating wave approximation,
equation (4) can be written as

i
dϕa

dt
=

E int
a

h̄
ϕa +

Ubg

h̄
|ϕ j|2ϕa +2α

∗
ϕ
∗
a ϕg, (7a)

i
dϕg

dt
= αϕ

2
a +

E int
g

h̄
ϕg−

Ω ∗1
2

ϕe1 −
Ω ∗2
2

ϕe2 , (7b)

i
dϕe1

dt
=

(
E int

e1

h̄
+ω1

)
ϕe1 −

Ω1

2
ϕg, (7c)

i
dϕe2

dt
=

(
E int

e2

h̄
+ω2

)
ϕe2 −

Ω2

2
ϕg. (7d)

Furthermore, by taking

ϕ j = b j e−i[(2−δa j)E int
a /h̄+ω1δe1 j+ω2δe2 j ]t

equation (7) can be reduced to

i
dba

dt
=

Ubg

h̄
|ba|2ba +2α

∗b∗abg, (8a)

i
dbg

dt
= αb2

a +∆gbg−
1
2

Ω
∗
1 be1 −

1
2

Ω
∗
2 be2 , (8b)

i
dbe1

dt
=

(
∆e1 −

i𝛾e

2

)
be1 −

1
2

Ω1bg, (8c)

i
dbe2

dt
=

(
∆e2 −

i𝛾e

2

)
be2 −

1
2

Ω2bg, (8d)
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where 𝛾e is the decay rate resulting from spontaneous radia-
tive decay from the |e1〉 and |e2〉 states to the states that are
not included in the model. ∆g, ∆e1 , and ∆e2 are given by

∆g =
1
h̄

µag(B−B0), (9a)

∆e1 =
1
h̄

µae1(B−B0)− (ω1−ωe1), (9b)

∆e2 =
1
h̄

µae2(B−B0)− (ω2−ωe2), (9c)

where µag = 2µa−µg, µae1 = 2µa−µe1 , and µae2 = 2µa−µe2 .
The adiabatic elimination is performed by setting (d/dt)bg =

(d/dt)be1 = (d/dt)be2 = 0. We can obtain the s-wave scat-
tering length ã = a+ ib by eliminating bg, be1 , and be2 from
Eq. (8), yielding

id
dt

ba =
4π h̄ã

m
|ba|2ba, (10)

ã = abg−
m

2π h̄

|α|2
(

∆e1 −
i
2
𝛾

)(
∆e2 −

i
2
𝛾

)
∆g

(
∆e1 −

i
2
𝛾

)(
∆e2 −

i
2
𝛾

)
−
∣∣∣∣Ω2

2

∣∣∣∣2(∆e1 −
i
2
𝛾

)
−
∣∣∣Ω1

2

∣∣∣2(∆e2 −
i
2
𝛾

) , (11)

where abg is the background scattering length. For a pure Fes-
hbach resonance (Ω1 = Ω2 = 0), equation (11) is reduced to
the well-known result of a magnetically induced Feshbach res-
onance:

ã = abg

(
1− ∆B

B−B0

)
, (12)

with the resonance width

∆B =
2h̄2|α|2

Ubgµag
, (13)

where |α| is the Feshbach strength. The real part a of the
scattering length is responsible to the mean-field energy. The
imaginary part b of the scattering length describes the two-
body loss by rate equation

dn
dt

=−K2n2g(2) (14)

with

K2 =−
8π h̄
m

b, (15)

where n = |Ψa|2 is the peak density of the Bose–Einstein con-
densate (BEC). g(2) is the pair correlation function at zero rel-
ative distance. For a BEC with N atoms, g(2) = 1−1/N.

3. Results and discussion
Using the above theoretical approach, we study the two-

color laser modulation of the magnetically induced Feshbach
resonance. Table 1 shows the parameters used in the calcu-
lation for the 87Rb which are taken from Ref. [22]. Figure 2
displays the imaginary part of scattering length as a function
of the detuning ∆e1 and ∆e2 . We take Ω1 = 5𝛾e, Ω2 = 3𝛾e, and
B−B0 = 0.02 Gs in the calculation. By choosing the suitable
∆e1 and ∆e2 , the imaginary part of scattering length b can be
less than −0.01. The suitable ranges of ∆e1 and ∆e2 are shown
in Fig. 2.

Table 1. Numerical parameters used in the calculation for the 87Rb which
are taken from Ref. [21]. a0 is the the Bohr radius. The unit of µag/h̄,
µae1/h̄, µae2/h̄, and 𝛾e/h̄ is MHz/Gs (1 Gs = 10−4 T). The unit of |α| is
mHz cm3/2.

B0/Gs ∆B/Gs µag/h̄ µae1/h̄ µae2/h̄ 𝛾e/h̄ abg |α|

1007.4 0.21 2π×3.8 2π×2.7 2π×2.7 2π×5.3 100.5a0 2π×1.8
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Fig. 2. (color online) The imaginary part of scattering length as a function
of the detuning ∆e1 and ∆e2 in units of 𝛾e.

