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Decoherence in optimized quantum random-walk search algorithm

*

Zhang Yu-Chao(7K5%#)9%), Bao Wan-Su(#lf775)0P) T, Wang Xiang(7E #)®"), and Fu Xiang-Qun(f+f [ #)2)°)

a)Zhengzhou Information Science and Technology Institute, Zhengzhou 450004, China

b) Synergetic Innovation Center of Quantum Information and Quantum Physics,
University of Science and Technology of China, Hefei 230026, China

(Received 6 January 2015; revised manuscript received 11 March 2015; published online 20 June 2015)

This paper investigates the effects of decoherence generated by broken-link-type noise in the hypercube on an op-
timized quantum random-walk search algorithm. When the hypercube occurs with random broken links, the optimized
quantum random-walk search algorithm with decoherence is depicted through defining the shift operator which includes
the possibility of broken links. For a given database size, we obtain the maximum success rate of the algorithm and the
required number of iterations through numerical simulations and analysis when the algorithm is in the presence of decoher-
ence. Then the computational complexity of the algorithm with decoherence is obtained. The results show that the ultimate
effect of broken-link-type decoherence on the optimized quantum random-walk search algorithm is negative.
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1. Introduction

Quantum computation shows a huge advantage in dealing
with many classical problems because of its powerful parallel
computing ability. So far, some remarkable quantum algo-
rithms have been proposed, including Grover’s algorithm!!]
and Shor’s algorithm.?! Compared with the classical algo-
rithm, Grover’s algorithm provides a quadratic increase in
speed and Shor’s algorithm provides an exponential increase
in speed. The random-walk is a strategy often used in the de-
sign of classical algorithms. As a random-walk on a general
graph can be used to address hard problems such as k-SAT

(341 So it is a natural question to ask

and graph connectivity.
whether the algorithm based on quantum random walks that
can provide an increase in speed. With the in-depth study of
quantum random walk, mixing time and hitting time on some
graphs which are superior to the classic counterparts are con-
stantly explored.>~7! It shows a potential in the design of the
quantum algorithm. Therefore, the research of quantum ran-

(8-101 and the algorithms based on quantum random

dom walks
walks have become a hot topic.

In 2003, a quantum random-walk search algorithm
(called as SKW algorithm)!'!l was proposed by Shenvi. It
iterates (7r/4)v/2"+1 times with a success rate of 0.5 approx-
imately, reaching quadratic increase in speed on an unstruc-
tured 2"-sized database. In 2008, Potocek put forward the
optimized quantum random-walk search algorithm (optimized
SKW algorithm).['?! It iterates (7/4)+/2" times with a suc-
cess rate of 1 approximately. These two algorithms are not
superior to Grover’s algorithm in computational complexity,
but they have certain advantages in physical implementation
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and resistance to errors.!'3!4 Since then, many algorithms

based on quantum random walks have been proposed.!!3-17]
On the other hand, when solving the spatial search problem,
algorithms based on quantum random-walks are proved to be
better than Grover’s algorithm.!1%19]

In practice, errors in the implementation of quantum al-
gorithms are inevitable. The error in each step may be very
small; but the scale of quantum computation is usually ex-
ponential, small errors may accumulate into large errors and
affect the algorithm results. Different errors have different ef-
fects on the algorithm. Studying the effects on the quantum
algorithm can improve the reliability of it and be beneficial for
the implementation of the algorithm. There are two main types
of errors. One results from the gate imperfection, and errors
in most of the existing research are generated by it. In 2000,
Long found systematic errors in phase inversions and random
errors in Hadmard—Walsh transformations are the dominant ef-
fects in Grover’s algorithm. ?°! Tn 2003, Shenvi studied the ro-
bustness of Grover’s algorithm to a random phase error in the
oracle and the error tolerability of the algorithm.?!! Tn 2006,
Li studied the effects of the error in phase inversions on the
SKW algorithm and found that in addition to reducing the
probability of the marked state eventually, the error also re-
duces the maximum probability of the unmarked state, which
is different from Grover’s algorithm.[??! The other is generated
by decoherence. Decoherence is due to the quantum system
disturbed by the influence of random events, such as random
measurements. It will result in the entanglement of quantum
states and superposition properties being destroyed, weaken-
ing the coherence. As the particularity and randomness of this
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kind of error are generated, it is difficult to make a relevant
theoretical analysis. Investigations on this kind of error in the
algorithm are rare. In 2009, Abal et al. investigated different
errors in the SKW algorithm including the error generated by
decoherence in the shift operator. (>3]

