
Chin. Phys. B Vol. 24, No. 8 (2015) 080203

Harmonic signal extraction from noisy chaotic interference
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For the harmonic signal extraction from chaotic interference, a harmonic signal extraction method is proposed based
on synchrosqueezed wavelet transform (SWT). First, the mixed signal of chaotic signal, harmonic signal, and noise is
decomposed into a series of intrinsic mode-type functions by synchrosqueezed wavelet transform (SWT) then the instanta-
neous frequency of intrinsic mode-type functions is analyzed by using of Hilbert transform, and the harmonic extraction is
realized. In experiments of harmonic signal extraction, the Duffing and Lorenz chaotic signals are selected as interference
signal, and the mixed signal of chaotic signal and harmonic signal is added by Gauss white noises of different intensities.
The experimental results show that when the white noise intensity is in a certain range, the extracting harmonic signals
measured by the proposed SWT method have higher precision, the harmonic signal extraction effect is obviously superior
to the classical empirical mode decomposition method.
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1. Introduction

Many of the signals in nature have chaotic characteris-
tics, such as electrocardiogram (ECG) signal, climate, and sea
clutter signal. In addition, the chaotic signal has also been
widely used in some professional field, such as chaos secure
communication or chaotic electronic countermeasures.[1] In
these applications, how to effectively extract the harmonic sig-
nal from the mixed signal which is interfered by chaotic sig-
nal has very important theoretic and practical significance.[2,3]

Leung et al.[4] estimated the harmonic signal amplitude and
frequency in chaotic interference background by the mini-
mum phase space volume method. Haykin and Li[5] stud-
ied the small target signal extraction from sea clutter signal
with chaotic characteristic by artificial neural network. Stark
et al.[6] extracted the harmonic signals of chaotic communi-
cation system by chaotic prediction method based on chaotic
signal short-term forecasting feature. Wang et al.[7] investi-
gated the harmonic signal extraction from received data con-
taminated with strong chaotic interference based on the geom-
etry of chaotic interference, the two signals can be successfully
separated in the way of projecting chaotic interference and har-
monic signals into tangent space and its transverse space of the
manifold in which the attractor lies. The above methods can
better extract the harmonic signal, but required a more com-
plex condition and a large quantity of calculations.

In recent years, with the development of wavelet and em-

pirical mode decomposition (EMD),[8] the harmonic signal
extraction methods from chaotic interference with wavelet or
EMD have been widely investigated, and in view of the har-
monic signal and chaotic signal they possess different time–
frequency characteristics. Wang G G and Wang S X[9] ex-
tracted the harmonic signals under chaos interference by using
the technology of phase space projection of wavelet transform.
Li and Meng[10] used the EMD to decompose the mixed signal
composed of harmonic and chaos signal into a series intrinsic
mode-type functions (IMFs), and realized the harmonic signal
extraction. Wang et al.[11] combined the wavelet and EMD,
and proposed a method of extracting the harmonic signal from
chaos interference based on the time–frequency characteris-
tics of chaotic signal, noise, and harmonic signal. The EMD is
adaptive and more suitable for nonlinear, non-stationary signal
decomposition than wavelet. So, the EMD achieves a better ef-
fect than wavelet transform in harmonic extraction from chaos
interference.

The EMD method can simply and effectively extract the
harmonic signal from chaos interference, but the EMD is very
sensitive to noise. If the chaos interference signal is added
by some noises, the decomposing results of EMD will be se-
riously affected, resulting in the fact that the harmonic signal
cannot be precisely separated.[12,13] Owing to the effects of
equipment and external environment, the noise is inevitable.
Therefore how to precisely extract the harmonic signal from
chaotic signal contaminated by noise is the problem that must
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be considered.
The synchrosqueezed wavelet transform (SWT) is a new

nonlinear time–frequency reassignment algorithm based on
continuous wavelet transform.[14,15] The SWT can obtain
high accuracy time–frequency curve by squeezing the time–
frequency map of continuous wavelet transform in the fre-
quency domain. Even if the signal is not basic harmonic sig-
nal, the SWT can still accurately calculate its instantaneous
frequency.[15] The SWT has better robust to noise. When the
signal is contaminated by white noises of different intensities,
the SWT can still achieve clearly time–frequency curve and
almost invariable decomposition results.[16] The SWT can im-
prove some problems of EMD to some extent, the complex
signal contaminated by noise can be accurately separate using
SWT.

