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Using an algebraic approach, it is possible to obtain the temporal evolution wave function for a Gaussian wave-
packet obeying the quadratic time-dependent Hamiltonian (QTDH). However, in general, most of the practical cases are
not exactly solvable, for we need general solutions of the Riccatti equations which are not generally known. We therefore
bypass directly solving for the temporal evolution wave function, and study its inverse problem. We start with a particular
evolution of the wave-packet, and get the required Hamiltonian by using the inverse method. The inverse approach opens
up a new way to find new exact solutions to the QTDH. Some typical examples are studied in detail. For a specific time-

dependent periodic harmonic oscillator, the Berry phase is obtained exactly.
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1. Introduction

The harmonic oscillator!!! is an extremely important
model in quantum mechanics and leads to many important
insights. In addition, when we consider systems that have
interactions with changing surroundings, it is convenient to
introduce the time-dependent Hamiltonian to provide a phe-
nomenological description. The Paul trap!?! is just one ex-
ample of time-dependent harmonic oscillators (TDHO), in
which the frequency is time-dependent. TDHO have many ap-
plications in many branches of physics, including molecular
physics, quantum chemistry, and quantum optics.>~7! How-
ever, the TDHO are among only a very few exactly solved
time-dependent systems, 3-1°! although many approaches have
been used. The quantum-invariant method was invented by
Lewis and Riesenfeld!!"'2] to solve the TDHO Hamiltonian,
and in the following decades, many other analytical methods
were discovered, such as the orthogonal functions invariant
method, 1314 the algebraic method,!>1%! the evolution oper-
ator method,!!”) and the propagator method!'®! among others.
Based on the analytical solutions of the time-dependent peri-
odic harmonic oscillator, the Berry phase can be obtained if
the solutions are stable.[!%-20]

In distinction from the harmonic oscillator, the inverse
harmonic oscillator (IHO) has a continuous spectrum and is
doubly degenerate.>!! The IHO also has many applications in
various fields, such as in studies of the expansion of the early

22231 open quantum

28]

universe and the study of black holes,!

27

systems,[24‘26] nuclear fission,?”! and reactive scattering.[

It may serve as a test and illustration of various approxima-
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(29311 Therefore, it is also worth making the ef-

tion methods.
fort to obtain the solutions of the time-dependent inverse har-
monic oscillator (TDIHO). Since both the TDHO and TDIHO
possess the same SU(1,1) algebraic structure, many meth-
ods of solving TDHO problems are also applicable in the
TDIHO problem. Hence for as long as we focus only on
the methodology, it is not necessary to make a distinction be-
tween the TDHO and TDIHO, both of which will be referred
to as quadratic time-dependent Hamiltonians (QTDH). How-
ever, a huge difference arises once one investigates the prop-
erties of solutions of the TDHO and TDIHO. Using the in-
variant method of Lewis and Riesenfeld, the exact wave func-
tion of the TDIHO has been obtained in terms of the Weber

n.132-341 With the evolution operator method, the quan-

functio
tum tunneling effect of the coherent states and the Gaussian
wave-packet in the inverse Caldirola—Kanai harmonic oscilla-
tor have been studied at length.[3-37! Recently, we proposed
an algebraic method*®! to obtain the temporal evolution wave
function of the Gaussian wave-packet in the TDIHO. In partic-
ular, the quantum tunneling effect and the sojourn time of the
Gaussian wave-packet were studied.[*®! On the basis of this al-
gebraic method, the counterintuitive properties of the sojourn
time of the IHO on the two-dimensional (2D) noncommutative
plane were discussed in Ref. [39]. In addition, the temporal
evolution of the TDIHO in arbitrary dimensions has also been
investigated. [40]

Many studies have shown that in order to solve a QTDH
problem a key step is to get the general solution of a Riccatti

equation or its deformation. However, the Riccatti equation is
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a nonlinear differential equation and the known analytic solu-
tions are limited. Therefore, most practical cases are generally
unsolvable in exact expressions. On the other hand, we of-
ten wish to obtain a wave-packet with a particular evolution.
We then need to know the QTDH required to get this evolu-
tion. We call this problem the inverse QTDH problem. It is
interesting that getting the Hamiltonian that yields a specific
evolution is much easier than solving the Schrédinger equa-
tion with a given Hamiltonian. This reverse idea is also very
useful for discovering many new exact solutions to the QTDH.
In addition, for some specific periodic Hamiltonians it is also
possible to find their exact Berry phase.