In addition, the other significance of studying decoher-
ence in the quantum algorithm based on quantum random
walks is that it may have positive effects on the algorithm. 4]
Because quantum random walk is highly sensitive to the ef-
fects of decoherence, the right amount of decoherence can re-
sult in a particular probability distribution and quantum speed
up. This is also very encouraging for the prospects of using
quantum random walks as the basis of powerful quantum al-
gorithms. Currently, the effects of decoherence on quantum
random walks on various graphs have been studied fully.[>>-27]
In 2003, Kendon and Tregenna found a small amount of de-
coherence in a walk on the line or the cycle is beneficial,
producing more uniform distributions (line) and faster mix-
ing to a uniform distribution (cycle).**! In 2008, Marquezino
found a controlled amount of decoherence help in obtaining a
shorter mixing time to a uniform probability distribution over
the hypercube.!?®! Thus, we notice that the optimized SKW
algorithm is also based on a walk on the hypercube. When it
is in the presence of decoherence, it will make the probability
distribution uniform over the hypercube, which concerns how
the success rate of the algorithm can be achieved. On the other
hand, the mixing time concerns the required number of itera-
tions. So, the final effects of decoherence on the optimized
SKW algorithm remain to be studied.

This paper investigates the effects of decoherence gen-
erated by random broken links in the hypercube on the opti-
mized SKW algorithm. First defining the shift operator with
the possibility of broken links, the optimized SKW algorithm
with decoherence is depicted. Then through numerical simu-
lations and analysis, it is found that decoherence will reduce
both the maximum success rate of the algorithm and the re-
quired number of iterations. The expression of the maximum
success rate and the expression of the required number of it-
erations are obtained respectively. Based on the above rela-
tionships, we get the algorithmic computational complexity
We obtain the
critical values of the decoherence rate (Ina)/(3-2"2) and
(Inv/27)/(3-2"7%). When the decoherence rate varies in dif-
ferent intervals of them, the algorithmic complexity will vary,
taking O(+/2") and O(2") as the critical values.

The rest of this paper is organized as follows. In Sec-

when it is in the presence of decoherence.

tion 2, we introduce the optimized SKW algorithm. In Sec-
tion 3, the optimized SKW algorithm with decoherence is de-
picted. Section 4 gives the numerical analysis and results of

the algorithm with decoherence. Section 5 is the conclusion.

2. Optimized SKW algorithm

The data in the 2"-sized database can be expressed as
x = (x1,X%2,...%,), xi = {0, 1}. || is its Hamming weight and
p(x) = |z| mod 2 is its parity bit. Then a map from 2" to 2"*!
can be built, z — ' = z||p(x), i.e., adding the parity bit at the
end. Due to the oracle containing information of the marked
state and x is one-to-one with &', we suppose ' can also be
identified by the oracle.

Then ' can correspond to the vertex of an n+ 1 dimen-
sional hypercube. They are connected only if their Hamming
distance is 1. Assuming the marked vertex is |0), since the
hypercube is symmetrical, its selection will not affect the fi-
nal result. This database search problem is then equivalent to
searching for a single marked vertex amongst the vertices on
the hypercube.

In detail, the optimized SKW algorithm can be described
by the repeated application of a unitary evolution operator UU’
on the Hilbert space H = H® @ HS of an (n + 1)-dimensional
hypercube. HC represents the (n 4 1)-dimensional Hilbert
space of the quantum coin, and H® represents the 2"*!-
dimensional Hilbert space of the vertex. The state in H is
|d,x), where d specifies the state of the coin and x specifies
the position on the hypercube. The unitary operators are

U=S5-Cy (1)
and
U'=s-C, )
where the shift operator is
2 1 n1

S=Y Y ldzdes)(d x| 3)
x=0 d=1

It will depend on the state of the coin d to perform a control
transfer, mapping the state from |d,x) to |d,x @ e,;), where
leg) =0---010---0) is a null vector except for a single 1 en-
try at the d-th component. The most remarkable fact about S is
that it contains all information about the topology of the graph.
The coin operator can be written as