In this paper, based on SWT, we present a method of
extracting harmonic signal from noisy chaotic interference.
First, the mixed signal constructed by chaotic signal, harmonic
signal, and noise is decomposed into a series of intrinsic mode-
type functions (IMTFs),[15] then, the instantaneous frequency
of each IMTF is calculated by using the Hilbert transform and
according to the instantaneous frequency the needed harmonic
signals and the chaotic signal are identified.

In experiments of harmonic signal extraction, the Duff-
ing chaotic signal is selected as interference signal, and the
mixed signal of chaotic signal and harmonic signal is added by
Gauss white noises of different intensities. The experimental
results show that when chaotic interference signals contain the
Gauss white noises of different intensities, the extracting har-
monic signals measured by the proposed SWT method have
higher precision, the harmonic signal extraction effect is obvi-
ously superior to the classical empirical mode decomposition
method.

2. SWT algorithm
The SWT proposed by Daubechies et al.[15] is a new

time–frequency reassigned method based on the continuous
wavelet transform. The purpose of SWT is to sharp the sig-
nal time–frequency and make the time–frequency curve be-
come finer and clearer, so as to improve the instantaneous fre-
quency precision of the time–frequency curve. The continuous
wavelet transform of signal is defined as

Wf (a,b) =
∫

f (t)a−1/2
ψ

(
t−b

a

)
dt,

where ψ(x) is the given wavelet function. When Wf (a,b) 6= 0,
the instantaneous frequency of the signal f (t) can be calcu-
lated as follows:

ω f (a,b) =
∂bWf (a,b)

2iπWf (a,b)
.

Owing to the spread of the wavelet coefficients in the scale
direction,[16] the precision of instantaneous frequency curve
of non-stationary signal is usually influenced by wavelet trans-
form. The final obtained instantaneous frequency often is not
a slender curve, but it is a frequency ribbon.

Assume that the ωl is the l-th central frequency com-
ponent of the signal f (t), the synchrosqueezed transform
is determined only at the center ωl of the successive bins
[ωl −∆ω/2,ωl +∆ω/2], with ∆ω = ωl −ωl−1, by summing
different contributions:

Tf (ωl ,b) = ∑
al :|ω f (ak,b)−ωl |≤∆ω/2

Wf (ak,b)a
−3/2
k (∆a)k, (1)

where ak is the discrete value of the scale a, and ∆ak =

ak−ak−1. As can be seen from Eq. (1), SWT will reassign the
wavelet coefficient Wf (a,b) 6= 0 to the (ωl ,b) coordinate, and
the ω f (a,b) will be limited in the interval [ωl −∆ω/2,ωl +

∆ω/2]. That means that the instantaneous frequency of each
component in f (t) will be squeezed into the narrow interval
[ωl−∆ω/2,ωl +∆ω/2], and the frequency curve of fk(t) will
not present strip, so that the time–frequency maps of non-
stationary signal become finer and clearer.

If a continuous function fk(t) = Ak(t)cos(2πφk(t)) sat-
isfies the following properties: Ak(t) ∈ C1(R)∩ L∞(R), φk ∈
C2(R), inf

t∈R
φ ′k(t)> 0, sup

t∈R
φ ′k(t)< ∞,

sup
t∈R

φ
′′
k (t)< ∞, |A′k(t)|, |φ ′′k (t)| ≤ ε|φ ′k(t)|,

then fk(t) is said to be the intrinsic mode-type function with
accuracy ε(ε− IMT ). For the signal

f (t) =
K

∑
k=1

fk(t) =
K

∑
k=1

Ak(t)cos(2πφk(t)),

if the fk(t) = Ak(t)cos(2πφk(t)) is a function of intrinsic
mode-type function with accuracy ε , and satisfies

φ
′
k(t)> φ

′
k−1(t), |φ ′k(t)−φ

′
k−1(t)| ≥ d(φ ′k−1(t)+φ

′
k(t)),

the f (t) is said to be a superposition of well-separated ε-
IMTFs with separation d, which is denoted by Aε,d . if
f (t) = ∑

K
k=1 fk(t) ∈ Aε,d , the fk(t) can be nearly perfectly re-

constructed by summing the SWT coefficients Tf (ωl ,b) as

fk(t)≈ Re

[
C−1

ψ ∑
l

Tf (ωl ,b)(∆ω)