The change of scattering length with the photon detun-
ings ∆e1/𝛾e is illustrated in Fig. 3. The parameters are chosen
as before. For ∆e2 = 0, there is one resonance at ∆e1 = 0. For
∆e2 = −2𝛾e the resonance takes place at ∆e1 = 5.0𝛾e. The
imaginary part b displays a dispersive feature and the real
part a is approximately described by the Lorentzian function.
As shown in Fig. 3(b) and Fig. 3(d), the resonance position
changes with ∆e2 . When ∆e2 = −2𝛾e, the minimum of imag-
inary part b/abg appears at ∆e1 = −1.9𝛾e, which means that
the two-body loss reaches its minimum value. For ∆e2 = 0,
the imaginary part b/abg displays an opposite variation trend
to that for ∆e2 =−2𝛾e. The imaginary part b/abg =−0.008 at
∆e2 = 0, which is less than the value obtained in a single-color
field. This means the two-color field can enhance the scatter-
ing length and reduce the loss by adjusting the detunings ∆e1

and ∆e2 .
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Fig. 3. The scattering length as a function of the detuning ∆e1 for ∆e2 = 0 and ∆e2 =−2𝛾e.

Figure 4 shows the scattering lengths a and b in units
of the background length abg as a function of the ratio K =

Ω1/Ω2. Here B− B0 = 0.02 Gs. For ∆e1 = 2.5𝛾e, ∆e2 =

−2.5𝛾e, and Ω2 = 2𝛾e, a resonance is created at K = 0.9. For
∆e1 = ∆e2 = 2.5𝛾e and Ω2 = 2𝛾e, the real part a decreases
rapidly with the increase of K. For different detunings, the
imaginary part b displays two different variation trends. From
Eq. (15), we can see that the two-body loss coefficient K2 is
proportional to the absolute value of b. With the increase of
K, the absolute value of b decreases up to 0.001. This means
that we can reduce effectively the two-body loss coefficient K2

by adjusting the ratio of the Rabi frequencies Ω1 and Ω2.
To explore the magnetic field dependence of the scatter-

ing length for fixed optical field parameters, we calculate the
scattering lengths a and b as a function of B. The Rabi frequen-
cies are fixed at Ω1 = Ω2 = 10𝛾e. As shown in Fig. 5, two res-
onances appear in a, and each of them displays approximately
dispersive feature. From Fig. 5(a), we can observe two sym-
metrical splits around B0 when ω1 = ωe1 and ω2 = ωe2 , which
are the well–known Auter–Townes doublet. When ω1−ωe1 =

−5𝛾e and ω2−ωe2 = −5𝛾e, the two resonance positions ap-
pear at B−B0 = 7.7 Gs and B−B0 =−17.5 Gs. In Fig. 5(b),
the imaginary part b also displays two resonances. For dif-
ferent detunings, their heights, widths, and positions are quite
different. When ω1 = ωe1 and ω2 = ωe2 , we observe two sym-
metrical resonances at B−B0 = 11 Gs and B−B0 =−11 Gs.
When ω1−ωe1 =−5𝛾e and ω2−ωe2 =−5𝛾e, two resonances
appear at B−B0 = 7.7 Gs and B−B0 =−17.5 Gs. The bound-

to-bound coupling can modify the energies of the bound levels.
By changing the Rabi frequencies, the bound level crosses the
atomic threshold of a different hyperfine level and new Fes-
hbach resonance can be created. With the shift of the bound
level the crossing position is also changed which means that by
adjusting the parameter of the light, we can modify the Fesh-
bach resonance.
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Fig. 4. (color online) Scattering length as a function of the ratio K =
Ω1/Ω2 for (a) Ω2 = 2𝛾e, ∆e1 = 2.5𝛾e, and ∆e2 = −2.5𝛾e, (b) for Ω2 =
2𝛾e, ∆e1 = 2.5𝛾e, and ∆e2 = 2.5𝛾e. The black line shows the real part
a/abg and the red line shows the imaginary part b/abg.
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Fig. 5. (color online) (a) The real part a/abg of the scattering length
as a function of the magnetic field B− B0 for fixed optical field. (b)
The variations of imaginary part b/abg of the scattering length with the
magnetic field B− B0 for fixed optical field. The solid red line is for
ω1 = ωe1 and ω2 = ωe2 , the dotted black line is for ω1 −ωe1 = −5𝛾e
and ω2−ωe2 =−5𝛾e.

4. Conclusion
We have demonstrated theoretically that a two-color field

can be successfully used to modulate magnetically induced
Feshbach resonance in Bose gas. Two-color field coupling
the ground state and excited state can change the scattering
length and reduce the two-body loss coefficient K2. The an-
alytical expression of scattering length is derived by solving
the Heisenberg equation. The scattering length can be modi-
fied by changing the Rabi frequencies or the frequency of the

optical field. By choosing the suitable optical parameters, the
two-body loss coefficient K2 can be greatly reduced compared
to the usual single optical scheme.
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