The paper is organized as follows: in Section 2, the for-
mal solution of the wave-packet’s evolution wave function is
obtained using the algebraic method. This is within the context
of the direct QTDH problem . In Section 3, the inverse prob-
lem method for the QTDH is developed. Some typical exam-
ples are calculated in Section 4. For a specific time-dependent
periodic harmonic oscillator, the Berry phase is obtained ex-
actly in Section 5. A brief summary and remarks are presented
in Section 6.

2. Direct problem of the quadratic time-
dependent Hamiltonian

The quadratic time-dependent Hamiltonian can be written

as
A2 y)
A p X
Al =% +@()= 1
(=" +8()7, (M

where p and £ are operators of the momentum and coordinate
respectively, and @ (¢) is a real function of time 7. Case @ () >
0 is the oscillator problem, case @ (r) < 0 is the parabolic po-
tential barrier problem, and case @ (f) = 0 is the free particle
problem. Throughout this paper the units (i = m = 1) are uti-
lized.

It is easy to show that the Hamiltonian (1) has an SU(1,1)
algebraic structure, whose generators satisfy the relations

~

iy, 1) =20, [lo,1.]) =+l )

with the following realization

2. i,
AT O

52
jo= P

1+ f_ =

N 2

The time-dependent Schrodinger equation is

.0 N
2 w(0) = A (). @)

The Hamiltonian (1) can be simplified by an appropriate
unitary transformation given by

A N

U(t) = expliv_ (t)I_]exp[vo(t)lo), ®)

where v_(¢) and vo(¢) must satisfy the conditions
v (1) —vo(t) =0, V2 (t)+v_(1)+@()=0.  (6)

The dots on the top of functions denote differentiation with
respect to t. The second differential equation in Eq. (6) is a
Riccatti equation, and for an arbitrary @(z) it is a challenging
mathematical task to obtain the general solutions.
The transformed Hamiltonian then becomes
s iy 010 P
H=U "HU-iU EU :exp(—vo(t))T. @)
Now, it is easy to obtain the solution of the time-
dependent Schrodinger equation with the transformed Hamil-
tonian (7)

B (1)) = expli6,(1)]|p), ®

where |p) is the eigenstate of momentum p with eigenvalue
p which can be an arbitrary real number. The phase function
6,(t) is given by

o) = [ ae| (i3~ 0)) )|
= —p;/Othexp(—vo(T)). ©)]

We can then obtain the solution of the time-dependent
Schrddinger equation with the original Hamiltonian (1)

() = U(0)|%, (1))
— expli, (1) expliv_(1)]Jexplvo(t)h]p)- (10)
Choosing the initial condition v(0) = v_(0) = 0, this solu-

tion describes the temporal evolution of the plane wave |p).
Therefore, the temporal evolution of an arbitrary initial state

) = [ aplp)ep) an
can be expressed as
(0= [ dplTe)o(p). (12)

We consider the temporal evolution of a minimum-
uncertainty wave-packet stationed initially at the origin, and

1/4
¥ (x,0) = (iﬁ) exp (—12";8). (13)

After a Fourier transformation, equation (13) can be expressed

written as

in momentum representation, as

o(p) = (nho) *exp {—2;0172} : (14)

Substituting Egs. (10) and (14) into Eq. (12), one can obtain
the temporal evolution wave function as

o () (i)
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con] 0% Tl 0], s

where we have used the notations

2(0) = exp [—02“)} - A= [ dres(-n(@). (6

Thus, at any time the probability density distribution of the
particle is always Gaussian, and is given by

2or? 1/2
plx,1) = |¥(x0)f = <7r(1+77i§2(t))>
dox?(t)
X exp {H)L()W(t)xz] ' 0

However, the width Ax’(f) of the wave-packet is time-
dependent with
1 AGAR(r)

2

So far the problem of the wave-packet’s evolution in
QTDH has been solved formally, but in practical cases one
must obtain the exact solution of Eq. (5), which may be dif-
ficult because the second differential equation in Eq. (6) is a
Riccatti equation. This is a nonlinear differential equation for
which the known analytic solutions are very limited.