]
,

where

RΨ =
1
2

∫
∞

0
Ψ̂(ξ )

dξ

ξ
,

the error between reconstructing result and original fk(t) sat-
isfies∣∣∣∣∣Re

[
C−1

ψ ∑
l

Tf (ωl ,b)(∆ω)

]
−Ak(b)cos(2πφk(b))

∣∣∣∣∣≤Cε
1/3,

where C is a constant.
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3. SWT method of extracting harmonic signal
from noisy chaotic interference

3.1. Time–frequency analysis of harmonic signals by SWT
in noisy chaotic interference

The SWT method can be successfully applied to the
time–frequency analysis of nonlinear, nonstationary signal in
noise environment.[15,16] Assume the harmonic signal in noisy
chaotic background to be

z(t) = c(t)+h(t)+n(t),

where the h(t) = ∑
K
k=1 Ak(t)cos(φk(t)) denotes the harmonic

signal, the c(t) represents the chaotic signal, and the n(t) refers
to the Gauss noise, then the harmonic extraction from chaotic
interference is identical to the time–frequency analysis of non-
linear, nonstationary noisy environment.

If the harmonic h(t) of the mixed signal is the superposi-
tion of ε-intrinsic mode-type functions with separation d, that
is h∈ Aε,d .[15] Selecting the function g∈C∞

0 and
∫

g(t)dt = 1,
set ε̃ = ε1/3, then the M-band synchrosqueezed wavelet trans-
form with accuracy δ and threshold ε̃ of z(t) can be defined
by

Sδ ,M
z,ε̃ (b,ω) =

∫
Ω M

z,ε̃

Wz(a,b)
1
δ

g
(

ω−ωz(a,b)
δ

)
a−3/2 da,

where Ω M
z,ε̃ = {(a,b) : a ∈ [M−1,M], |Wz(a,b)|> ε̃}. Accord-

ing to Ref. [16] we know that the harmonic components of the
mixed signal z(t) can be extracted one by one by the M-band
synchrosqueezed wavelet transform, and the error between the
abstracted harmonic and original harmonic satisfies

∣∣∣∣ lim
δ→0

 1
Rψ

∫
{ω:|ω−φ ′k(b)|≤ε̃}

Sδ ,Mk

z,M1/2
k ε+ε̃

(b,ω)dω


−Ak(b)cos(2πφk(b))

∣∣∣∣
≤ C3ε̃, k = 1, . . . ,K, (2)

where C denotes a constant.
In order to observe the SWT time–frequency ability of

the harmonic in noisy chaotic interference signal, by using the
Duffing equation to produce the chaotic signal and by adding
the harmonic signal and a certain extent of Gauss noise into
the chaotic signal, the time–frequency of the mixed signal is
analyzed by SWT. The Duffing equation is a nonlinear oscilla-
tor with important application background, it has rich dynamic
behaviors. Now, these dynamic behaviors have still research
important contents. The Duffing equation is expressed as

d2x
dt2 + c

dx
dt
−ω

2
0 x+dx3 = Pcos(ωt), (3)

where ω0 is the natural circular frequency of the system, c
is the system damping, d is the nonlinear parameter, P is the

excitation amplitude, and ω is the excitation frequency. In
this paper, assuming x(0) = 1.0, and using the Runge–Kutta
method to numerically solve Eq. (3). In experiments, the
parameters of Duffing equation are assumed to be c = 0.05,
ω2

0 = 0.2, d = 1, ω = 2, P= 10, sampling interval ∆t = π/300,
and experimental signal length N = 1.2× 104. The Duffing
chaotic signals are denoted as c(t).

In order to investigate the influence of noise for harmonic
time–frequency in chaotic background, the noise level (NL) is
defined as

NL =
σn

σx
×100% ,

where σn is the standard deviation of noise, σx is the standard
deviation of chaotic signal, and n(t) is the Gauss noise. In the
experiment, the two harmonic signals are selected as h1(t) =
sin(120t) + sin(125t), and h2(t) = sin(120t) + sin(125t) +
sin(130t). Setting the NL = 50% of the Gauss white noise
n(t), and superimposing the Duffing chaotic signal, harmonic
signal, and noise, the two mixed signals are obtained to be
z1(t) = c(t)+h1(t)+n(t) and z2(t) = c(t)+h2(t)+n(t). The
SWT time–frequency analysis results of z1(t) and z2(t) are
shown in Figs. 1(a) and 1(b).
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Fig. 1. (color online) Analyses of (a) two and (b) three harmonic frequen-
cies versus time based on SWT under chaos interference.