C'=CoxI+(C)—Cy) ®|0)(0]. )
Cy is generally chosen as the Grover operator, i.e.
Co=G =2[S)(s| 1. 5)
It acts on the unmarked vertices, where

1 n+1
Y. Id)

=Gk

C is generally chosen as —I, acting on the marked vertex.
The detail steps of the optimized SKW algorithm are as
follows:
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(i) Initialize the quantum computer to the equal superpo-
sition over all states, | W) = [S€) ®|S5). Using orthogonal pro-
jection P,, |yp) is mapped to the basis vectors that the Ham-
ming weight of vertexes are even, and obtain the initial state
W)

(i) Apply the evolution operator UU’' = S+ (Co®1) - S -
C' to the initial state |yp'®) with (m/4)Vv/2" times. C' is
used to flip the phase of the marked state, C'|SC) ® |x) =
(—1)/WIS) @ [x), when [x) = 0}, £(x) = 15 when |1}  [0),
flx)=0.

(iii) Measure the quantum state. The probability to obtain
the marked state [S€) ® |0) is 1 —O(1/(n+1)).

3. The optimized SKW algorithm with decoher-
ence

Quantum coherence will be disturbed by the influence of
random events, which are usually modeled by some nonuni-
tary disturbances, such as random measurements, or unitary
disturbances, such as broken links.[?! These events are char-
acterized by a rate defined in terms of a probability param-
eter 8. fop = 1/0 has been proved to be an important criti-
cal value.>! When the time of quantum random walks is be-
yond it, the characteristics of probability distribution of quan-
tum random walks will disappear and the classical behavior
emerge. This paper considers that decoherence is caused by
topological noise which breaks links randomly between con-
nected sites of the hypercube. Currently, the effects of this
decoherence model on quantum random walks have been in-
vestigated deeply, including on a line,!*! on a plane!?®! and on
a hypercube. 2%

In detail, each vertex in an n dimensional hypercube is
connected with other n adjacent vertices. At each time step,
the link between two vertices will be broken at probability J.
When it is broken, the graph is no longer a hypercube. So, the
shift operator in the original algorithm needs to be redefined
to include the possibility of broken links, as

2"—1 n

S= Z Zlde@ed(x>><d’w|’ (6)

x=0 d=1
where

eq(x) = e, if the link at site x in direction d is good,
d 0, if the link at site x in direction d is broken.

The function ey (x) only depends on x and d. If at site x the
link in direction d is broken, there will be |d,x @ e;){d, x| =
|d,z){d,xDey| = |d,x)(d,x|. The probability flux which
will originally cross the link can only be maintained in situ.
The new shift operator S will preserve unitarity, no matter
which links break.

The actual steps of the optimized SKW algorithm with
decoherence are as follows:

1) Initialize the quantum computer to the equal superposi-
tion over all states, |yo) = |S€) ® |S5). By orthogonal projec-
tion P,, |yp) is mapped to the basis vectors that the Hamming
weight of vertexes are even, obtaining the initial state \l//0<e>>.

ii) Apply the evolution operator l7,-UN’,- to the initial state
|wo(©)) with £ times, obtaining

W) = (GIU)(UaU") - (GU") [ wo' ).

The shift operator S varies randomly in every U; and W(l <
i<t).

iii) Measure the quantum state. The probability to obtain
the marked state |S) ® |0) is p.

Because the link breaks randomly, it is not practical to
build an algorithm model by theoretical analysis to study ef-
fects on the algorithm. We will first investigate the character-
istics of the algorithm through numerical simulations when it
is in the presence of decoherence. There are n-2"~! links in
the n-dimensional hypercube. Because the probability of each
link being broken is &, assuming per time step the number of
broken links satisfies the Poisson distribution, i.e. & -n-2""!
and they are selected randomly.

First, we study the relation between the number of iter-
ations and the success rate of the algorithm when n = 8. We
simulate situations for § =0, § =5 x 1074, and & = 0.01 re-
spectively. See Fig. 1.
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Fig. 1. Relation between the number of iterations 7 and the success rate of
the algorithm p when n = 8. The asterisks line represents 6 = 0.01. The
“x” line represents § = 5 x 10~ and the circles line represents & = 0.