On the other hand, if one wishes to deal with a wave-
packet with a particular known evolution, then the problem
becomes that of finding the Hamiltonian required to yield this
temporal evolution. We call this problem the inverse QTDH
problem. One of the important physical quantities of the wave-
packet is its width. Therefore, in the following we start with
the desired temporal evolution function of the wave-packet’s
width, and deduce the required Hamiltonian. We will see
that solving the inverse problem is much easier than the di-
rect problem. Our analysis will greatly enrich the number of
known analytical solutions to the QTDH.

Since we start with the wave-packet’s width, we will
adopt an appropriate unit. Without loss of generality, we set
the initial value of the wave-packet’s width as one unit, i.e.,
Ao = 1. Thus, the new units of length and time become 1/ vV
and m/hAy, respectively. Then the initial value of the wave-
packet’s width is Ax?(0) = 1/2, and its temporal evolution ex-
pression simplifies to

_ 14+A%(r)
A0 = S

19)
3. Inverse problem of quadratic time-dependent
Hamiltonians

According to Eq. (16), we can obtain

_ dAQ@)

o =A (20)

x(t)

Thus, equation (19) can be rewritten as

1+A2(t)

AP () = ———— . 21
0= en
It can be easily verified that the above equation can be ex-
pressed as

arctanA = F(t) 4+ C, 22)

where the constant C will be determined by the initial condi-
tion, and we have introduced an assistant function F(¢), de-
fined as

1 dr 23)

FO=35 | mam

According to the initial condition vy(0) = v_(0) = 0 and
Eq. (16), we have A(0) = 0. Thus from Eq. (22) we obtain
C = —F(0). Therefore, equation (22) can be rewritten as

A(t) = tan[F (t) — F(0)]. 24)

We take the derivative on both sides of Eq. (24), and have

exp[—vo(1)] = f(t) sec*[F (t) — F(0)], (25)
where
flo) = dif) = Axlz(t). 26)

Hence, one can obtain the relation between vy (¢) and the wave-
packet’s width Ax? (¢), as

vo(t) = —In{f (1) sec’[F(r) — F(0)]}. 27

On the other hand, from equation set (6) one can obtain
the differential equation satisfied by vo(¢) as

1.1,
Ev0+1v{-‘;+w(z) =0. (28)

Substituting Eq. (27) into the above equation, one can obtain a
surprisingly simple expression relating @ (¢) and Ax?(z), given
by

ot (@art+2ff-37%), (29)

1
Zap
where f(¢) is defined in Eq. (26). The validity of Eq. (29) can
be confirmed for the free particle case, the harmonic oscilla-
tor and the inverse harmonic oscillator case, respectively. The
evolution functions of the wave-packet width in the free par-
ticle case, the harmonic oscillator case, and the inverse har-
monic oscillator case are (1+¢2)/2, 1/2, and (cosh2t)/2,
respectively. Substituting them into Eq. (29), one obtains
o()=0,o(t)=1,and @(t) = —1, respectively.

In addition, if the initial center of the wave-packet is not
at the origin (i.e., xg # 0), then we have the temporal evolution
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of the wave-packet’s center as derived in Ref. [38], and given
by

xo(t) =xox " (1) = xoexp(vo(t)/2). (30)

Substituting Eq. (27) into the above equation, we obtain the
evolution function of the center of the wave-packet as

F(t)—F(0
f(t)
By analyzing the evolution function of the center of the wave-
packet one can deduce the stability of the system. ]

4. Examples
4.1. Power law diffusion

We suppose that the evolution function of the wave-
packet width obeys power law diffusion:

sz(t):%(l—&-th), (b>0). (32)

The case b = 2 corresponds to the free wave-packet, i.e.,
@ (1) = 0. Here we can obtain the Hamiltonian for any case
with b > 0. Substituting Eqs. (26) and (32) into Eq. (29), we
obtain

b(b—2)t** +2b(b — 1)1* — 412
42 (P +1)2

o) = (33)

According to Eq. (31), the evolution function of the wave-
packet’s center can be shown to be

x(t) = V/141Pcos [tF(l,llj,l—i—ll),—tb)], (34)

where F(a, 8,7,7) is the hypergeometric function. [*!]

4.2. Power law compression

We now suppose that the evolution function of the wave-
packet width obeys power law compression:

1
2(1+414)

Substituting Eqgs. (26) and (35) into Eq. (29), we obtain

AP (1) = , (a>0). (35)

4(14+1* —at"2[(a+2)t +2 —24]

() = 4(1+19)? (36)

According to Eq. (31), the evolution function of the wave-
packet’s center can be shown to be

x(t) = cos[t(l+a+1t%)/(1+a). 37

1
Vite
From the expression (37), one can easily see that in this case
the vibration frequency of the wave-packet center increases as
time increases, but the vibration amplitude of the wave-packet
center is compressed as time increases.