As can be seen from the figure, even the noise level is
higher, the SWT can still clearly separate the frequency of
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chaotic signal from each harmonic signal. Based on the SWT
frequency analysis, finding the central frequency of each har-
monic and using formula (2) to reconstruct harmonic, we can
realize the harmonic signal extraction under noisy chaos inter-
ference.

3.2. Extraction steps of harmonic by SWT from noisy
chaotic interference

The extraction of harmonic signal from chaotic interfer-
ence mainly contains 5 steps as follows.

(i) Calculating the continuous wavelet coefficients of sig-
nal. Choosing an appropriate mother wavelet ψ(t), calculating
the continuous wavelet coefficient Wz(a,b) of the mixed z(t),
and then calculating the instantaneous frequency

ωz(a,b) =
∂b(Wz(a,b))
2πiWz(a,b)

.

(ii) Devising the frequency interval. Assuming the
the length of mixed signal f (t) is n = 2L+1, the sam-
pling time interval is ∆t, setting nv = 32, na = Lnv, ∆ω =

[1/na−1] log2(n/2), and ω0 = 1/n∆t, and fixing ωl = 2l∆ω ω0,
l = 0,1, . . . ,na− 1, then the whole frequency will be divided
into different tiny intervals

Wl =

[
ωl−1 +ωl

2
,

ωl +ωl+1

2

]
.

(iii) Calculating the synchrosqueezed value of the CWT
coefficients: setting wavelet coefficients threshold

ε =

√
2logn×median(

∣∣Wf (â,b)
∣∣)

0.6745
,

where â = ∆t/2nv , Mk = Wk, then calculating the syn-
chrosqueezed wavelet transform coefficients of z(t) at central
frequency ωl , thus

T Mk
z,ε̃ (ωl ,b) =

∫
Ω

Mk
z,ε̃

Wz(a,b)a−3/2 da

is obtained.
(iv) Extracting each component of the mixed signal. Ac-

cording to Refs. [13] and [16], calculating each of central fre-
quencies ωq∗(k)(k = 1,2, . . . ,K) of the mixed signal, and set-
ting interval

χk(t) =
[

q∗(k)−nv

2
,

q∗(k)+nv

2

]
,

then extracting each component zk(t) of the mixed signal from
formula (2).

(v) Judging harmonic signal: first, calculating the Hilbert
transform of the extracted signal zk(t) and the instantaneous
frequency ωk(t) of zk(t). Then using the least square method
to fit the instantaneous frequency ωk(t). The chaotic signal is
non-stationary and nonlinear signal, so the fluctuation of its

instantaneous frequency will become higher over time. The
harmonic signal belongs to the linear stationary signal, its in-
stantaneous frequency will tend to be stable over time. So,
if the fitting value of ωk(t) approximately equals a constant
ω̄k, the extracted component zk(t) will be considered as a har-
monic signal component of the mixed signal.

4. Results and discussion
4.1. Harmonic extraction in Duffing chaotic interference

In the experiment, first, selecting the Duffing signal as the
chaos interference, setting the parameters of Duffing equation
to be c = 0.05, ω2

0 = 0.2, d = 1, ω = 2, P = 10, and the sam-
pling interval ∆t = π/300, the first 100 periodic signals are fil-
tered out and the experimental signal length is N = 1.2×104.
Let the mixed signal z(t) = c(t)+h(t)+n(t) composed of the
chaotic signal c(t), harmonic h(t), and Gauss noise n(t).

In this paper, we respectively analyze the harmonic ab-
straction of SWT when the chaotic signal contains a single har-
monic and multi harmonic. In experiments, in order to analyze
the harmonic extraction ability of SWT method with different
noise intensities, we keep the chaotic signal and harmonic un-
changed and adjust gradually the Gauss noise intensity. We
compare the harmonic extraction precision of SWT with that
of the classical EMD method.