We can see the general relation between the number of
iterations and the success rate of the algorithm from Fig. 1.
The circles line represents that it needs 13 iteration times to
reach the maximum probability when the decoherence rate is
0. Its success rate of the algorithm changes periodically. The
x line represents that it needs 12 iteration times to reach the
maximum probability when the decoherence rate is 5 x 1074,
but it is smaller than the maximum probability obtained in the
previous case, and the next peak of wave is even lower. So, the
success rate of the algorithm no longer periodically changes.
The asterisks line represents that the decoherence rate is 0.01.
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Both the maximum probability and the required number of it-
erations are the smallest, and the success rate changes gently.

Then we study the effects of decoherence on the different
databases. Figure 2 shows the relation between the number of
iterations and the success rate of the algorithm when the de-
coherence rate is 5 x 107*. The database size is N = 2" and
n=17,8,9.
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Fig. 2. Relation between the number of iterations ¢ and the success rate of
the algorithm p when & = 0.0005. The circles line represents n = 9. The
asterisks line represents n = 8 and the “+” line represents n = 7.

It is shown that first the success rate increases with the in-
crement of the number of iterations. The larger the database,
the more the required number of iterations. However, the max-
imum probability that can be achieved is smaller.

Above we describe the optimized SKW algorithm with
decoherence, making a preliminary study of the success rate
of the algorithm and the number of iterations when it is in the
presence of decoherence. The effects of the same decoher-
ence rate on different databases have also been studied. Sim-
ulations show that the impact on the maximum probability is
greater than that on the required number of iterations. For the
same decoherence rate, the larger database will be subject to
a greater impact. In the following we will further study the
quantitative relationship between the success rate of the algo-
rithm, the number of iterations, the decoherence rate, and the
database size.

4. Numerical analyses and results

First we study the relationship between the decoherence
rate and the maximum success rate of the algorithm. The size
of databases are 27,2827 respectively. See Fig. 3.

It can be seen from Fig. 3 that the maximum success rate
decreases exponentially with the increment of the decoherence
rate. The larger the database, the faster the decrease. With
curve fitting, we obtain the expression for the maximum suc-
cess rate pmax, the size of the database 2" and the decoherence
rate § as

Pmax = P0 (6—2"~5+b +1- eb); @)

where py is the success rate of the algorithm without decoher-
ence. —1 < b <0, and with the increment of n, b gradually
tends to 0. So the expression is derived approximately as

Pmax = po-e 20 8)

We notice that the form of this expression is the same as the
expression of hitting time probability to the opposite corner
in Section 6 of Ref. [24], which is about the decoherence rate
and the dimension of the hypercube. It means the impact of
decoherence on them is similar.
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Fig. 3. Maximum success rate of the algorithm ppmax versus the decoher-
ence rate 8. The circles line represents n = 9. The asterisks line represents
n =8 and the “+” line represents n = 7.

0 0.01

Correspondingly, the relationship between the decoher-
ence rate and the required number of iterations is shown in
Fig. 4. It can be seen from Fig. 4 that the required number
of iterations decreases exponentially with the increment of the
decoherence rate. The larger the database, the faster the de-
crease. With curve fitting, we obtain the expression for the
required number of iterations #y, the size of the database 2"
and the decoherence rate § as

fo = 2\/27- (e 270te 1 — e0), ©)

where —1 < ¢ < 0. With the increment of n, ¢ gradually tends
to 0. So the expression is derived approximately as

o~ %/27. e 279, (10)

Because 6 >0, 0 < 6’2"72'5 < 1 is established. Assuming d
is a constant, when e 28 = d, we obtain § = flnd/Z"_z.
Therefore, when 6 = 0, the required number of iterations is
(7/4)V/2". When 0 < § < —Ind/2"~2, the required number
of iterations is (7/4- 6‘2”72'5)\/27. Its computing scale does
not change. When § > —Ind/2"~2, the required number of

iterations is (7r/4)y/2"/e2" "8, which means the computing

scale is dropped.
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Fig. 4. Required number of iterations #, versus the decoherence rate §.
The circles line represents n = 9. The asterisks line represents n = 8 and
the “+” line represents n = 7.