4.3. Spiral exponent diffusion

Finally, we consider the case where the evolution function
of the wave-packet width obeys spiral exponent diffusion:

1
sz(t):ie‘”(sinza)t+l), (6>0,0>0). (38)

Substituting Egs. (26) and (38) into Eq. (29), we have

() = o 2 N cwsin2ot N 8w? —4e20! (39)
N 4 cos2wt—3  (cos2mwt —3)%

From the above expression, we can obtain that as ¢ increases
the potential will gradually become periodic. Figure 1 shows
the function @ (t).

AN

N

Fig. 1. (color online) Diagram of the required @(r) when Ax?(r) obeys
spiral exponent diffusion. Here we take w = 3,0 = 1.

Moreover, according to Eq. (31) the evolution function of
the wave-packet center can be found to have the form shown
in Fig. 2.

20

15¢

10

Fig. 2. (color online) Diagram of x(r) when Ax?(z) obeys spiral expo-
nent diffusion. Here we take @ = 3,0 = 1.

5. Periodic oscillation and Berry’s phase

In this section, we consider the case where the evolution
function of the wave-packet’s width is periodic, and obtain
the required Hamiltonian. In addition, the Berry phase of the
temporal evolution of the wave-packet is investigated. First,
we suppose that the desired evolution function of the wave-
packet’s width is:

AP (1) = %(sinza)t—kl), (®>0). (40)

Its period is 7w/ ®.
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Substituting Eqs. (26) and (40) into Eq. (29), we obtain

8w? —4

2

ot)=0"—-—. 41
®) (cos2mt — 3)2 “D
One can easily show that this potential is periodic and that the

period is also /®. Figure 3 shows @ (t).

0.7F
0.6
0.5
B 0.4f
0.3
0.2
0.1}

2 1 6 8 10 12
¢

Fig. 3. (color online) Diagram of the required @(r) when Ax>(z) is a
periodic function. Here we take @ = 1.

Hence, the required Hamiltonian can be written as

P {0)2 407 —2

P~ it R )
12 (cos2wt—3)2}x'

H(t) = 5

(42)

According to Eq. (31), the evolution function of the wave-
packet center can be written as

1 arctan(v/2 tan ot)
t) = . 43
o m[ V2o 1 “

Figure 4 is a diagram of the wave-packet center showing the
periodic oscillation. From this figure and Eq. (43) we can eas-
ily see that the position of the center of the wave-packet moves
periodically with period 7/ ®.

1.00
0.95F
0.90F
0.85F
0.80F
0.75F
0.70F
0.65F

2 16 8§ 10 12

Fig. 4. (color online) Diagram of x(¢) when Ax?(¢) is the periodic func-
tion of Eq. (40). Here we take @ = 1.

In the following, we obtain the exact analytical tempo-
The Berry
phase of the wave-packet can then also be investigated. From

ral evolution wave function of the wave-packet.

Eq. (15), we know that the wave function of the wave-packet
is determined by three functions: A(¢), x (), and v_(z). Ac-
cording to Egs. (23), (26), and (40), one can easily obtain

1

The expressions for A(t), x/(t), and vy (¢) can be obtained using
Egs. (20), (24), and (27). Moreover, the expression of v_(t)
can be obtained by using vo(¢) and Eq. (6). Thus, we have

1
A(t) =tan [ﬁw arctan[v/2 tan wt}] )
1 1
x(t) = \/1 i or sec [ﬂw arctan[v/2 tan a)t]} )
1 1
v_(t)=—In (1 o sec [ﬂw arctan[v/2 tan a)t]} ) .
(45)

Finally, substituting Eq. (45) into Eq. (15), one can obtain the
exact analytical temporal evolution wave function of the wave-
packet. It is worth noting that the functions A(r), x(z), and
v_(t) are all periodic, and that the periods are all £/ ®. There-
fore, we have

Y(x,t+7n/w) =exp(i&)¥(x,t), (46)
where the overall phase change is
& =0. (47)

On the other hand, during the first period, 7/, of the
evolution, the dynamical phase change is 8 given by