4.1.1. Extraction of single harmonic from noisy Duffing
chaotic interference

Supposing the mixed signal z(t) = c(t) + h(t) + n(t),
where c(t) is Duffing chaotic signal, and h(t) is the harmonic,
and n(t) is the Gaussian white noise. The harmonic signal is
h(t) = Asin(ωht), where A = 1.0 and ωh = 0.5. The chaotic
signal c(t) is shown in Fig. 2(a), the mixed chaotic signal z(t)
of the noise level NL = 40% is shown in Fig. 2(b).

The mixed signal z(t) is decomposed into three intrinsic
mode-type functions by EMD, where im f3 (intrinsic mode-
type function) is the extracted harmonic component. Com-
paring im f3 with the input harmonic signal h(t) as shown in
Fig. 2(c), the harmonics extracted im f3 by EMD is heavily af-
fected by noise, and there is a large deviation in their frequency
and amplitude between im f3 and h(t).

The mixed signal z(t) is decomposed into two intrinsic
mode-type functions c1 and c2 by SWT. The frequency analy-
sis indicates that c2 is the harmonic signal extracted from the
mixed signal. Figure 2(d) shows the comparison results be-
tween the original input harmonic signal h(t) and the decom-
posed harmonic signal c2. It can be seen that their frequencies
and their amplitudes also roughly keep space except that the
amplitudes of the two end portions c3 present a certain attenua-
tion. Figure 2 obviously indicates that the harmonic extraction
effect by SWT is better than that by EMD.
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Fig. 2. (color online) (a) original chaotic signal, (b) mixed signal com-
posed of chaos, harmonic, and noise, (c) EMD- and (d) SWT-extracted
harmonic signal sin(0.5t).

When the EMD is used to separate harmonics from the
chaotic interference signal with the strong noise, the extrac-
tion effect is inevitably affected by noise, and the harmonics
cannot be completely extracted. However, SWT method com-
presses the time–frequency spectrum in the frequency domain
direction after wavelet transform. Ever if the chaotic inter-
ference signal is polluted by Gaussian white noise, SWT still
can obtain highly clear time–frequency curves and there are
no cross-terms between time–frequency curves, so SWT has
good robustness to noise in the harmonic extraction.

In order to observe the extraction effects of SWT and
EMD under different noise intensities, the values of the noise
level (NL) are respectively set to be 60%, 80%, 100%, and
120%. Table 1 shows the correlation coefficients (CCs) be-
tween the extracted harmonics and the original harmonics re-
spectively by using SWT and EMD. It can be seen that the
CC of EMD method is significantly reduced with the increase
of the noise level. The CC shows that with the increasing
of the noise strength, the extraction of harmonic signal be-
comes more and more difficult to use the EMD method. When
the noise levels are 80% and 100%, the correlation coefficients
by EMD method are respectively 0.8628, 0.7517. The CC
shows that the extracted harmonic has large distortion. From
Table 1, it can be seen that the correlation coefficients of SWT
method also decrease with the increase of the noise level. But
when the noise level is 120%, the correlation coefficient of
SWT is 0.9896, showing that the SWT method still achieves
better extraction effect even if the noise level is higher. Based
on Figs. 2(c), 2(d) and the experimental results in Table 1, it

can be seen that in noisy chaotic interference, the SWT method
has a better harmonic extraction effect than the EMD, and in
a certain noise strength range, the harmonic signal can be ex-
tracted better.

Table 1. The CCs of extracted single harmonic in Duffting chaotic in-
terference.

CC
Noise level/(%)

40% 60% 80% 100% 120%

EMD method 0.9136 0.8988 0.8628 0.7517 0.6738

SWT method 0.9983 0.9905 0.9902 0.9900 0.9896

4.1.2. Extraction of multiple harmonic from noisy Duff-
ing chaotic interference

In order to investigate the multiple harmonic signal ex-
traction ability of the proposed SWT method under the noisy
chaotic interference, we set the harmonic signal h(t) = h1(t)+
h2(t)+h3(t) =A1 sin(ω1

h t)+A2 sin(ω2
h t)+A3 sin(ω3

h t), where
A1 = A2 = A3 = 1.0, ω1

h = 0.5, ω2
h = 0.7, and ω3

h = 0.9, and
also set the noise level NL = 40% of the Gauss white noise
n(t). Figure 3(a) is the given chaotic signal and the figure 3(b)
is the mixed signal z(t) = c(t)+h(t)+n(t).