From the above analyses, when the algorithm is in the
presence of decoherence, both the maximum success rate and
the required number of iterations will decrease. Therefore,
the computational complexity of the algorithm may change.
Here we define its computational complexity as the required
number of iterations to obtain a success probability of pg. If
the probability of obtaining the marked state upon measure-
ment after ¢ iterations is p, then by repeating this procedure
approximately po/p times, we can boost the overall success
probability to pg. Thus, the overall complexity of the algo-
rithm is O(¢/p).1?!! When it is in the presence of decoherence,
lett = tg and p = pmax. So the overall complexity of the algo-
rithm is O(#y/ pmax )- Figure 5 shows the relationship between
the decoherence rate 6 and fy/ pmax-
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Fig. 5. 19/pmax Vs the decoherence rate 8. The circles line represents
n =9. The asterisks line represents n = 8 and the “+” line represents
n=17.

Shown in Fig. 5, £/ pmax increases with the increment of
the decoherence rate. The larger the database, the faster the
decrease. It suggests that decoherence will degrade the quan-
tum effects of the algorithm and may lead to the algorithmic
complexity increasing. Then, it will not speed up as expected.
When the decoherence rate increases to a critical value, the
quantum effects of the algorithm may disappear completely,

which will not have any speed up compared with the classical
search. We evaluate

o) - o @AVEe T
Pmax Po- e—2"9
= O(V2r- ¥, (11

When /2" - g2 738 — 2", we obtain § = In+/2"/3-2""2. Be-
cause 8 > 0, e2n72'35 > 1 is found. Assuming a is a constant,
when €233 = g, we obtain § = Ina/3-2"2.

In summary, when 0 < 0 <1lna/3- 272 the complexity
of the algorithm is O(1/2"). It still has a quadratic increase
in speed. When Ina/3-2""% < § < In+/2"/3-2"2, the algo-

rithm can only produce a certain quantum increase in speed.
’2-35)

The complexity of the algorithm is O(v/2" - e?" , between
0(v/2") and O(2"). When & =1n+/2"/3-2"~2, the complexity
of the algorithm is O(2"), which is the same with the clas-
sical search and has no quantum increase in speed. When
8 >1Iny/27"/3.2"2, the algorithmic complexity may be be-
yond the classical search.

Above investigations show that the broken-link-type de-
coherence will make the probability distribution on the hyper-
cube tend to be uniform. This is in conflict with the purpose
of marking the target by oracle in the search algorithm, which
attempts to focus the probability distribution on the target. Al-
though the decoherence will result in the decrease of the re-
quired number of iterations, its ultimate impact on the algo-
rithm is negative from the computational complexity point of

view.

5. Conclusion

This paper studies the effects of broken-link-type deco-
herence on the optimized SKW algorithm in detail. By defin-
ing the shift operator with the possibility of broken links,
the optimized SKW algorithm with decoherence is depicted.
Through simulations and analyses, we find this decoherence
will decrease the maximum success rate and the required num-
ber of iterations. We obtain two expressions for the maxi-
mum success rate and the required number of iterations as a
function of the decoherence rate and the database size. When
8 = 0, the required number of iterations is (7/4)v/2", which
is the number of iterations of the ideal algorithm. When
0<d6<—Ind/ 272 the required number of iterations is
(m/4- e2”72'5)¢27. Its computing scale is still v/27, but the
coefficient decreases. When & > —Ind/2"~2, the required
number of iterations is (7r/4)y/2"/(e2"""9), which reduces
the computing scale. Finally, we obtain the algorithmic com-
plexity when it is in the presence of decoherence. The algorith-
mic complexity is O(2"), when the decoherence rate satisfies
0 < & <Ina/3-2"2. The algorithmic complexity is O(v/2" -

2 .
e?" 73%), when the decoherence rate satisfies Ina/3-2"2 <
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8 <Inv/27/3-2"72. When § = In\/2"/3-2"~2, the algorith-
mic complexity is O(2"), which is the same with the classical
search. When § > In+/2"/3-2"2, the algorithmic complex-
ity may be beyond the classical search. The above conclusions

show that the ultimate effects of broken-link-type decoherence

on the optimized SKW algorithm is negative.
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