_ /0 e /_ RN

Berry’s phase Op is obtained from the overall phase by sub-

(x,7)dxdz. (48)

tracting the dynamic phase:

o = & —

7r/a)
7/ / 'PTxt

Since ¥ (x,1) satisfies the Schrodinger equation (4), equa-

X, )% (x,1)dxds.  (49)

tion (49) can be rewritten as

5 /Ofr/a)

Considering this case, the Hamiltonian H (@) is dependent on

% ¥ (1))dr. (50)

the parameter @ which varies, and in one period T = w/® the
parameter @ describes a closed curve. Equation (50) can be
transformed as

O0g =1 <qf(w)‘aaw ¥ (o)) do. (51)

Therefore, Berry’s phase is described as a one loop integral in
the parameter space. (42]
Using Egs. (15), (42), (45), and (49), we obtain the ex-

pression for Berry’s phase 0 in the form

1+ sin’ ot
o = / S(cos2r —3)2 ( [ N arctan[v/2 tan o]
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X (22 +70* + w*(cos4mt — 24 cos20t)

1
V2o
1

—4@sin2f tan [ arctan[v/2 tan a)t]}

V2o

« (s aaniyBanon] -2)
1

V20

It is difficult to evaluate the integral on the right-hand side of

+2sec? [ arctan[v/2 tan a)t]] )

— 8tan’ [ arctan[v/2 tan wt]} dr. (52)

Eq. (52) analytically. However, one can obtain the analytical
results for some limiting cases. First, let us consider the high
frequency range, i.e., @ > 1. In this limit, the integrand on the

right-hand side of Eq. (52) can be written as

1+ sin® ot s o
— —[To"+ w 4wt —24cos2mt)]. (53

8(cos2mt — 3)2 [707+ &% (cos cos20r)]. (53)

Thus, Berry’s phase is given exactly by
5 — /”/“’ 1+ sin’ @r
~Jo  8(cos2mr —3)2

x [10* + @ (cos 4ot — 24 cos2t)|dt
o,
8

We thus obtain that the Berry’s phase and frequency o are lin-

(54)

early related in high frequency. On the other hand, for 0 < 1
Berry’s phase is ill-posed, and is not considered.

For finite @ the integral in Eq. (52) can be calculated
numerically and the relation between Berry’s phase and fre-
quency @ can be obtained. The numerical result in Fig. 5
shows that for finite @ the Berry’s phase is a concave func-
tion of @ and has a minimum at @ ~ 3.2257. Since the unit of
o is hdg/m, the initial value of the wave-packet’s width also

influences Berry’s phase through this unit.

3.0
2.5
m
< 2.0

1.5

2 4 6 3 10
w/(hXg/m)

Fig. 5. (color online) Plot of Berry’s phase 8g: Berry’s phase is a con-
cave function of @ and has a minimum at @ ~ 3.2257. The unit of ® is

hAo/m.
6. Conclusion

The formal

solution for the wave-packet evolution wave function is ob-

Let us summarize our results as follows.

tained for the QTDH by using the algebraic method. How-
ever, most practical cases are generally not exactly solvable
since we need the general solution of the Riccatti equations.
We have therefore chosen to address the inverse problem. We
start with a specific temporal evolution function for the wave-
packet width, and using the inverse method developed in Sec-
tion 3 obtain the QTDH. It turns out that getting the Hamil-
tonian corresponding to a given solution is much easier than
solving the Schrédinger equation for a given Hamiltonian. As
is well known, analytical solutions to QTDHs are invaluable
in many areas of physics, and our inverse approach opens up a
new way of finding novel exact solutions to QTDH. As some
typical examples, we obtained the exact QTDH expressions
for cases where the evolution function of the wave-packet’s
width obeys power law diffusion, power law compression, and
spiral exponent diffusion. For the case of a periodic oscilla-
tion, we obtained the Hamiltonian and the exact wave function
of the wave-packet. In this periodic Hamiltonian system, the
Berry phase of the wave-packet can be obtained directly. The
results show that in our specific periodic Hamiltonian (42) the
Berry phase and frequency w are in a linear relationship for
high frequencies. In addition, we have calculated the Berry
phase numerically for finite @. The numerical result shows
that for finite @ the Berry phase is a concave function of ®.
Since the units of @ contain the initial wave-packet’s width,
the initial value of the wave-packet’s width can influence the
Berry phase.
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