The mixed signal z(t) is decomposed into 7 intrinsic
mode-type functions im fi (i = 1, . . . ,7) by EMD, and through
the frequency analysis of Hilbert transform, we know that the
im f3, im f4, and im f5 are separated harmonic signals. Fig-
ures 3(c)–3(e) show the comparison results among three orig-
inal harmonic signals y1, y2, y3 and three extracted signals
im f3, im f4, and im f5. As can be seen from Figs. 3(c)–3(e),
the extracted harmonic signals by EMD are greatly affected
by noise, the frequency and amplitude of the extracted signals
both have a certain extent of error with respect to the original
input harmonic signals.

The mixed signal z(t) is decomposed into 4 intrinsic
mode-type functions c1, c2, c3, and c4 by SWT, through the
frequency analysis based on Hilbert transform, we know that
the c2, c3, and c4 are harmonic signals separated from the
mixed signal. Figures 3(f)–3(h) are the comparison results of
the three original harmonic signals y1, y2, y3 and three extract-
ing signals c2, c3, and c4. As can be seen, the SWT extraction
method can better overcome the influences of noise, and the
frequency and amplitude of the extracted signal are almost the
same as those of the original harmonic signal. As can be seen
from Figs. 3(c)–3(h), when the noise level NL = 40%, the har-
monic extraction precision of SWT method is far better than
that of EMD method.

The noise level (NL) values are taken to be 40%, 60%,
80%, 100%, and 120% by using the SWT method and EMD
method to extract three harmonic signals from noisy chaotic
background, and by calculating the CCs between the extracted
harmonic signals and original harmonic signals. The CCs are
shown in Table 2.
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Fig. 3. (color online) Duffing chaotic signal (a); mixed signal composed of chaos, harmonic, and noise (b); EMD-extracted harmonic signal sin(0.5t) (c),
sin(0.7t) (d), sin(0.9t) (e); SWT-extracted harmonic signal sin(0.5t) (f), sin(0.7t) (g), and sin(0.9t) (h).

Table 2. The CCs of extracted multiple harmonics in Duffing chaotic interference.

Noise level/%
CC of the abstracted harmonic by EMD CC of the abstracted harmonic by SWT

Harmonic 1 Harmonic 2 Harmonic 3 Harmonic 1 Harmonic 2 Harmonic 3

40 0.9638 0.7350 0.6993 0.9623 0.9669 0.9358
60 0.8850 0.7867 0.6882 0.9421 0.9481 0.9317
80 0.7367 0.7418 0.6593 0.9318 0.9375 0.9226

100 0.6748 0.5897 0.5548 0.9317 0.9376 0.9412
120 0.5573 0.4928 0.5177 0.9272 0.9250 0.9161

From the data in Table 2, it can be seen that the extracted

harmonic signal precision of EMD method is significantly in-

fluenced by noise. when the NL = 80%, the correlation co-

efficients are 0.7367, 0.7418, and 0.6593 between extracted

harmonic signal of EMD method and the original harmonic

signal. Obviously, the extracted harmonic signals have great

distortion, leading to bigger difference from original harmonic

signals. From the correlation coefficients of SWT method in

Table 2 it can be seen that the SWT method can obtain higher

extraction precision for Gauss white noise of different noise

levels. Even if the NL = 120%, the correlation coefficients be-

tween extracted signal of SWT and original harmonic signal

still can reach 0.9272, 0.9250, and 0.9161.The experimental

results in Fig. 3 and Table 2 show that under the noisy chaos

interference, the multiple harmonic signals extraction method

based on SWT has better robust to noise, in a certain noise in-

tensity range, the multiple harmonic signals can be extracted

effectively, and the extracted signals have very similarity to

original harmonic signals.

4.2. Harmonic extraction in Lorenz chaotic interference

In order to test the harmonic extraction capacity of the
proposed method in other chaotic interference, selecting the
Lorenz system as the chaotic interference. Lorenz chaotic sys-
tem model can be described by the following equations:

dx
dt

=−c(x− y),
dy
dt

=−ax− y− xz,
dz
dt

= xy−bz.

Set the parameters of Lorenz equation to be c = 10, a =

28, b = 8/3. Let the sampling interval ∆t = π/300, the first
100 periodic signal be filtered out, and the experimental signal
length N = 4200. The mixed signal z(t) = c(t)+ h(t)+ n(t)
is composed of the Lorenz chaotic signal c(t), harmonic h(t),
and Gauss noise n(t).

Firstly, set the harmonic signal to be h(t) = Asin(ωht),
where A = 1.0 and ωh = 0.5. In order to observe the extraction
effects of SWT and EMD under the different noise intensities,
the values of the noise level (NL) are respectively set to be
40%, 60%, 80%, 100%, and 120%.

Table 3 shows the correlation coefficients between the ex-
tracted harmonics and the original harmonics respectively by
using SWT and EMD. It can be seen that when the noise level
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is more than 80%, the correlation coefficient by EMD method
is 0.8795; when the noise level is 120%, the correlation coef-
ficients of SWT can still reach 0.9851. It shows that the SWT
method still achieves better extraction effect even if the noise
level is higher in Lorenz chaotic interference signal.

Table 3. The CCs of abstracted single harmonic Lorenz chaotic inter-
ference.

CC
Noise level/%

40 60 80 100 120
EMD method 0.9231 0.8854 0.8795 0.7615 0.6945
SWT method 0.9951 0.9870 0.9851 0.9848 0.9835

Secondly, set the harmonic signal to be

h(t) = h1(t)+h2(t)+h3(t)

= A1 sin(ω1
h t)+A2 sin(ω2

h t)+A3 sin(ω3
h t),

where A1 = A2 = A3 = 1.0, ω1
h = 0.5, ω2

h = 0.7, and ω3
h = 0.9.

The mixed signal is z(t) = c(t)+h(t)+n(t), where c(t) is the
Lorenz chaotic signal, and n(t) is Gauss noise. The noise level
(NL) values are taken to be 40%, 60%, 80%, 100%, and 120%,
by using the SWT and EMD method to extract three harmonic
signals from noisy Lorenz chaotic background, and by calcu-
lating the correlation coefficients (CC) between the extracted
harmonic signals and original harmonic signals. The correla-
tion coefficients are shown in Table 4.

Table 4. The CCs of abstracted multiple harmonics in Lorenz chaotic interference.

Noise level/%
CC of the abstracted harmonic by EMD CC of the abstracted harmonic by SWT

Harmonic 1 Harmonic 2 Harmonic 3 Harmonic 1 Harmonic 2 Harmonic 3

40 0.9610 0.7414 0.7731 0.9780 0.9572 0.9408
60 0.8763 0.7936 0.598 0.9764 0.9437 0.9309
80 0.7921 0.7405 0.7200 0.9799 0.9576 0.9393

100 0.6707 0.5872 0.5846 0.9757 0.9522 0.9408
120 0.5855 0.5211 0.5311 0.9702 0.9534 0.9267

From the data in Table 4, it can be seen that the extracted
harmonic signal precision of EMD method is significantly in-
fluenced by noise. when NL = 80%, the correlation coeffi-
cients of three abstracted harmonics respectively are 0.7921,
0.7405, 0.7200. Even if NL = 120%, the correlation coef-
ficients of three extracted harmonics by SWT can still reach
0.9702, 0.9534, and 0.9267. Obviously, the precision of ab-
stracted harmonics by the SWT are higher than that of the
EMD method.

The experimental results show that under the noisy
Lorenz chaos interference, the extracted harmonics by EMD
present a bigger difference from the original harmonic signals,
and the SWT extracted harmonics method has better robust to
noise, the extracted harmonics by SWT are more similar to
original harmonic signals.

5. Conclusions
In this paper, the synthesis signal composed of the chaotic

signal, harmonic signal, and noise is decomposed into a se-
ries of intrinsic mode-type functions based on SWT method,
and then the harmonic signals are extracted from the intrin-
sic mode-type functions by using Hilbert transform. The pro-
posed method is simple and very robust to noise.

In our experiments, the chaotic signal generated by Duff-
ing and Lorenz oscillator is added by the white noises of dif-
ferent intensities, which is selected as the interference signal
to shield the harmonic signal. The SWT method and EMD
method respectively are used to extract the harmonic signal

from the synthesis signal. The comparison of extracting har-
monic signal between the SWT and EMD shows that the SWT
method can precisely extract the harmonic signal one by one
from the noisy chaotic interference signal, and the effect of
harmonic signal extraction is better than that of classic EMD
method.
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